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PREFACE. 



The present work is the result of an attempt to 
supply a want which has been long felt by teachers and 
students. 

In it will be found a large collection of important 
propositions investigated after the manner of Euclid, which 
are valuable as Geometrical Exercises, and are often re- 
quired in other branches of Mathematics. 

The first half of the volume is confined to the Ancient 
Pure Geometry, and the remainder to the Modem Pure 
Geometry. 

In the latter part will, I trust, be found a very ele- 
mentary and, at the same time, a tolerably complete treatise 
on the Modem Geometry of the Point, Straight Line, and 
Circle. Indeed, throughout the work I have aimed at sim- 
plicity rather than originality or novelty, and I have been 
more anxious to illustrate principles than to throw together 
a crude and undigested mass of isolated propositions, which 
only tend to disgust a learner with Geometry. 

3f. G. b 



vi PREFACE. 

The Principles of Harmonic and Anharmonic Pencils and 
Ranges have been fully explained, and applied to a variety 
of interesting and useful Propositions. Radical Axes and 
Centres, Geometrical Involution, Centres and Axes of Simi- 
litude, Poles and Polars, and Reciprocal Polars, have next 
received a proportionate share of attention. 

The methods of Modem Pure Geometry have sometimes 
been characterised by able Mathematicians as Semi-Geo- 
metrical, because, it is asserted, they are not confined within 
the limits of the Ancient Pure Geometry. A very slight 
examination of the present work will, I believe, convince the 
reader that it is not liable to such a charge, but that I have 
strictly adhered to Euclid's methods. 

As the work is intended chiefly for Schools, Private Stu- 
dents, and Junior University Students, I have given much 
more explanation than is usual in Cambridge Text Books, 
which are meant to be read with a private tutor. 

An acquaintance with the present work will greatly faci- 
litate the study of the excellent recent analytical works on 
the Higher Geometry. 



J. MCDOWELL. 



Pembroke College^ Cambbipub, 
March 20, 1878. 
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1 . If a line be divided internally into unequal segments, the distance 

of the point of section from the middle point of the Une is half 
the difference of the segments ; but if it be divided externally, 
the distance of the point of section from the middle point of the 
line is half the sum of the segments: Def 1 

2. Given the sum and difference of two straight lines, find them 2 

3. To divide a given straight Hne into any number of equal parts. 

Cob. 2 

4. The straight line joining the middle points of two sides of a triangle 

is parallel to the third side and equal to half of it 2 

5. The straight lines drawn from the vertices of a triangle to bisect 

the opposite sides pass through the same point and out each 
other in a point of trisection, and the three triangles with this 
point as common vertex, and the sides of the given triangle as 

bases, are equal. Dbp 3 

C. The perpendiculars to the sides of a triangle through their middle 
points meet in the centre of the circle circumscribed about the 
triangle. N. B 3 

7. If one triangle have its sides respectively double the sides of another 

triangle, the radius of its circumscribed circle is also double that 
of the other, and a perpendicular from the centre of its circum« 
scribed circle on any side is double the corresponding perpen- 
dicular in the other triangle. Bef 4 

8. The perpendiculars from the angles of a triangle to the opposite 

sides pass through the same point, and the segment of any per« 
pendicular towards an angle of the triangle is double the perpen- 
dicular from the centre of the circumscribed circle on the side 
opposite to that angle. Def 5 

9. The centre of the circumscribed circle* the intersection of the bi- . 

sectors of the sides and the intersection of the perpendiculars of 

a triangle, lie in the same straight line 6 

10. If from the ends and the middle point of a finite straight line 
three parallel straight lines be ^awn meeting any indefinite 
straight line, the middle parallel is half the sum of the two ex- 
treme parallels when the indefinite line does not meet the finite 
line ; but when it meets it the middle parallel is half the differ- 
ence of the other parallels. N.B 7 
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11. The diagonals of a parallelogram bisect each other, and if the 

diagonals of a quadrilateral bisect each other it is a parallelo- 
gram. Also if the opposite sides of a quadrilateral be equal, it 

is a parallelogram 8 

12. The diagonals of a rectangle are equal to one another 8 

13. The diagonals of a square bisect one another at right angles 9 

14. The square on a straight line is four times the square on its half • 9 

15. If two squares be equal, their sides shall also be equal 9 

IG. The perpendicular from the vertex on the base of an isosceles tri- 
angle bisects the base and the vertical angle 10 

17. If the same straight line bisect the base and the vertical angle, 

the triangle is isosceles 10 

18. If two isosceles triangles have a common base, the straight line 

(produced, if necessary) which joins their vertices bisects their 

common base, and is at right angles to it. Cob 10 

19* Half the base of a triangle is greater than, equal to, or less than 
the bisector of the base, according as the vertical angle is greater 
than, equal to, or less than a right angle. Def 11 

20. Given the base and area of a triangle, find the locus of its vertex. 

Def 12 

21. Given the bases of two triangles which have a common vertex, in 

magnitude and position, and the sum or difference of their areas, 
find the locus of the common vertex. N. B. Def. 12 

22. The middle points of the three diagonals of a complete quadri- 

lateral lie in the same straight line 17 

23. Given the base and the difference of the two sides of a triangle ; 

find the locus of the foot of the perpendicular from either end of 

the base on the bisector of the internal vertical angle 18 

24. Given the base and the sum of the two sides of a triangle ; find 

the locus of the foot of the perpendicular from either end of the 
base on the bisector of the external vertical angle. Cob 19 

25. Given the three bisectors of the sides of a triangle ; construct it. 

Def 20 

26. If two triangles have two sides of the one respectively equal to two 

sides of the other, and the contained angles supplemental, they 

are equal in area 20 

27. If squares be described on the sides of any triangle as in Euclid i. 

47, and if AP, FMeaid KN be drawn perpendicular to BC or BC 
produced, prove that BM and ON are each equal to ^P, and that 
the sum of FM and KN is equal to BO, that the triangles GAH^ 
FBD and KCE are each equal to ABO, and that OF and BK 
intersect on the perpendicular AP, 21 

28. If squares be described on the sides of any triangle ABC, as in i. 

47, and if HG, FD and EK be joined and perpendiculars drawn 
from the angles A, B, C to these lines respectively, these per- 
pendiculars produced bisect the remote sides of the triangle 
ABC, and therefore pass through the same point, and the joining 
lines are respectively double the bisectors of the remote sides of 
the triangle ^BC 22 

29. In the figure to (28) given in magnitude the three joining lines 

HG, FD and EK, construct the original triangle ABC 23 

30. To bisect a triangle by a straight line drawn from a given point in 

one of its sides 24 
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31. To draw a straight line from an angle of a triangle to the opposite 

side, cutting off from the triangle any given area 24 

32. To divide a polygon into any number of equal parts by straight 

lines drawn from a given point in one of its sides. N. B 25 

33. The rectangle under two lines together with the square on half 

Uieir difference is equal to the square on half their sum, or the 
rectangle under the sum and difference of two lines is equal to 
the difference between their squares. Cob 26 

34. The sum of the squares on two lines is equal to twice the square 

on half their sum together with twice the square on half their 
difference, or the sum of the squares on the segments of a line is 
equal to the square on half the line together with the square on 
the distance of the point of section from the middle point of the 
line. CoR 26 

35. Given the rectangle under two lines ; find them when their sum 

is a minimum 27 

36. Given the sum of the squares on two Unes ; find them when their 

sum is a maximum 27 

37. The square on the sum of two lines is equal to the sum of their 

squares, together with twice their rectangle 27 

38. The sum of the squares on two Unes is equal to twice the rect- 

angle under them, together mth the square on their differ- 
ence 27 

39. In a. right-angled triangle, the square on the perpendicular from 

the right angle on the hypotenuse is equal to the rectangle under 
the segments into which it divides the hypotenuse, and the 
square on either side of the triangle is equal to the rectangle 
under the hypotenuse and its adjacent segment 28 

40. The difference of the squares on the sides of a triangle is equal to 

the difference of the squares on the segments of the base, made 
by the perpendicular from the vertex on the base or the base 
produced, and also to twice the rectangle under the base and the 
distance of its middle point from the foot of the perpendicular 
on the base 28 

41. The sum of the squares on the sides of a triangle is equal to twice 

the square on half the base, together with twice the square on 

the bisector of the base 29 

42. The sum of the squares on the diagonals of a parallelogram is 

equal to the sum of the squares on its four sides 29 

43. Three times the sum of the squares on the sides of a triangle is 

equal to four times the sum of the squares on the bisectors of 

the sides. Cob, Def 30 

44. The sum of the squares on the sides of any quadrilateral is equal 

to the sum of the squares on its two diagonals, together with 
four times the square on the line joining the middle points of the 
diago«ials 30 

45. Given the area of a rectangle and one side, find the adjacent side. . . 31 

46. Divide a given straight line internally or externally into parts 

such that the difference of their squares shall be given 31 

47. Divide a given straight line internally or externally into two parts 

such that their rectangle shall be given. N.B 32 

48. Given the base and the difference of the squares on the sides of a 

triangle, find the locus of its vertex .' 32 
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49. Given the base and the sum of the squares on the sides of a tri- 

angle, find the locus of its vertex : 32 

50. If a straight line be drawn from the vertex of an isosceles triangle 

to the base or the base produqed, the difference between its 
square and the square on a side of the triangle is equal to the 
rectangle under the segments of the base 33 

51. Jf two triangles with equal vertical angles stand on the same base 

and at the same side of it, the circle circumscribing one of the 
triangles will also circumscribe the other 33 

52. If the opposite angles of a quadrilatertd be supplemental, it is 

circumscribable by a circle 84 

53. Given the base and vertical angle of a triangle ; find the locus of 

its vertex. N.B 34 

54. Given the base and vertical angle of a triangle ; find the locus of 

the intersection of its perpendiculars 34 

55. The sum of one pair of opposite sides of a quadrilateral circum- 

scribing a circle is equal to the sum of the other pair, and the 
straight line which joins the middle points of the diagonals of 
the quadrilateral passes through the centre of the circle 35 

56. Through a given point within a circle, draw the minimum chord... 36 

57. Through a given point within a circle to draw a chord of a given 

length, but which must not be less than the minimum chord 
through the point, nor greater than the diameter 36 

58. Through a given point (P) without a circle, to draw a secant so 

that the intercepted chord shall be of a given length, not greater 
than the diameter of the circle. Cor 36 

59. To divide a given straight line internally into segments, such that 

the rectangle imder the segments shall be equal to the square on 

a given hne. Cor 37 

60. To divide a given straight line externally into segments, such that 

their rectangle shall be equal to the square on a given straight 
line 38 

61. If the three perpendiculars of a triangle ABC intersect in 0, and 

(produced, if necessary) meet the circumscribed circle in G, H 
and K\ prove that the distances OG^ OH and OK are bisected by 
the sides of the triangle, and that the rectangle under any per- 
pendicular and its segment, which meets one side only, is equal 
to the rectangle under the segments into which the perpendipular 
divides that side 38 

62. If two triangles be on (the same or) equal bases and between the 

same parallels, the two sides of each triangle intercept equal seg- 
ments on any straight line parallel to the bases. Def 38 

63. To inscribe a square in a right-angled triangle having one of its 

angles coinciding with the right angle, and to prove that the rect- 
angle under a side of the square and the sum of the base and 
altitude is equal to twice the triangle 39 

64. To inscribe a rhombus in a triangle, having one of its angles co- 

inciding with an angle of the triangle 40 

Ci^, To inscribe a square in any triangle, and to prove that the rect- 
angle under its side and the sum of ^e base and altitude of the 
triangle, is equal to twice the triangle. Dbp. 40 

66. To inscribe a rhombus of given species in any triangle 41 

67. To escribe a square to a right-angled triangle, the sides of the tri- 
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angle being produced fhrough an acnte angle, and to prove that 
the rectangle under its side and the difference of the base and 
altitude is eqnal to twice the triangle. N.B 42 

68. To escribe a square to any triangle, the sides being produced 

through a vertex of the triangle, and to prove that the rectangle 
under its side and the difference between the base and altitude of 
the triangle is equal to twice the triangle 42 

69. If two sides of a triangle be unequal, the sum of the greater side 

and tiie perpendicular upon it from the opposite angle is greater 
than the sum of the less side, and the perpendicular upon it from 
the opposite angle 43 

70. If two sides of a triangle be unequal, the inscribed square which 

stands upon the greater side Is less than the inscribed square 
which stands upon the less side 44 

71. To inscribe in any triangle a parailelogram of given species. N.B. 44 

72. The circle through the feet of the perpendiculars of a triangle 

bisects the sides of the triangle and the segments of the perpen- 
diculars towards the angles. Also, its radius is half the radius of 
the circumscribed circle, and its centre is the middle point of the 
straight line joining the centre of the circumscribed circle and 
the intersection of the perpendiculars. (The Nine-Point Circle.) 
N.B. Dbp 45 

73. The bisectors of &e three internal angles of a triangle meet in the 

centre of the inscribed circle; and if two sides be produced 
through the extremities of the third side, the bisectors of the two 
extermil angles and of the angle opposite to the third side meet 
in the centre of the circle escribed to the third side, and the 
straight line joining any two centres (produced, if necessary,) 
always passes through an angle of the triangle. Def 46 

74. The four points in which the inscribed and the three escribed 

circles of a triangle touch any side, and that side produced, form 
two pairs of points equidistant from the middle point of that 
side. The distance of a point of contact of the inscribed circle 
from an angle is less than the semiperimeter by the side opposite 
to that angle. The distance of an external point of contact from 
the remote angle is equal to the semiperimeter. The distance 
between two internal points of contact on any side is equal to the 
difference of the other two sides, and the distance between the 
two external points of contact on any side is equal to the sum of 
the other two sides of the triangle. The distance between a 
point of contact of the inscribed circle apd an external point of 
■contact of an escribed circle is equal to the side of the triangle 
intersecting the line joining these two points. N.B ; 48 

75. The circumscribed circle of a triangle bisects the six straight line» 

which join the centres of the inscribed and of the three escribed 
circles ; and the same circle passes through the centres of the in- 
scribed circle, of an escribed circle, and the ends of the side 
between those two centres, and has its centre in the circumfer- • 
ference of the circumscribed circle. The same circle passes 
through the extremities of any side, and the two centres of the 
escribed circles on the samte side of it, and its centre is in the 
circumference of the circumscribed circle 50 

76. If from the greater of the two sides of a triangle a part be cut off 
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equal to the less and conterminous with it, and if the point of 
section be joined with the opposite angle, each of the equal 
angles of the isosceles triangle thus formed is equal to half the 
sum of the base angles of the giren triangle; the angle between 
the base of the isosceles triangle and the base of the given tri- 
angle is half the difference of the base angles. Also the angle 
between the perpendicular on the base and the bisector of the 
internal vertical angle is half the difference of the base angles, 
and the angle between the base and the bisector of the external 
vertical angle is half the difference of the base angles 50 

77. The bisectors of the internal and external vertical angles of a tri- 

angle produced, meet the circumscribed circle in the middle 
points of the arcs of the segments into which the base divides 
the circle ; the line joining these points is the diameter which 
bisects the base at right angles; and if perpendiculars be let fall 
from these two points on the two sides, the distances from the 
feet of these perpendiculars to the vertices of the triangle are 
either half the sum or half the difference of the two sides. Cob. 51 

78. Given the base and vertical angle of a triangle, find the locus of 

the centre of the inscribed circle and of the centres of the three 
escribed circles 53 

79. In equiangular triangles the rectangles under the non-correspond- 

ing sides about equal angles are equal (YI. 4, 16) ,. ^i 

80. If two triangles have the three pairs of rectangles under the sides 

about each of the three pairs of angles respectively equal, a side 
of each triangle being taken to form a rectangle, then shall the 
triangles be equiangular (VI. 5, 16) 6^ 

81. If two triangles have an angle of the one equal to an angle of the 

other and the rectangle under the sides about the equal angles 
equal, a side of each triangle being taken to form a reetangle, the 
triangles shall be equiangular (VI. 6, 16) 65 

82. If two triangles have one angle in each equal, the rectangles under 

the sides about another pair of angles equal, a side of each tri- 
angle being taken to form a rectangle; the remaining pair of 
angles shall be either equal or supplemental (VI. 7, 16). N.B. ... 56 

83. If two triangles have an angle in each equal and the rectangle 

TUdder the sides about one of the equal angles equal to the rect- 
angle under the sides about the other, the triangles are equal in 
area (VI. 15, 16) 57 

84. If two triangles have equal vertical an^es and equal areas, then 

shall the rectangle under the sides of the one be equal to the rect- 
angle xmder the sides of theother (VI. 16, 16) 57 

85« Given the vertical angle and area of an isosceles triangle; con- 
struct it 67 

86. Prove that the rectangle xmder the distances of the points in which 

the bisector of the vertical angle and the perpendicular on the 
base meet the base from the middle point of the base is equal to 
the square on half the difference of the sides 5S 

87. The rectangle under the distances of the points in which the 

bisector of the external vertical angle of a triangle and the 
perpendicular meet the base from the middle point of the 
base is equal to the square on half the sum of the two sides 
of the triangle , 58 
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88. The rectangle nnder the sides of a triangle is eqtial to the square 

on the bisector of the vertical angle together with the rectangle 
nnder the segments of the base made by the bisector of the 
vertical angle (VI. B) 59 

89. The rectangle nnder tne sides of a triangle together with the 

square on the bisector of the external vertic^ angle is equal 
to the rectangle under the segments into which the bisector 
f, of the external vertical angle divides the base 59 

90. in any triangle the rectangle under the sides is equal to the 

rectangle under the perpendicular from the vertex on the base 
and the diameter of the circumscribed circle (YI. C) ,.... 60 

91. If the bisector of the vertical angle of a triangle be produced 

through the base to meet the circumscribed circle, and if the 
point in which it meets the circle be joined to either end of 
the -base, the square on the joining line is equal to the rectangle .; 
under the whole produced bisector and the produced part ...... 61 

92. Ji the bisector of the external vertical angle of a triangle be 
produced through the vertex to meet the circumscribed circle^ 
and if the point in which it meets the circle be joined to either 
end of the base, the square on the joining line is equal to the 
rectangle under the whole produced bisector and its produced 
part 61 

93. The rectangle under the diagonals of a quadrilateral inscribed 
in a circle is equal to the sum of the rectangles under its 
opposite sides (VI. D) ,.... , , 61 

94. If perpendiculars be drawn from the extremities of each diagonal 
of any quadrilateral to the other diagonal, the sum of the 
perpendiculars on the first diagonal is to the sum of the per- 
pendiculars on the second diagonal, as the second diagonal . 
is to the first 62 

95. The diagonals of a quadrilateral inscribed in a circle are as the 
sums of the rectangles under the pairs of sides terminated in 
each diagonal 63 

96. If PfP\p" denote the perpendiculars from the centre of the 
circumscribed circle to the sides of a triangle, 9, 9', q" the 
parts of these perpendiculars (produced) between the sides 
{knd the circumscribed circle, prove that 

q + q' + ^'=2R-r, 
and p +p' +p^' = B + r. 

Also, prove that ri-^r^-^-r^-r^ 4R. ( See 73 , Del ) N.B 63 

If i), JDij i>2» ^8 denote the distances of the centre of the cir- 
cumscribed circle of any triangle from the centres of the four 
circles touching the sides ; prove that 

i>«=JR2-2J2r, 2>«=i2«+2J2ri, I)J^=R^+2Rr^ 
D3«=JBa + 2J2r8,andi>«+i>i* + -^a'' + -^8^=1212^- N.B 64 

98. To inscribe in a given triangle a parallelogram of given area 

not exceeding hfjf the given triangle. (See VI. 27, 28.) Cob. . 66 

99. To a given triangle to escribe a paralleiogram of given area. 

(See VI. 29) 66 

100. Given the vertical angle and the sum or difference of the two 
sides of a triangle, the circumscribed circle (besides passing 

K. Q. 
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through the vdrtex) always passes through a fixed point on 
the hisector of the internal or external vertical angle. Cob. 67 
101 « If the lower angles of a square described externally upon the 
base of a triangle be joined with the yertex of the triangle, 
the joining lines will intercept on the base the side of the 
inscribed square which stands upon the base. N.B 68 

102. Straight lines are drawn from a given point to a given indefinite 

straight line, and cut in a given ratio ; find the locus of the 
points of section ....» 69 

103. Straight lines are drawn &om a given point to a given straight 

line, and cut so that the rectangle under the whole line and 
the distance of its point of section from the given point is 
constant (that is, equal to a given square) ; find the locus of 
the point of section 69 

104. One vertex of a triangle given in species turns round a fixed 

. point, and .another vertex moves idong a fixed straight Une ; 
find the locus of the remaining vertex *.* 70 

105. Straight lines are drawn from a given point to the circumference 

of a given circle and cut in a given ratio ; find the locus of the 
points of section. N.B 4 70 

106. A straight line is drawn from a given point to the circumference 

of a given circle, and divided so that the rectangle under the 
whole line, and its segment between the point of section and 
the given point, is constant; find the locus of the point of 
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point, whilst another vertex moves along the circumference 

of a given circle ; find the locus of the third vertex 72 

108. One vertex of a rectangle turns round a fixed point, and the 

two adjacent vertices move along a given drcle; find the 
locus of the remaining vertex 73 

109. Through a given point within a given angle, draw a straight 

line cutting the legs of the angle, so tiiat it shaU be divided 

at the point in a given ratio. Def 73 

110. If from any point a tangent be drawn to a given circle, and 

another circle be. described with the point as centre and the 
tangent as radius, the two circles wiU cut one another ortho- 
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111. If a quadrilateral be inscribed in a circle, and the figure com- 

pleted, the square on the third diagonal is equal to the sum 
of the squares on the two tangents from its extremities, the 
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112. The perpendiculars from the middle point of the base of a 

triangle on the bisectors of the internal and external vertical 
angles cut off from the two sides portions equal to half the 
sum or half the difference of the sides 76 

113. The rectangle under the perpendiculars from the extremities of 

the base of a triangle on the bisector of the external vertical 
angle is less than the square on half the sum of the two sides 
by the square on half the base ; and the rectangle under the 
perpendiculars on the bisector of the internal vertical angle 
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is less than the square on half the base by the square on half 

the difference of the sides 77 

114. The rectangle under the perpendicolars from the ends of the 

base of a triangle on the bisector of the external vertical 
angle is eqnal to the rectangle under the perpendicular from 
the middle point of the base on the same bisector, and the 
bisector of the internal vertical angle; and the rectangle 
under the perpendiculars on the internal bisector of the ver* 
tical angle is equal to the rectangle under the perpendicular 
from the middle point of the base on the same bisector, and 
the bisector of the external vertical angle. Cob 78 
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of the internal vertical angle of a triangle meets the base to 
either side, the rectangle under the intercept between the 
perpendicular and the vertex, and half the sum of the sides, 
is less than the square on half the sum of the sides by the 
square on half the base; and if a perpendicular be drawn 
from the point where the bisector of the external vertical angle 
meets the base to either side, the rectangle under the inter- 
cept between the perpendicular and the vertex, and half the 
difference of the sides, is less than the square on half the base 
by the square on half the difference of the sides 79 

116. If perpendiculars be drawn from any point on the circumference 

of a circle to two tangents and their chord of contact, the 
square on the perpendicular to the chord is equal to the rect- 
angle under the other ^o perpendiculars 80 

117. If perpendiculars be drawn from any point on the circumference 

of a circle to the sides of an inscribed quadrilateral, the rect- 
angle under tlie perpendiculars on two opposite sides is equal 
to the rectangle under the other two perpendiculars 80 

118. If perpendiculars be drawn from any point on the circumfer- 

ence of a circle to the sides of an inscribed triangle, their 
feet shall be in the same straight line. Cob 81 

119. The circles circumscribing the four triangles formed by four 

intersecting straight lines all pass through the same point, 
and this point and the four centres lie on the same circum- 
ference. Cob 82 

120. Given base, difference of sides, and difference of base angles; 

construct the triangle. Dep 84 

121. Given base, sum of sides, and difference of base angles; con- 

struct the triangle 84 

122. Given base, difference of base angles, and area ; construct the 

triangle .^85 

123. Given base, difference of base angles, and locus of vertex a given 

straight line intersecting the base ; construct the triangle 85 

124. Draw a common tangent to two given circles. Cob. Def 86 

125. Produce a given finite straight line both ways, so that the rect- 

angles under the parts into which the whole produced line is 
divided by the extremities of the finite line, shall be equal to 
given squares 87 

126. Describe a circle which shall bisect three given circumferences 87 

127. Describe a circle which shall touch a given straight line, and 

pass through two given points on the same side of it. N.B. 88 

c2 
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128. Describe a circle, passing through a given point, and touching 

two given straight lines. N.B 89 

129. Describe a circle touching two given straight lines and a given 

circle. N.B. 91 

180. If circles be described passing tHrough two given points and 
cutting a given circle, the chords of intersection will all pass 
through a fixed point on the straight line passing through 
the two given points, or will be parallel to this line 93 

131. Describe a circle passing through two given points and touching 

a given circle. N.B. Cor 94 

132. Describe a circle passing through a given point, and touching a 

given straight line at a given point 95 

133. Describe a circle touching a given circle, and a given straight 

line at a given point. N.B 96 

134. To describe a circle touching a given circle, passing through a 

given point and having its centre in a given straight line 
passing through this point. N.B 97 

135. To describe a circle passing through a given point, and touch- 

ing a given straight line and a given circle, the drcle and 
point lying on the same side of the straight line 98 

136. To describe a circle touching a given straight line and two 

given circles. N.B 99 

137. Given a straight line and two points on the same side of it; 

find a point in the given line at which the two given points 

shiall subtend a maximuTTi angle. N.B 100 

188. . AE bisects the angle ^ of a triangle ABC, and is produced to 
P, so that the difference of the angles PBG and PCB is a . 
maximum, shew that their sum is h^f the angle BA G 101 

139. If any point on the circumference of a circle be joined to the 

three angles of an inscribed equilateral triangle, the straight 
line drawn to the remote angle is equal to the sum of the 
other two 102 

140. Find the locus of a point such that if straight lines be drawn 

through it cutting a given circle, the rectangles under the 
intercepts between the point and the circle shall be con- 
stant • 102 

141. Given the base of a triangle, the sum of its sides, and the locus 

of its vertex a fixed straight line ; constrilct the triangle 103 

142. Given the base of a triangle, the difference of the sides, and 

the locus of vertex a fixed straight line; construct the tri- 
angle 104 

143. In a given circle inscribe a triangle having its base parallel to 

a given straight line and its sides passing through two given 
points in this straight line. N.B 104 

144. . In a given circle inscribe a triangle, having its base parallel to a 

given line and its two sides passing through two given points, 
not both situated on a line parallel to the given Ime 107 

145. In a given circle to inscribe a triangle whose sides sh^ pass 

through three given points 108 

146. If two opposite sides of a parallelogram be the bases of two tri- 

angles with a common vertex, their sum is equal to half the 
parallelogram, when the point is within the bases, but if the 
point is outside the bases, the difference of the triangles is 
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equal to. half the parallelogram. Also, if two adjacent sides 
of a parallelogram and the diagonal between them be the 
bases of three triangles with a common vertex, the trianglo 
with the diagonal for base is equal to the difference or sum 
of the other two, according as the point is within or without 
the angle (or its vertically opposite) contained by the two 
sides 109 

147. Given an indefinite straight line and two points on the same 

side of it. Find a point in the line such that the straight 
lines drawn from it to the two given points shall be equally 
inclined to the given line, and prove that the sum of the 
straight lines is a minimum. Cob 110 

148. If a quadrilateral be not circumscribabJe by a circle, the rect- 

angle under its diagonals is less than the sum of the rect- 
angles under its opposite sides. Cob Ill 

119. If any two chords be drawn through the middle point of a 
given chord of a circle, the straight lines joining their ex- 
tremities which are on opposite sides of the bisected chord* . 
cut off equal parts from its ends (see 243) 112 

150. If CD be the perpendicular from the centre (7 of a given circle 

on an indefinite straight line AB^ and if DE be made equal 
to the tangent DL^ then shall BE be always equal to the 
tangent BG^ where B is any point on the given line AB. 
N.B. DBF. 113 

151. If a perpendicular be drawn from the right angle of a triangle 

to the hypotenuse, the square on its reciprocal is equal to 

the sum of the squares on the reciprocals of the sides 113 

152. Given the vertical angle of a trian^e in magnitude and posi- 

tion, and the sum of the reciprocals of the sides ; prove that 
the base always passes through a fixed point on the bisector 
of the vertical angle 114 

153. Given base of a triangle, vertical angle, and sum or difference 

of sides; construct the triangle. N.B 114 

154. If D be the middle point of the base BG ot any triangle BAC, 

E and L the points where the perpendicular on the base, and 
the bisector of the vertical angle, meet the base, and If, S 
the points of contact of the inscribed and escribed circles; 
prove that the rectangles under the segments into which L 
divides SH and DE are equal, and that DH . HE=DE . HL 115 

155. If the bisectors of the base angles of a triangle be equal, the 

triangle is isosceles 116 

156. Through a given point within a given angle, to draw a straight 

line cutting the sides of the given angle so that the rectangle 
under the intercepts between the point and the sides of the 
given angle may be equal to a given rectangle. N.B 117 

157. Through a given point, to draw a straight line so as to form 

with the sides of a given angle a triangle of given area. 
Cor 118 

158. AB is a common chord of two circles ; draw the straight line 

ACD, meeting the two circles in and D, so that ACAD 
shall be given lift 

159. Given the rectangle under the sides, the bisector of the base, 

and the difference of the base angles; construct the triangle. 119 
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160. Given the yertioal angle, the perpendicular on the base, and 

the sum of the two sides; construct the triangle. N.B 120 

Explanations of Principles and Abbreviations, forming an in- 
troduction to Modem Geometry 122 

161. If a straight line AB be divided at any two points G and Bj 

prove that AB . CD=AC . £D -^ AD , BG. Deps. (1) to (8) ... 125 

162. If a straight line be divided harmonically at two pomts when 

the terms are measured from one end of the line, it is also 
divided harmonically when they are measured from the other 
end. Also, when a line is divided harmonically, the mean is 
divided internally and externally in the same ratio, and the 
rectangle under the whole line and the middle part is equal 
to the rectangle under the extreme parts, and conversely, 
when a line is divided internally and externally in the same 
ratio, or so that the rectangle under the whole and the mid- 
dle part equals the rectangle under the extreme parts, the 
whole line is divided harmonically 126 

163. If a straight line be divided harmonically, the distances from 

the middle point of either mean to the two points of section 
and to the end of the line on the same side are in geometrical 
progression, and if three distances measured in the same 
direction from a point along a straight line be in geometrical 
progression, and if a length equal to the geometric mean be 
measured in the opposite direction, from the same point, tho 
whole line will be divided harmpnicaJly. N.B 127 

164. If any transversal cut a pencil of four rays, the ratio of the 

rectangle under the whole transversal and its middle seg- 
ment to the rectangle under its extreme segments is constant. 
N.B 128 

165. If two anharmonic pencils with different vertices have a com- 

mon ray and the same anharmonic ratio, the intersections 
of the three pairs of corresponding rays will lie in the same 
straight line 130 

166. If. two straight lines AB and A'B^ be similarly divided at C, D 

and C, D', then shall [ABGD]=[A'B'G'D']. Cor 131 

167. If a transversal cut the sides of a triangle, the segments of any 

side are in a ratio compounded of the ratios of the segments 

of the other sides. N.B 131 

168. Any three straight lines drawn through the angles of a triangle 

so as to intersect in the same point, divide the opposite sides 
into segments such that the segments of any side are in a 
ratio compounded of the ratios of the segments of the other 
two sides. N.B. Cor. 133 

169. If three straight lines drawn through the vertices of a triangle 

meet in a point, and if the points in which these lines meet 
the opposite sides be joined; the joining lines meet the op- 
posite sides in three points which are in the same straight 
line. Also every pencil of four lines in the figure is an 
harmonic pencil, and every range of four points is an har- 
monic range. N.B. Dep 134 

170. Given three consecutive rays of an harmonic pencil, or three 

consecutive points of an harmonic range ; find the fourth 
harmonic. More generally, given any three rays of an an- 
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hamaonio pencil or any three points of an anhaarmonio 
range and the anharmonio ratio ; find the remaining ray or 
point, the position of the required ray or point with respect 
to the given ones being assigned 136 

171, The internal and external bisectors of any angle of a triangle 

are harmonic conjugates with respect to the sides containing 
that angle, and the three points in which the three external 
bisectors of the angles of a triangle meet the opposite sides 
are in the same straight line. Also the points in which the 
external bisector of any angle and the internal bisectors of 
the other two angles intersect the sides respectively opposite 
to them, lie in the same straight line 137 

172. If two alternate rays of an harmonic pencil contain a right 

angle, they bisect the angles contained by the other two 

rays 137 

178. Given the base and the ratio of the sides of a triangle ; find the 

locus of its vertex. Cob 138 

174. . If two straight lines drawn from the ends of the base of a tri- 

angle to meet the opposite sides intersect on the perpendi- 
cular to the base, the straight lines joining their points of 
intersection with the sides to the foot of the perpendicular, 
are equally inclined to the perpendicular. N.B 139 

175. The reciprocals of lines in harmonical progression are in arith- 

metict^ progression, and conversely, the reciprocals of lines in 
arithmetical progression are in harmonical progression. 
N.B 139 

176. Given two unequal straight lines ; find the arithmetic, geome- 

tric and harmonic means between them, and prove that the 
geometric mean is a mean proportional between the other 
two means. N.B 141 

177. If through a fixed point two transversals be drawn intersecting 

two given straight lines, and if the points of intersection be 
joined transversely; find the locus of the point of intersec- 
tion of the joining lines. N.B 142 

178. . Through a""given point, without two given straight lines, any 

transversal is drawn and a point taken on it, such that the 
reciprocal of its distance from the given point is equal to the 
sum of the reciprocals of the intercepts between the given 
point and the given lines; find the locus of the point of 
section 143 

179. Through a given point within two given straight lines any 

transversal is drawn and a point taken on it, such that the 
reciprocal of its distance from the given point is equal to the 
difference of the reciprocals of the intercepts between the 
given point and the given lines ; find the locus of the point 
of section 143 

180. If through a given point without any number of straight lines 

a transversal be drawn and a point taken on it, such that 
the reciprocal of its distance from the given point is equal 
to the sum of the reciprocals of the intercepts between the 
given point and the given lines; find the locus of the point 
of section 144 

181. If through a given point within any number of straight Unes a 
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transversal be drawn and a point taken on it, such that the ^ 
reciprocal of its distance from the given point is equal to the 
excess of the btuu of the reciprocals of the intercepts between 
the given point and the lines on one side of it over the siuu 
of the reciprocals of the intercepts on the other side of it; 
find the locus of the point of section 145 

182. On the sides of a triangle produced through the ends of the 
base, parts are taken in a given ratio, and their extremities 
joined to the remote ends of the base ; find the locus of the 
intersection of the joining lines. Def. 145 

188. If two triangles be oo-polar, they shall also be co-axial; and 
conversely, if two triangles be co-axial they shall also be co* 
polar 147 

184. Given three fixed straight lines meeting in a point, if the three 

vertices of a triangle move one on each of these lines, and 
two sides of the triangle pass through fixed points; prove 
that the remaining side passes through a fixed point on the 
line joining the two given points. N.B. Cob 148 

185. Two vertices of a triangle move on fixed straight lines, and the 

three sides pass through three fixed points which lie on a 
straight line ; find the locus of the third vertex. Cob 150 

186. The base of a triangle passes through a fixed point, the base 

angles move on two fixed straight lines, and the sides pass 
through two fixed points, which lie on a straight line passing 
through the intersection of the two fixed lines ; find the locus 
of the vertex , *.<.....^ 151 

187. Any quadrilateral is divided by a straight line into two others ; 

prove that the intersections of the diagonals of the three lie 

in a straight line. N.B 152 

188. If two circles cut one another orthogonally, any straight line 

drawn through the centre of either and meeting both circles . 
is out harmonically by the two circumferences. N. B. Def. 153 

189. The anharmonic ratio of four fixed points on a circle is constant 154 

190. If a variable tangent meet two fixed tangents, the intercept on it 

subtends a constant angle at the centre of the circle 155 

191. The anharmonic ratio of four fixed, tangents is constant. 

N.B 156 

192. Prove that the anharmonic ratio of four points on a circle is 

the same with the ratio of the rectangles under the opposite 
sides of the quadrilateral formed by joining the four points ... 156 

193. If any hexagon be inscribed in a circle, the intersections of the . 

three pairs of opposite sides lie on the same straight line. 
(Pascal's Theorem) 157 

194. The straight lines joining the opposite angles of any hexagon 

described about a circle pass through the same point. 
(Brianchon's T/itforem.) N.B 158 

195. If we assume six points on the circumference of a circle, and 

join them in the order ABGBEFA (forming a figure which 
we may call, by an extension of the term, an inscribed hex- 
agon, or hexagram) the intersections of the opposite sides 
FA and CD, AB and DE, EG and EF, lie on the same 
straight line 160 

196. . Given six points on the circumference of a circle ; find a seventh 
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point on the oiroilmfer^oe sach that the anharmonic ratio of 
it and three of the points taken in an assigned order shall he 
equal to the anharmonic ratio of it and the other three points 
tiUcen in an assigned order. N.B. 161 

197. Oiven six points on a straight line ; find a seventh point on the 

given line, snch that the anharmonic ratio of it and three of 
the points taken in an assigned order, shall be equal to the 
anharmonic ratio of it and the other three points taken in 
an assigned order 162 

198. Inscribe in a given polygon another of the same number of sides, 

so that each of its sides shall pass through a given point. 
N.B 163 

199. Find the locus of the intersection of equal tangents to two given 

circles, and prove that it is a straight line perpendicular to the 
line joining the centres of the circles and dividing this line, so 
that the difference of the squares on its segments is equal to 
the difference of the squares on the corresponding radii. 
Def. .., 165 

200. The radical axes of each pair of a system of three circles meet in 

a point. Dbp. Cob 167 

201. If two circles do not meet one another, any system of circles cut- 

ting them orthogonally always passes through two fixed points 
on the line joining the centres of the two given circles. 
N.B 169 

202. If through either of the limiting points of a system of circles 

having a common radical axis, a straight line be drawn inter- 
secting any circle of the system, and if perpendiculars be drawn 
from the points of intersection to the radical axis, the rect- 
angle under the perpendiculars is constant .' 171 

203. Given three circles. Describe any circle, and form a triangle 

ABG with the three radical axes of this circle and each of 
the given circles. Describe any other circle, and similarly 
form a triangle A'BC The straight lines joining corre- 
sponding vertices of these two triangles will meet in a point, 
and the points of intersection of the corresponding sides will 

'lie on the same straight line 172 

204 Describe a circle such that the radical axes of it and each of three 

given circles shall pass respectively through three given points 173 

205. If two pencils have the same anharmonic ratio, and ii two angles 

of the one be respectively equal to two angles of the other, the 
two remaining angles shall also be equal, or one of them shall 
be the supplement of the whole angle of the other pencil 174 

206. Given two pairs of points in a straight line ; find a point in the 

line such that the rectangle under its distances from one pair 
of the points shall be equal to the rectangle under its distances 
from the other pair. Cob. 1. Cob. 2. N.B. Def. 1. Def. 2. 175 

207. In a system of points in involution, the anharmonic ratio of any 

four points is equal to that of their four conjugates. N.B; ... 177 

208. Given three pairs of points in a straight line, such that the an- 

harmonic ratio of four of the points is equal to that of their 
four conjugates; prove that the points form a system in in- 
volution 178 
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209. GiTen fonr points Ai B, B\ A\ in a straight line; find the locus 

of a point at which AB and B'A* shall subtend eqnal angles. 
N.B. OoR. 1. Cob. 2. Dep. Cob. 8 180 

210. Prove that if a system of six points A^ A'\ 2?, B'\ (7, C?', be in va- 

yolxiiion,AB\BG\CA'=:A'B.B'C,CrA 181 

211. If a straight line intersect three given circles in a system of points 

in involution, it will pass through a fixed point (the radical 
centre of the three circles) 182 

212. A straight line meeting the sides and diagoni^ of any quadri- 

lateral is divided in six points in involution. N.B 182 

213. Any straight line meeting a circle and the sides of any inscribed 

quadrilateral is cut in involution. N.B. Def 183 

214. The straight lines drawn trom any point to the six angular points 

of a complete quadrilateral form a system in involution 184 

215. If three chords of a circle meet in a point within or without the 

circle, the six straight lines joining any point on the circum- 
ference to the extremities of the chords form a pencil in in- 
volution 185 

216. If a system of circles be described cutting a given circle ortho- . 

gonally, and having their centres in a given straight line, the 
radical axis of the system will be the perpendicular from the . 
centre of the given circle on the given line. N.B 185 

217. If on the three diagonals of a complete quadrilateral, as diame- 

ters, circles be described, they shall have the same radical axis, 
and out orthogonally the circle circumscribing the triangle 
formed by the three diagonals 187 

218. If on the three diagonals of any quadrilateral, as diameters, circles 

be described, any transversal meeting them is cut in six points 

in involution 187 

219. Describe a circle which shall pass through a given point, and cut 

orthogonally two given circles t 188 

220. If any secant be drawn through the intersection of two tangents 

to a circle, and if the points of intersection be joined to the 
points of contact of the tangents, the rectangles under the 
pairs of opposite sides of the quadrilateral formed by the join- 
ing lines are equfd 189 

221. If two tangents and a secant be drawn from any point outside a 

circle, the two points of contact and the points of section will 
subt^d an harmonic pencil at any point on the circle. 
Cob 189 

222. If two circles intersect, and if trom either point of intersection 

two diameters be ^awn, the straight line joining their ex- 
tremities will pass through the other point of intersection, and 
be at right angles to the chord of intersection 190 

223. If through any point 0, on the circumference of a circle, any 

three chords be drawn, and on each, as diameter, a circle be 
described, these three circles (which, of course, all pass through 
. . 0), will intersect in three other points, which lie in one 
straight line , 190 

224. The tangents at the angidar points of any triangle inscribed in a 

circle intersect the opposite sides in three points which are 
situated in a straight Ime. Defb. (1) to (4). N.B 191 
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225. Eyery transTers^il drawn through a centre of fiimilitude, and 

intersecting the two circles, is cut similarly by the circles, and 
the radii drawn to two corresponding points are parallel. 
N.B \ 193 

226. If a transversal be drawn through a centre of similitnde intersect- 

ing the two circles, the rectangle under the distances of either 
pair of non-corresponding points from the centre of simiUtade 
is constant 196 

227. If through a centre of similitude of two circles two transversals 

be drawn, meeting the circles in four pairs of points, the 
straight line joining any pair of points on one circle (not lying 
on the same transversal) wUl be parallel to the straight line 
joining the corresponding pair on the other circle, and it will 
meet the straight line joining the non-corresponding pair on 
the other circle, on the radical axis of the two circles. N.B. 
Cob 196 

228. Given three circles; taken two at a time they form three pairs of 

oirdes. The lines joining the centre of each circle to the in- 
ternal centre of similitude of the other two meet in a point. 
The external centre of similitude of any pair, and the two in- 
ternal centres of similitude of the other two pairs lie in the 
same straight line, and the external centres of similitude of the 
three pairs lie on a straight line. Dep. 197 

229. If a variable circle' touch two fixed circles, the chord of con- 

tact passes through their external centre of similitude when 
the contacts are of the same kind, and through the internal 
centre of similitude when the contacts are of different 
kinds 199 

230. To describe a circle passing through a given point and touching 

two given circles 201 

231. To describe a circle touching three given circles 201 

232. If two variable circles touch two given circles, their radical axis 

will always pass through the external centre of similitude of the 
given circles when the contacts are both of the same kind, but 
through the internal centre of similitude when the contacts 
areof different kinds 202 

233. A centre of similitude of two circles is joined with the point of 

contact of one of the circles with either common tangent 
through the other centre of similitude. Prove that the line 
joining the middle point of the line so drawn and the centre of 
the circle bisects that common tangent 203 

234. If two circles touch three others, the contacts being of the same 

kind, the radical axis of the two is the external axis of simili- 
tude of the three, but if the contact of the two circles with one 
pair of the three be of the same kind, and with the other two 
pairs of different kinds, the radical axis of the two circles will 
be that internal axis of similitude which passes through the 
external centre of similitude of the first pair of the three 

circles 204 

285. If two circles touch three given circles as in (234), the three 
chords of contact meet in a point which is the radical centre of 
the three and a centre of similitude of the two 205 
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236. If two circles tonch three others, as in (234), the tangents at the 
extremities of the chords of contact of each of the three circles 
meet on that axis of similitude which is also the radical axis of 
the two circles. Def ^ 205 

237* Prove that the polar of a given point, with respect to a circle, is a 
straight line on the same side of the centre as the pole ; that 
the straight line joining the centre and pole is perpendicular to 
the polar, and that the rectangle under the distances of the pole 
and polar from the centre is equal to the square on the radius 
t)f the circle. Cob. N.B. Def 206 

238. A chord is drawn through a fixed point either inside or outside a 

circle, and tangents at its extremities ; the locus of their inter- 
section is the polar of the fixed point. N.B 20B 

239. The polar of the point of intersection of any two straight lines 

is the line which joins their poles, and conversely, the Hne join- 
ing two points is the polar of the intersection of the polaxs of 
these points. Cor. 209 

240. If a point move along a fixed straight line, its polar always passes 

through a fixed point, viz. the pole of the fixed line ; and if a 
straight line always pass through a fixed point, its pole always 
lies on a fixed straight line, viz. the polar of the fixed 
point 211 

241. If through any point inside or outside a circle secants be drawn, 

the straight lines joining the extremities of the chord's intersect 

on the polar of that point 212 

242. Prove (by a method applicable to any conic section) that a secant 

from the intersection of two tangents to a circle is cut 
harmonically by the circumference and the chord of contact. 
N.B 213 

243. Prove (149) by pgnctfe, and also by poiar« 214 

244. Any two points subtend at the centre of a circle an angle equal to 

that between their polars .a 215 

245. The anharmonic ratio of four points in a straight line is equal to 

that of the pencil formed by their four polars 215 

246. If three pairs of tangents be drawn to a circle from three points 

in a straight line, they will cut any seventh tangent in involu- 
tion 216 

247. If a quadrilateral be inscribed in a circle, and another touching 

at the angular points, prove that, (a) their diagonals intersect 
in the same point, and form an harmonic pencil ; (p) their 
third diagonals are in the same straight line, and their ex- 
tremities form an harmonic range ; (7) the intersection of each 
pair of the three diagonals of the circumscribed quadrilateral is 
the pole of the remaining diagonal. N.B. Def 216 

248. Given a circle and the length of the three diagonals of a 

quadrilateral inscribed in it ; construct the quadrilateral. N.B. 218 

249. Given a triangle, to describe the circle with respect to which the 

triangle is self-conjugate. Coe 219 

250. The four circles each self-conjugate to one of the four triangles 

formed by the sides of a quadrilateral, and the circle cir- 
cumscribing the triangle formed by the three diagonals 
of the complete quadrilateral, form a system of five circles. 
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vhich cnt orthogonally the three oiroles described on the 
three diagonals, as dimeters, and the straight line joining 
the middle points of the diagonals is the radical axis of the 
five circles. N.B 220 

251. If a system of circles have a pole and polar in common, they 

shall have the same radical axis , 221 

252. If any circle cut two given circles orthogonally, the straight 

line joining any point in which it intersects one of the 
given circles to any point in which it intersects the other, 
always passes through a centre of similitude of the two < 
given circles, and the limiting points of the two circles 
are harmonic conjugates with respect to their two centres 
of similitude. Also the limiting points have the same polars 
with respect to the two given circles. N.B 222 

253. If two circles touch three given circles, as in (234), the pole 

of that axis of similitude of the three circles, which is also • 
the radical axis of the two, with respect to any of the three 
circles, lies in the chord of contact of that circle 223 

254. To describe eight circles touching three given circles 224 

25^. If through any point, within or without a circle, four straight 

lines be drawn cutting the circle, the anharmonic ratio of . 
four of the points of intersection is the same as that of 
the remaining four points 224 

256. The distances of any two points from the centre of a given 

circle are to one another as the distance of each point from 
the polar of the other. N.B 225 

257. The polar of a given point, with respect to any circle of a 

co-axal system, will always pass through a fixed point .226 

258. If AJBC, A'B'C be two triangles, such that A is the pole of B'C", 
. B oi C'A\ and G oi A'B'.ih&a. the straight lines AA, BB\ 

CC shall meet in a point, and the corresponding sides BC, 
B'C; CA, C'A\ and AB, A'B'Bhsin. intersect in three points 
situated on the same straight line. N.B. 227 

259. Through a given point without a given circle, any transversal is 

drawn cutting the circle, and a point taken on it such that the 
reciprocal of its distance from the given point is equal to the 
sum of the reciprocals of the intercepts between the given 
point and the circle ; find the locus of«the point of section 228 

260. Through a given point within a given circle, any transversal is 

drawn, and a point taken on it such that tiie reciprocal of its 
distance from the given point is equal to the difference of the 
reciprocals of the intercepts between the given point and the 
circle; find the locus of the point of section 229 

261. If through a fixed point without or within any number of given 

straight lines and circles any transversal be drawn intersecting 
them, and a point taken on it such that the reciprocal of its 
distance from the fixed point is equal to the excess of the sum 
of the reciprocals of the intercepts between the given point, - 
and the Hues and circles on one side of it over the simi of the 
reciprocals of the intercepts on the other side of it ; find the 
locus of the point of section 229 

262. If four secants be drawn through either centre of similitude of 

two cixoles, the anharmonic ratio of any four of the points where 
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the secants cut one of the circles is the same as that of the four 
corresponding or non-corresponding points on the other circle. 
Dbp , 230 

263. Given the hase and the difference of the sides of a triangle ; the 

polar of the vertex with respect to one extremity of the base 

as origin always touches a fixed circle < 231 

264. Given the base and the sum of the sides of a triangle ; the polar 

of the vertex with respect to one extremity of the base as origin 
always touches a fixed circle 232 

265. If a circle touch two given circles (the nature of the contacts being 

assigned), the polar of its centre, with respect to one of the 
given circles! always touches a given circle 233 

266. If two tangents be drawn to a circle, any third tangent will be 

cut harmonically by the two former, and by the chord joining 
their points of contact 234 

267. If the perpendiculars Aa, Bh, Cc be let fall from the angular 

points At B, C of a triangle upon the opposite sides, prove that 
the intersections of BC and &c, of GA and ca, and ot AB and 
ah, will lie on the radical axis of the circles circumscribing the 
triangles ABC and ahe 235 

268. A common tangent to any two circles is divided harmonically by 

any other cude having the same radical axis with the two 
given circles 235 

269. The difference of the squares on the tangents from any point 

to two circles is equal to double the rectangle under the per- 
pendicular let fall from the point on their radical axis, and the 

line joining their centres. Cob 236 

270* Given a system of three co-axal circles ; if from, any point on one, 
tangents be drawn to the other two, these tangents will be in a 
constant ratio. N.B 237 
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271. Given a polygon ABODE, construct another polygon A'B'C'BfE* 

such that the vertices of each polygon shall be the poles of the 
corresponding sides of the other with respect to a ^ven circle. 
N.B ^ 238 

272. The three perpendiculars of a triangle meet in the same point. 

By reciprocating this theorem deduce the following. If any 
point whatever be joined to the vertices of a triangle, and 
perpendiculars drawn to those joining lines, they will meet the 
sides opposite to the corresponding vertices in three points in 
the same straight line 239 

273. Prove that the locus of the pole of a variable tangent to a given 

circle, with respect to its centre as origin, is a concentric circle. 
N.B 240 

274. If any tangent be drawn to a given circle, and its pole taken with 

respect to any origin, the distance of the pole from the origin 
is to its distance from the polar of the centre as the distance of 
the centre from the origin is to the radius of the given circle. 
N.B 240 

275. Prove that (189) and (191) are polar reciprocals.. 241 
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276. By reciprocating Pascal's Theorem (193), deduce Brianchon's 

Theorem (194) 242 

277. Prove that if any point outside a circle be joined to the vertices of 

any circumscribed quadrilateral, and two tangents drawn from 
the point, these six lines form a pencil in involution 243 

278. Describe a triangle which shall have its vertices on three given 

straight lines, and its sides tangents to a given circle. N.B.... 244 

279. Prove that (246) is the reciprocal of (216) 2i5 

280. Prove (214) by reciprocating (212) 246 
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Def. If a point be taken on a line or a line produced, 
the distances of the point from the extremities of the line 
are called the segments of the line made by the point, and 
when the point is on the line, the line is said to be divided 
internally by the point, but when the point is on the pro- 
duced part of the line, it is said to divide the line ext&mally. 

1. If a line he divided internally into unequal segments, 
the distance of the point of section from the middle point of 
the line is half the difference of the segments ; hut if it he 
divided externally, the distance of tfte point of section from 
the middle point of the line is half the sum of the segments. 

Let AB he bisected in G, divided internally in D and ex- 
ternally in £, Make AF equal to £1), and produce BA until 

? ^ — ? — s — ? — ? ? 



AG equals BJS, Because AB is bisected in C and AF equals BD, 
therefore FC equals CD, and FJ) is the difference oi AD and UB, 
Hence CD is half the difference of the internal segments AD and 
DB. 

Because AG and BE are equal, and AB is bisected in (7, 
therefore GG and GF are equal, and GF is the sum oi AF and 
FB ; therefore CF is half the sum of the external segments AF 
uidFB. 

M. G. 1 
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2. Given the mm and difference of two straight lines, 
find them. 

Fig. to (1). Let AB be the given sum, C the middle point of 
AB, and CJ) half the given difference of the required lines, then 
by (1) ^i> and BB are obviously the required straight lines. 

3. To divide a given straight line into any number of 
equal parts. 

Let AB be the given straight line. From either end {A) of 
it draw an indefinite straight line 
^^, in which take any point HJ, 
and take BF, FG, &c. each equal 
to AB until the number of equal 
parts in AG is equal to the num- 
ber of parts into which AB is to 
be divided. Join GB, and draw 
BGy FD parallel to GB\ then AB 
is divided by these parallels in G and 2> as required. 

For draw EH^ FK parallel to AB^ and therefore also parallel 
to one another. 

Since AG and EH are parallel, and AF meets them, therefore 
the angles EAG^ FEE are equal, and because EG^ FD are parallel, 
and AG meets them, the angles AEG and EFH are equal ; also 
AE is equal to EF ; therefore by (I. 26) -4(7 is equal to EE and 
EG to FE \ but ED is a parallelogram (by construction), therefore 
EH is equal to GD and therefore -4(7 is equal to GD. In like 
manner, from the triangles EFE and FGK^ it is proved that GD 
equals DB, Hence AB has been divided into the required number 
of equal parts. 

Cor. Hence the straight line drawn from the middle point of 
any side of a triangle parallel to another side bisects the remain- 
ing side. 

For E is the middle point of the side AF of the triangle AFD, 
EE\& parallel to AD, and FE and ED have been each proved 
equal to EG, therefore FE and ED are equal. 

4. The straight line joining the middle points of two 
sides of a triangle is parallel to the third side and equal to 
luilfofit. 

IxL the Cor. to the last proposition it is proved that the straight 
line ^i?" joining the middle points of the sides AF and FD of the 
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tiiangl6 AFD is parallel to the third side AD, Also it has been 
proved in the same proposition that £!I£ is equal to AG or CJ), 
therefore £H is half of AD. 

6. ITie straight lines drawn from the vertices of a triangle 
to bisect the opposite sides pass through the same point and cut 
each other in a point of trisection, and the three triangles 
with this point as common vertex, and the sides as bases, are 
equal. 

Let ABC be the given triangle, 2>, E, F the middle points of 
its sides, and let BE, OF intersect in 0. Bisect BO in G and €0 
in H] join FE, GU. Because FE joins 
the middle points of two sides of the 
triangle ABC, FE is parallel to BC and 
half of it, and because GH joins the 
middle points of two sides of the tri- 
angle BOG, GH is parallel to BG and 
half of it by (4), therefore FE and GH 
are equal and parallel, and since the 
straight lines FU and GE meet these 
two parallel lines, the angles FEO and OGH, EFO and OHG are 
equal, therefore (I. 26) GO and OE are equal and UO and OF are 
equal. But BG and GO are equal (constr.), therefore OE is one- 
third of BE, that is, OF cuts off from BE towards A G one-third. 
In the same way it can be proved that the straight line joining 
the points A and D cuts off from BE one-third part also pwa/rds 
AC, therefore the three bisectors pass through the same point 
and cut one another in a point of trisection. 

Join GC. Because BG, GO and OE are equal, the triangles 
BGC, CGO and OEG are equal, therefore the triangle BOC is 
two-thirds of BEG ; but the triangles BEG and BAE are equal, 
since AE and EC are equal, therefore BOC is one-third of the 
whole triangle ABC; and in the same way it is shewn that if 
AO he drawn, the triangles AOB and AOC are each one-third of 
the triangle ABC. 

Def. I shall often call the straight lines drawn from the 
angles of a triaDgle to bisect the opposite sides simply the 
bisectors of the sides. 

6. The perpendiculars to the sides o^ a triannh through 
iheir middle points meet in the centre of the circle circum- 
scribed about the triangle. 

1—2 




4 EXERCflSES ON EUCfLID [7. 

Let ABC be the given triangle, 2>, E, F the middle points of 
its sides. Draw FX^ EY perpen- 
dicular to AB and AG respectively. 
These lines must meet in a point ; 
for draw FE, then since the angles 
AFX and AEY are right, the angles 
EFX and FEY are together less than 
two right angles, and therefore FX 
and EYi£ produced must meet (Axiom 
12). 

Join on, AO, BO and CO. In the triangles A OF and 
BOF the sides AF and BF are equal (hyp.), FO is common, 
and the angles AFO and BFO are equal being right angles,' there- 
fore the sides AO and BO are equal (I. 4). Similarly from the 
triangles' AOE and COE the sides AO and OC are equal, therefore 
BO and OC are equal, and BB and DC are equal (hyp.), therefore 
(I. 8) the angles BBO and CDO are equal, and therefore each of 
them is a right angle. Hence the three perpendicidars to the 
sides from their middle points meet in the point 0, which is equi- 
distant from the three angles ul, J5, C, and is therefore the centre 
of the circumscribing circle. 

N.B. The other two cases in which the triangle ABC is right 
or obtuse-angled, may be similarly proved ; but I shall not often 
occupy space in examining the various cases of a proposition 
unless when there is some peculiarity likely to present a diflficulty 
to the mere beginner. 



7. If one triangle have its sides respectively double the 

sides of another triangle, the radius of its circumscribed 

circle is also double that of the other, and a perpendicular 

from the centre of its circumscribed circle on any side is double 

the corresponding perpendicular in the other triangle. 

Def. Sides of equiangular triangles opposite equal 
angles are called corresponding (or homologous) sides, and 
lines similarly drawn in similar figures are called correspond- 
ing lines. 

Let be the centre of the circumscribed circle of the triangle 
ABC, G, H, K the middle points of the radii AO^ BO, CO re- 
spectively, and D the middle point of BC, 
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Because HK joins the middle points of two sides of the tri- 
angle BOG, HK is parallel 
to BC and equal to half of 
BC, therefore the angle 
OJy^ is equal to 0^(7. In 
like manner the side HG 
is half of AB and parallel 
to it, therefore the angle 
GHO is equal to ABO, and 
therefore the angles GHX 
and ABC are equal. Simi- 
larly, the angles HGK and 
BAG, GKH and ACB are 
equal, and GK is half AC. Also is obviously the centre of 
the circle described about the triangle GHK, the sides of which 
ace the halves of the sides of ABC respectively. 

Because H is the middle point of BO and HK is parallel to 
BDy therefore (3, Cor.) OL and LD are equal Hence the radius 
OB of the circle circumscribing the triangle ABC is double the 
radius OH of the circle circumscribing the triangle GHK, and the 
perpendicular OD is double the corresponding perpendicular OL, 

8. The perpendiculars from the angles of a triangle to 
the opposite sides pass through the same pointy and the segment 
of any perpendicular towards an angle of the triangle is 
dovble the perpendicular from the centre of the circumsct'ibed 
circle on the side opposite to that angle. 

Let ABC be the given triangle. Through the vertices draw 
three straight lines respectively 
parallel to the opposite sides so 
as to form the triangle DEF] 
theii AFBC and ABGE are pa- 
rallelograms (by construction), 
therefore FA and AE are each 
equal to the same BCj and 
therefore FE is bisected in A, 
Similarly ED is bisected in (7, 
and DF in B. 

Draw AG perpendicular to FE 
and meeting BC in G. 

Because AG meets the two 
parall^ FE and BG^ the angles 
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JCAG and AGO are together equal to two right angles, but EAG is 
a right angle, therefore AGO is also a right angle, or if a straight 
line be perpendicular to either of two parallel straight lines^ it is 
also perpendicular to tfie other. 

Hence the three perpendiculars to the sides of the triangle 
DEF from their middle points are also the perpendiculars from 
the angles to the opposite sides of the triangle ABCy and therefore 
(6) these perpendiculars meet in the same point. 

Let them meet in P. Since (6) P is centre of circle cir- 
cumscribed about triangle DEF, and FE in triangle DEF is 
double of corresponding side BC in triangle ABGy PA must (7) 
be double of the perpendicular from centre of circle circumscribing 
ABGto^^eBG. 

Def. The perpendiculars from the angles of a triangle 
to the opposite sides I shall often call simply the perpen- 
diculars of the triangle. The point of intersection of these 
perpendiculars is called the orthocentre of the triangle. 



9. The centre of the circumscribed drcU, the intersection 
of the bisectors of the sides and the intersection of the perpen- 
diculars of a triangle, lie in the same straight line. 

Let ABC be the triangle, D the middle point of BGy AH the 
perpendicular on BG, P the in- 
tersection of the perpendiculars, -^ 
the centre of the circumscribed 
circle, and AD the bisector of 
the side BG. Join OP meeting 
AD'mG. 

Bisect AG in X and AP in 
y, and join XY, 

Because XY joins the mid- 
dle points of two sides of the 
triangle A GP, XY is parallel to 
GP and equal to half PG by 
(4), therefore the angles AXY 

and AGP are equal, but AGP and OGD are also equal (L 15), 
and A Y and OD are equal (8). 

Also AH and OD are perpendicular to BG, and therefore they 
are parallel ; therefore the angles XAY ^sni ODG are equal. 
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Hence (I. 26) OG is ^ual to X7 or to half GPy and GD is 
equal to AX or Z(r, therefore (5) (r is the point of intersection 
of the bisectors of the sides. Therefore the three points are in 
the same straight line. Q. E.D. 

10. If from the ends and the middle point of a finite 
straight line three parallel straight lines be dravm meeting any 
indefinite straight line, the middle parallel is half the sum 
of the two extreme parallels when the indefinite line does not 
m£et ike finite line ; but when it meets it the middle parallel is 
half the difference of the other parallels. 

Figs. 1 and 2. Let AB be the finite line, its middle point, 
J)E the indefinite line, AJ), CF^ and BE the three parallel straight 
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lines ; draw AE parallel to BE meeting CF in G and BE in H^ 
CF and BE being produced, if necessary. 

Pig. 1. Since, in the triangle ABH^ CG is drawn from C the 
middle point of AB parallel to the side BE, CG is half of BE ; 
and because AF and GE are parallelograms, GF is equal to AD 
or EE, and is therefore half the sum oi AD and EE. Therefore 
CF is half the sum of AD and BE, 

Fig. 2. CG is half of BE, that is, half of BE and EE; 

and FG is half of AD and EE ; 

therefore CF is half the difference of BE and AD. 

N. B, We may write this latter part more concisely thus : 
CG = \BE= \ {BE + EE), 
FG = AD or EE^l{AD^EE); 
.'. CG'-FG = CF^f{BE-AD), q.b.d. 

If the learner be accustomed to vivd voce, which I consider by 
far the best method of teaching Euclid, the abovB symbolical method 
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will be inadmissible ; but if a proposition in Euclid is to be written 
out, I cannot see how it affects the reasoning whether it be written 
out in Algebraical language (so called) or in the Greek, French, 
or English language. In whatevel* language a proposition is written 
or printed, the learner should be required by the teacher to go 
through it vivd voce in his native language. 

Otherwise thus. Draw CL parallel to Aff, Then £L = LH, 
and therefore by (1) in Fig. 1, LE or CF equals half the sum of 
BE and (EH or) AD, and in Fig. 2, LE or CF equals half the 
diflference of BE and (EH or) AD. <j. B. D. 

11. The diagonals of a parallelogram bisect each other, 
and if the diagonals of a quadrilateral bisect each other it is 
a parallelogram. Also if the opposite sides of a quadrilateral 
he equal, it is a parallelogram. . 

Let ABCD be a parallelogram, and let its diagonals intersect 
in E, Because AB and DC are parallel 
and BD meets them, the alternate angles 
ABD and BDC are equal, similarly the 
angles BAG and DC A are equal, and 
the sides AB and CD are equal since 
they are opposite sides of a parallel- ^ 
ogram. Therefore (I. 26) the triangles AEB and CED are equal in 
all respects, and therefore AE^EC^ BE = EJ). 

Again, let ABCD be a quadrilateral in which the diagonals A G 
and BD bisect one another, then shall ABCD be a parallelogram. 

Because, in the triangles AEB and CED the two sides AE^ 
EB are respectively equal to the two CE, ED, and the contained 
angles are equal, therefore (I. 4) the triangles themselves are 
equal in all respects, and AB = DC, and the angle ABE= EDC, 
therefore AB and DC are parallel, and therefore ABCD is a 
parallelogram. 

Lastly, let AB = DC and AD = BG, then shall ABCD be a 
parallelogram. For the triangles ABC and ACD are equal in all 
respects by (L 8), therefore the angles BAC and ACD, BCA and 
CAD are equal Therefore AB is parallel to CD, and BC to AD. 

Q. E. D. 

12. The diagonals of a rectangle are equal to one another. 
In the figure to (11) suppose ABCD a rectangle. 
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Becanse AB and BC are respectively equal to BG and CB, and 
the angles ABG and DOB are each right, therefpre (I. 4) AC and 
DB are equal 

13. The diagonals of a square bisect one another at right 
angles. 

Let ABCD be a square, and let its dia- 
gonals meet in E, 

In the triangle ABD^ AB = ADy and the 
angle BAD is right, therefore (I. 5, 32) the 
angles ABD and ADB are each half a right 
angle. Similarly, the angle BAG is proved 
to be half a right angle ; therefore the angle 
AEB is a right angle, and therefore also (I. 13) BEG is a right 
angle, and the angles vertically opposite to these are right (I. 15). 
Also the diagonals bisect one another by (1 1). Q. E. D. 

14. The square on a straight line is four times the square 
on its half 

Let ABGD be a square on the straight line AB^ and let the 
straight lines joining the middle points of its 
opposite sides intersect in 0. n , ^i .c 
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Because AE and DG are equal and parallel, 
therefore EG is parallel to -4i> or BG, In like 
manner HF is proved parallel to AB or GDy 
therefore the figures AO^ BO, GO and DO are 
parallelograms; and since these parallelograms 
have the angles Sit A, By G, D right, and the containing sides each 
equal to half of AB, they must be the squares on the half of AB, 
Therefore the square on AB is four times the square on its half. 
Q. £. D. 

16. If two squares he equal, their sides shall also he 
equal. 

For if possible let the equal squares BD and FRnot have their 
sides equal, and suppose AB greater than EF, and make BL and 
BM each equal EF, Draw the diagonals AG and EG bisecting 
the squares (I. 34) so that the triangles ABG and EFG are equal, 
but the triangles LBM and EFG are also equal since the sides LB 
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and BM are equal to EF and FG each to each, and the contained 
angles are equal, being right, therefore the triangle LBM is equal 






the triangle ABCy which is impossible, therefore AB and EF are 
not unequal, that is, they are equal. <^, e. d. 

16. The perpendicular from the vertex on the bdse of an 
isosceles triangle bisects the ba^e and the vertical angle. 

Let ABC be an isosceles triangle, and AB the perpendicular 
from its vertex to its base BC. The angles 
ABD and ABB are respectively equal to AGB 
and ABC (hyp.), and AB is common to the two 
triangles ABD, AC By therefore the triangles 
ABB and ACB are equal in all respects, and 
the sides BB and BC are equal, and the angles 
BAB and CAB. 

17. If the same straight line bisect the base and the 
vertical angle, the triangle is isosceles. 

Let the same straight line AB bisect the base BO and the 
veHical angle BAC of the triangle ABC^ then shall 
the triangle ABC be isosceles. 

Produce AB until BE = AB, and join CE. 

In the two triangles ABB and CBE the two 
sides ABy BB are equal to the two EB^ BC each 
to each, and the contained angles at B are equal, 
therefore (I. 4) AB 3= CE and the angles BAB and 
CEB are equal ; but BAB and CAB are also equal (hyp.), there- 
fore the angles CAB and CEB are equal, and therefore (L 5) 
AC^CEy therefore AC = ABy or the triangle ABC is isosceles. 

18. If two isosceles triangles have a common base, the 
straight line (produced, if necessary) which joins their vertices^ 
bisects their common base, and is at right angles to it 
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Let ABC and DBC be isosceles triangles on the same base BG. 
Join AD meeting BG in E, 

Because AB = AG, BD^^GB and AD is 
common to the two triangles ABD and AGD^ 
the angles BAD and GAD are equal (I. 8). 

Again, because AB and AG are equal, AE 
is common to the two triangles BAE^xA GAE\ 
and the contained angles BAE and GAE have 
been proved equal, therefore (I. 4) BE = EG 
and -4J^ is perpendicular to BG, 

CoR. Hence the bisector of the vertical 
angle of an isosceles triangle also bisects the base perpendicularly, 
and the diagonals of a rhombus bisect one another at right angles. 

19. Half the hose of a triangle is greater than, equal to, or 
less than the bisector of base, according as the vertical angle is 
greater than, equal to, or less than a right angle. 

Let AE bisect the base of the triangle ABG in E, and produce 
AE until DE = EA, and join GD, Because 
AE, EB are respectively equal to DE, EG, 
and the vertically opposite angles AEJB and 
GED are equal, therefore (I. 4) AB and GD 
are equal, and the angles BAE and GDE are 
equal, therefore (I. 27) AB and GD are 
parallel, and therefore (I. 29) the angles BAG 
and AGD' sxe together equal to two right 
angles. Therefore when BAG is a right angle, 
AGD is also a right angle, and therefore in the triangles BAG and 
AGD the sides BA and AG are respectively equal to DG and GA, 
and the contained angles are right, therefore (I. 4) BG and AD 
are equal, and therefore their halves BE and AE are equal. 

When the angle BAG is acute, AGD is obtuse, and therefore 
(I. 24) BG is less than AD, and therefore also BE less than AE; 
and when the angle BAG is obtuse, AGD is acute, and therefore 
(I. 24) BG is greater than AD, and therefore also BE gi^ater than 

AE, Q. E. D. 

Def. When the conditions of a problem are not suf- 
ficient to determine a point absolutely, but restrict it to a 
certain line (or lines), this line is called the locus of the 
point. 
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20. Oiven the base and area of a triangle, find the locus 
of its vertex. 

Upon the given base AB construct a parallelogram ABGD 
equal to twice the given area (I. 45). 
DO produced indefinitely both ways is 
the required locus. For take any point 
^ in -^(7 or in its production either way, 
and join AE, BE, 

The triangle AEB is half the paral- 
lelogram ADGB (I. 41), and therefore equal to the given area. 
Hence, since any point taken in CD as vertex of a triangle with 
base AB satisfies the conditions of the problem, DC is the required 
locus. 

Def. a straight line is said to be given in position when 
its direction only is given, and in magnitude and position 
when both its direction and length are given. When a line 
is given in magnitude and position it is often simply said to 
be given. When a figure is said to be given in area, it 
is meant that a square or some other figure of the same area 
is given. 

^ ' .v*>;^ 21. Given the bases of two triangles which have a common 
\ '-*' ^vertex,, in magnitude ana position, and the sum or difference 
"^' of their areas, find the locus of the common vertex. 

Let AB, CD be the given bases. 

First, Fig. 1, suppose the bases, produced, if necessary, to 
meet in 0, and let P be any point in the required locus. Make 
OE = AB and OF=^CD, Join the point F with the points 
A, B, C, D, E, F, 0. 

The triangles OFF and CPD, OFE and APBare equal (I. 38), 
therefore the figure FFEO is equal to the given sum of areas, but 
FOE is a fixed triangle; and therefore the triangle FFE has a 
given area and a given base FE, Hence (20) the locus is a fixed 
sti-aight line FQ pai'allel to EF, but when the sum of area3 is 
given we must only take the part of this line within the angle 
DOB, for take any point Q on FQ wit/tout the angle DOB, Join 
Q with the points to which F was joined. The difference of the 
triangles QCD and QAB is equal to the difference of the triangles 
QOF and QOE, that is, to the figure QFOE. Therefore when the 
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Fig. I. 




difference of areas is given, the locus consists of the two parts of 
FQ produced indefinitely outside the angle DOB. 

Again, on BO and DO produced through 0, take OF = AB 
and OF = CD and join E'F\ E'F and EF. If we now take a 
point within the angle EOF' and on the side of FF' remote from 
/*, we shall find, in exactly the same way as before, that a straight 
line parallel to FF and at the same distance from it that PQ is 
from EF is another part of the required locus ; that the part of 
this line within the angle FOF belongs to the given sum of areas 
and the pai-ts outside to the given difference of areas. 

Further, suppose F a point in the locus, and join it with the 
points E\ and F. In the same manner as before, it may be 
shewn that a straight line parallel to FF is another part of the 
locus, that the part of this line within the angle FOF belongs to 
the given sum of areas, and the two parts without this angle to the 
given difference of areas. Also the fourth and remaining part of 
the locus is the straight line parallel to EF\ at the same distance 
from it that the locus of F is from FF, and at the side remote 
fromP'. 

Since EFFF is a parallelogram by (11), the four distinct 
straight lines which constitute the locus are parallel two by two, 
and each pair of parallels is at the same distance from the point 0. 

Next, suppose the two given bases AB and CD to be parallel. 
First, let the bases be equal, join AG^ BD^ and let the given sum 
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or difference of areas be half the parallelogram ABDC Suppose 
P a point in the locus. Join F to the points -4, By By C, and 



Fig. 2, 




Fig. 3- 




through P draw EF parallel to .45 or CD and meeting AC and 
BJD^ produced, if necessary, in j^ and -F. The triangle APB is 
half the parallelogram AEFB and the triangle CPD is half the 
parallelogram GEFD^ therefore in Fig. 2, the sum of the two 
triangles ABP^ CPD is half the parallelogram ABDOj and in 
Fig. 3 the difference of the two triangles APBy CPD is half the 
parallelogram ABDC, Hence when the two parallel bases are 
equal and the given sum is equal to half the parallelogram ABDC^ 
the required locus is any point between the parallel bases AB and 
CD, If the sum of the areas he leas than half the parallelogram 
ABDCy the problem is obviously impossible. When the given 
difference of areas is equal to half the parallelogram ABDCy the 
required locus is any point outside the two equal and parallel 
bases ABy CD, 

If this difference of areas be greater than half the parallelogram 
ABDCy the problem is impossible. 

The bases being still equal and parallel, let the sum of given 
areas be greater than half the parallelogram ABDCy or the given 
difference less than half this parallelogram. Bisect AC in G and 
BD in Hy and join GH, It will be seen exactly as in (1) that the 
parallelogram GEFH is in Fig. 3 half the sum of the parallelo- 
grams AEFB and CEFDy and in Fig. 2 half their difference. 
Therefore in Fig. 3, the pai^allelogram GEFH is equal to the given 
sum of areas, and in Fig. 2 equal to the given difference of areas \ 
hence when the sum is given, the locus consists of two straight 
lines given in position, parallel to the given bases and at equal 
distances from GHy and each straight line is outside the parallels 
ABy CDy and when the difference is given, the locus consists of 
two straight lines within AB, CD, equidistant from GH and paral- 
\el to the given bases. 
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Fig. 4- 




Secondly, let the parallel bases be unequal and CD less than 

AB. Make AE = CD^ and suppose P, tvithin AB and (7i>, to be a 
point in the locus, when the sum of 
the areas is given. From P draw 
straight lines to A, B, C, D and E, 
Since the sum of the triangles AEF, 
CPD (as already proved) is always 
half the parallelogram AEDCy it is 
clear that this case of the problem is 
impossible when the given sum of 
areas is less than half the parallelogram AEDC, It is also obvious 
that the point P cannot be within the parallel bases, when the 
given sum of areas is greater than the triangle ABB, Let then 
the given sum of areas lie between those two limits. Since the 
sum of the two triangles APE and CPB is constant, and the sum 
of the triangles APB and CPB is also constant or given, therefore 
the area of the triangle EPB is given, and its base EB is also 
given ; hence the locus of its vertex P is a straight line parallel 
to AB or CD by (20). 

If the given sum of areas be greater than the triangle AD By 
let P be a point in the locus. Join 

AC, and draw BE parallel to -4(7. 

Draw through P, FG parallel to 
ABy meeting AC and BE produced in 

Bisect DE in H^ and draw the 
other straight lines in the figure. 

The triangle ADB is half the pa- 
rallelogram ACEB (I. 41), which is 
given, and the triangle APB is half 
the parallelogram AFGB ; therefore 

the triangle APB - ADB = half the parallelogram CFGE 

= the triangle CPE, 

But the sum of the triangles APB and CPD is given, therefore 
the sum of the triangles CPE and CPD is also given ; but as in 
(1) the triangle CPH is half this sum, sind therefore the triangle 
GPH has a given area and a given base CH, therefore the locus of 
its vertex P is (20) a fixed pamllel to AB or CD, In the same 
manner, it can be shewn that the remaining part of the locus in 
this case is a straight line parallel to AB and at the side remote 
ivomCD. 



Fig. 5. 
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Let tbe ^ren difference be greater than the triangle AI>E, 
then it is plain that the locus cannot lie v\ a 

between AB and CD. Let /* be a point "^" "■ 

inthelocns. Take^C^CZ). Tlirough B_)' v _ ra 

P draw EH parallel to AB, and through 
B draw BE parallel to AC and the other 
straight lines as in the figure. The tii- 
angle APB is half the parallel<^^m 
AEHB, and the triangle GPD is half 
the parallelogram CEFD (I. 41), there- 
fore the given difference of the triangles 
APB and CPD is half the parallelograms 
AL and LP, but the parallelogram AODG is also given, therefore 
the parallelogram GFHB is given in area and its base GB is given, 
thet«fore FH, that is, the locus of /*, is a fixed par^Iel to AB. 
A similar discusBion will shew that another straight line parallel 
io AB,a.% the side remote from P, forms the remaining part of the 
locus in this case. 

Lastly, let the given difference of areas be less than the tri- 
angle ADB. Let P be a point in the 
locus; on BA produced take AE=C'D, 
and draw the other straight lines in the 
hgure. The sum of the two triajigleB 
APE and CPD is half the given pa- 
rallelogram ADGE, but the difference 
of the triangles APB and CPD is 
given. Add to this difference the 

two triangles APE and GPD, and the __^ ^ ^ 

triangle EPB is given in area and its 

base EB is also given. Therefore the locus of P is a fixed straight 
line parallel to AB. When the given difference of areas is not 
only less than the triangle ADB but also less than the triangle 
CAD, another part of the locus will be a fixed straight line paral- 
lel to AB and between AB and CD. This straight tine Is deter- 
mined in the same way as the last, 

"When the given difference lies between the triangles AGB and 
CAD, or is less than the triangle CAD, besides the straight lines 
already found (in Fig. 7) which are parts of the locus of P, a fixed 
straight line parallel to AB and at the side remote from P will 
form the remaining part of the locus. This may be found in a 
r similar to the locus of P. 




K. B. Under the first case of equal and parallel bases, it has 
been eeea tliat the locus is a plane when the sum or di^rmoe of 
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the areas of the two triangles is half the parallelogram ABDO. 
The definition of hcua (19) may be extended so as to embrace this 
and similar cases, or the problem may, in such cases, be considered 
indeterminate. When the base and ai-ea of a parallelogram are 
given, the locus of the side parallel to the base is an indefinite 
straight line parallel to the baae and at a given distance from it 
This is manifest from (30), and is also an extension of the term 
locut as defined nnder (19). 

In such figures as Fig. 1, where a great number of lines is 
likely to perplex a beginner, it will be advisable for the learner 
only to make, for each case, so much of the figure as that case 
requires. 

Def. If the two pairs of opposite sides of a quadrilateral 
be produced to intersect, the straight line joining the two 
points of intersection is called the third diagonal of the whole 
figure, which is called a complete qvadrilateral, 

23. The middle points of the three diagorMs of a com- 
plete quadrilateral lie in the same straight line. 

Let ABCD be the quadrilateral, EF its thkd diagonal, and 
L, M, JVthe middle points of its three diagonals. Join L, M, N 
with the pointa A,B,C, D, and draw NG parallel to AB and XU 
parallel to DC. Join AG, DU. The triangles ALB and ALD 
are equal, since they have a common vertex A and equal bases BL 
and LL. Similarly, the triangles DLC and BIXJ are equal, there- 




fore the triangles ALB and DLC, which have the common vertex 
L and AB and CD for bases, are together equal to half the quadri- 
lateral ABCD; similarly, the triangles A MB and DMC with com- 
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mon vertex M and the bases AB and CD are also together equal 
to half the quadrilateral ABCD^ and the points L and M are vnth- 
in the bases AB and CD, 

Because EN and NF are equal and NO is parallel to AB, 
therefore BF is bisected in ^ (3 Cor.). Similarly, CF is bisected 

The triangles ANB and AGB are on the same base AB and 
between the same parallels AB and NG; they are therefore equal, 
but BG and GF are equal, and therefore the triangle AGB is half 
of the triangle AFB, therefore also the triangle ANB is half of 
the triangle AFB. Similarly, the triangles DNCy DUC and DHF 
are equal, therefore the triangle DNC is half the triangle DFC. 

Therefore the difference of the triangles ANB and DNC is half 
the difference of the triangles AFB and DFC, that is, half the 
quadrilateral ABCD, and the common vertex N of the triangles 
ANB, DNC is without the bases AB and CD ; hence, by (21), the 
three points Z, Jf, N lie in the acmie sPraiglU linej for when the 
bases AB and CD are given and the simi or difference of the areas 
is also given (here equal to half the quadrilateral ABCD), the 
locus of the common vertex is a fixed straight line. 

23, Given the base and the difference of the two sides of 
a triangle, find the locvs of the foot of the perpendicular from 
either end of tfie base on the bisector of the internal vertical 
am,gle. 

Let ABC be any triangle satisfying the conditions of the 
problem, that is, having the given 
base BC, and such that the differ- 
ence of the sides AB and AC lA 
equal to the given difference. 

Bisect BC in D, and draw AH 
bisecting the vertical angle BAG* 
Draw CG and BII perpendicular 
to AH, produce CG to meet ^^ in 
E, and BH to meet AC produced 
in^. Join DG,DH Because ^(? 
is common to the two triangles AGE and AGC, and the angles ad- 
jacent to AG are equal, therefore (I. 26) EG = GCBndAE^AC; 
therefore BE is equal to the given difference of sides ; similarly, 
BH - HFf and CF is equal to the given difference of sides. 
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Because DO joins the middle points of the sides of the triangle 
BCE, DG is parallel to BE and equal to half BE (4), that is, DG 
is equal to half the given difference of sides. 

Similarly, DH is also half the given difference of sides, and D 
is a fixed point, therefore the required locus is a circle with the 
middle point of the given base for centre and radius equal to half 
the given difference of sides. 

* 
24. Oiven the hose and the sum of the two sides of Ot 

triangle, find the locus of the foot of the perpendicular from 

either end of the base on the bisector of the external vertical 

angle. 

Let ABC be any triangle on the given base BO, and such that 
the sum of its sides AB and AO is 
equal to the given sum. Let D be 
the middle point of BO, and HG 
the bisector of the external vertical 
angle GAE or BAF formed by pro- 
ducing i?^ to ^ or (7-4 to F. 

Draw BH and OG perpendi- "^ ^ ^ 

cular to HG, and let them be pro- 
duced to meet the sides produced 
in i^ and ^. Join DG and DH. 
Because ^6^ is common to the two 
triangles GAG, EAG, and the ad- 
jacent angles are equal, therefore 
OA = AE and OG = GE ; therefore BE equals the given sum of 
sides, and by (4) DG = | BE ; similarly, DH equals half the given 
sum of sides; therefore the required locus is a circle with the 
middle point of the base for centre and radius equal to half the 
given sum of sides. 

Cor. Since in this proposition and the last DG is parallel to 
AB and DH to A 0, the feet of the perpendiculars from either end 
of the base on bisectors of internal and external vertical angles, 
and the middle point of the base lie in the same straight line ; also 
the line joining the foot of any of the four perpendiculars, with 
the middle point of the base, is half the sum or half the difference 
of the sides according as the perpendicular is drawn to the bisector 
of the external or of the internal vertical angle. 

2—2 
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25. Given the three bisectors of the sides of a triangle ; 
construct it. 

Suppose ABC the required triangle, and let the bisectors. of its 
sides intersect in 6^ so that GD is half 
AG{b), Produce AD untH DH = DG, J^ 

and join HO. 

The two triangles BDG anil CDH 
liave the sides BD and DC, GD and DH 
equal and the angles at D equal, there- 
fore BG and CH are equal. 

Therefore the triangle HGC has its 
sides respectively two-thirds the given bisectors of sides, and is 
therefore given ; hence the following construction. 

Construct the triangle HGG with its sides respectively two- 
thirds of the given bisectors of sides. Bisect HG in D, join CD, 
and produce it until DB = DO, Produce HG until GA = HG or 
twice GD, and join AB, AC, ABC is the required triangle. For 
join BG and CG and produce these lines to meet the sides -4(7, AB 
in E and F, 

Because BD = DG and DG = DH, and the angles BDG and 
HDG are equal, therefore BG = CH equals two-thirds one of the 
given bisectors, but AD bisects BC and GD = ^AG, therefore (5) 
BU and CF are the bisectors of the sides AC and AB, and since 
BG, CG and AG are respectively two- thirds of the given bisectors, 
therefore the triangle ABC has the bisectors of its sides equal to 
the given bisectors, and therefore is the required triangle. 

Def. Two angles are called supplemented when their 
sum equals two right angles, and complemental when their 
sum equals one right angle. 

26. If two triangles have two sides of the on£ respectively 
equal to two sides of the other, and the contained angles supple- 
onental, they are equal in area. 

Let the triangles ABC and DEF 
have the sides AC and CB respec- 
tively equal to DE and EF, and the 
angles ACB and DEF supplemental, 
then shall the triangles ABC and DEF 
be equal in area. 

In BC produced take CG=EF or 
BC, and join AG. 
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The angles ACB and DEF are equal to two right angles (hyp.), 
and ACB and ACG are equal to two right angles (I. 13), there- 
fore the angles ACG and DEF are equal, and the sides about 
these angles are equal, therefore (L 4) the triangles A CG and DEF 
are equal in all respects. But the triaugles ABC and ACG are 
on equal bases BG and CG, and have a common vertex, therefore' 
the triangles ABC and -4(7(? are equal in area hj (I. 38), therefore 
the triangles ABC and DEF are also equaJL 

27. If squares he described on the sides of any triangle 
as in Eyelid i. 47, and if AP, FM and KN he drawn perpen- 
dicular to BC or BC prodtuiedy prove that BM and CN are^ 
each equal to AP, and that the sum of FM and KN t5 egwai 
to BC, ^Aa< ^Ae triangles GAH, FBD and KCE are each 
equal to ABC, and that CF and BK intersect on the perpen- 
dicular AP. 

Produce P^ untH AS=PL or CjE^, and join BS, CS. 

In the triangles ABF and #^Jf the sides AB and ^^ art* 




equal, the angles AFB and FJlfB are right, and the angles ABF 
and ^^i)/" are tosjether equal to a right angle, since the angle ABF' 
is right, but ABF and BAP are together equal to a right angle, 
since the angle AFB is right, therefore the angles BAF and FBM 
are equal, and therefore the triangles ABF, FBM are equal in all 
respects; therefore BM and AF are equal, and #if and BF are 
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equal. In the same manner, it can be proved, that the triangles 
A PC and KCN are equal in all respects; and that AF and CN 
are equal and CP and KN, 

Therefore BM and CN are each equal to -4P, and FM and KN 
are together equal to BG* 

Because the angles ACK and BCE are right angles, the angles 
ACB and KCE are supplemental (I. 13), and AC^ CB are respec- 
tively equal to KC, CE^ since the sides of a square are equal ; 
therefore {2^) the triangles ABC and KCE are equal, and in the 
same manner it can be proved that each of the triangles HAG 
and FBD is equal to the triangle ABC. 

The two triangles FBC and ABD have the sides FB, BC 
respectively equal to AB, BD, and the contained angles are equal, 
since the angles FBA and DBC are right, therefore the triangles 
FBC and ABD are equal in all respects, and the angle FCB is 
equal to BDA, * 

Therefore, in the triangles XCZ and BZD the angles XCZ and 
XZC are respectively equal to BJ)Z and BZB, therefore the re- 
maining angles ZXG and DBZ are equal ; but DBZ is a right 
angle, therefore ZXC is also a right angle. 

Again, because ihe alternate angles DBF and SFB are right, 
the straight lines BJD and SF are parallel, but BD and SA are 
equal (constr.), therefore BS and AD are parallel (I. 33), and 
therefore the angles AXC and SBC are equal, but AXC is right, 
therefore SBC is a right angle, and in the same manner it can be 
proved that the angle SQB is a right angle, therefore SF, BQ and 
CR are the perpendiculars of the triangle SBC, and therefore pass 
through the same point by (8). 

28. If squares he described on the sides of any triangle 
ABC, 05 in I. 47, and if HG, FD and EK be joined, and per- 
pendiculars dravm from the angles A, B, C ^o these lines 
respectively^ these perpendiculars produced bisect the remote 
sides of the triangle ABC, and therefore pass through the same 
point J and the joining lines are respectively dovhle the bisectors 
of the remote sides of the triangle ABC. 

Draw CL perpendicular to EKy and produce it to meet the 
remote side AB in M, Draw AR and BN perpendicular to CM, 

In the triangles ARC and CKL^ the angles ARC and CLE are 
right; also ACM and KCL are complemental, since ACK is a 
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right angle, and ACB and BAC are also complemental, since AUC 
is a right angle, therefore the angles KGL and JtA G are equal, and 
the sides -4(7 and CK are equal, therefore (I. 26) the triangles ARC 
and KLG are equal in all respects; therefore AR and GLy GR and 
KL are equaL 

In the same manner it can be proved, from the triangles BNG 
and GLEy that BN and (7Z, NG and LE are equal. 

Therefore BN and AR are each equal to the same (7Z, and 
therefore they are equal to one another ; therefore (I. 26) the 
triangles AMR and BMN are equal in all respects, and therefore 
AM and BM are equal, and NM and MR\ therefore (1) GM\& 
half the sum of NG and GR^ that is, half the sum of EL and LK 
or of EK. 




Hence the perpendicular GL produced bisects AB in Jf, and 
E'KSa double the bisector GM, In the same manner it can be 
proved that the perpendiculars from A and B to HG and FD 
bisect the sides BG and GA^ and that GH is twice the bisector of 
BGy and FD twice the bisector of GA» q. e. d. 

29. In the figure to (28) given in magnitude the three 
joining lines HG, FD and EK, constmct the original triangle 
ABC. 

Since the lines 210, FD and EK are by (28) twice the bisectors 
of the sides of the required triangle, the problem is reduced to (25). 

Otherwise thus — ^The angles ACB and KGE are together equal 
to two right angles, since AGK and BGE are each right angles. 
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Similarly, the angles GAH and BAC^ 
FED and ABC are together equal to two 
right angles, therefore the three angles 
EA G, FBD and EGK together with the 
angles of the triangle ABC are equal to 
six right angles, and therefore the angles 
HAG, FBD and ECK are together equal 
to four right angles ; therefore these three 
angles can be placed with their vertices at 
the same point so as exactly to fill up the 
angular space about that point, and so that EG, FD and EK shall 
form a triangle, since AG and BF^ BD and GE, GK and AE are 
equal two by two. But the triangles EAG^ FBD and ECK are 
equal by (27). Hence by the help of (5) we have the -following 
construction for this problem, as well as for (25). 

Construct a triangle XTZ, having its sides equal to the joining 
lines, that is, to twice the bisectors of the sides of the required 
triangle. Let the bisectors of the sides of the triangle XYZ meet 
in 0, then OX, OY, OZ are the sides of the required triangle ABC, 

30. To bisect a triangle hy a straight line drawn from 
a given point in one of its sides. 

Let ABC be the given triangle, P the given point in its side 
BC, and D the middle point of BC, 
Join AP^AD, draw DE parallel to ^P, 
and join PE, PE bisects the given 
triangle. 

The triangles DPE and DAE are 
on the same base DE and between the 
same parallels DE and AP, therefore 
they are equal (I. 37). 

To each of these equals add the triangle DCE, and the triangle 
PEC is equal to the triangle DACy which is half the triangle ABC^ 
since BD and DC are equal. 

31. To draw a straight line from an angle of a triangle 
to the opposite side, cutting off from the triangle any given 
area. 

Let ABC be the given triangle, and let it be required to draw 
frpm B a straight line to AC cutting off a given area. 
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On BC construct any parallelo- 
gram BDEG equal to twice the given 
area, and let DE meet ACinF. Join 
BF, The triangle BFC is haH the 
parallelogram BDEG (I. 41), and 
therefore BF cuts off BFC equal to 
the given area. 



P— ,B 





32. .To divide a polygon into any number of equal 
parts by straight lines drawn from a given point in one of its 
sides. 

Let ABODE be the given polygon, and F the given point in 
one of its sides. Join F with the 
angular points of the polygon, thus 
dividing the polygon into the tri- 
angles 1, 2, 3, &c. 

Construct parallelograms MG, 
GS, SK, KY respectively equal to 
these triangles, and so that FL 
shall be one straight line (I. 45). 

Divide (3) FL into the 
required number of equal 
parts FX, XT, YL, and 
complete the parallelograms 
MXy XZ, &c. which are 
evidently each equal to one 
of the equal parts into which the given polygon is to be divided. 

We see that the point of division X is on the side GH of the 
parallelogram HN or 2 corresponding to the triangle FED or 2. 

From the triangle FED cut off by (31) the triangle FQD equal 
to the parallelogram XS, then because the figures PAED and FS 
are equal, if the equals FQD and XS be taken from both, the 
temainders FAEQ and MX are equal. 

From the triangle FDG cut off FRC equal to the parallelogram 
ZKy and the figures FQDR and XZ are obviously equal, and so on. 

Therefore FQ^ FR divide the given polygon into the required 
number of equal pai-ts. 
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N.B. If the polygon is required to be divided into parts 
which shall have given ratios to each other, divide (VI. 10) FL in 
X^ F, . . . into parts in the given ratios, and the rest is exactly th^ 
same as above. 

33. The rectangle under two lines together with the 
square on half their difference is eqvxil to the square on half 
their sum, or the rectangle under the sum and difference of 
two lines is equal to the difference between their squares. 

Let AD be bisected in B, and cut unequally in C, therefore 
(II. 5) the rectangle AG . CD together with ^ C u 

the square on BG is equal to the square ^ ' 

on AB, 

Now consider AG and GB as two distinct lines, then ^^ is 
half their sum and BG half their difference. Hence the first 
enunciation is true. 

Again, consider AB and BG as the lines, then AG\& their sum 
and GD their difference, therefore the second enunciation is true. 
Q. E. D. 

Cor. Hence the rectangle under the segments of a line is a 
mttodmum (that is, the greatest possible) when it is bisected, for 
the rectangle AG ,GD is less than the square on AB (which is 
constant) by the square on BG^ and therefore this rectangle is a 
maximum when BG vanishes. 

Hence also given the sum of two lines ; find them when their 
rectangle is a maximum. The lines must obviously be each half 
the given sum. 

34. The sum of the squares on two lines is equal to twice 
the square on half their sum together with twice the square on 
half their difference, or the sum of the squares on the segments 
of a line is equal to the square on half the line together with 
the square on the distance of the point of section from the 
middle point of the line. 

In the figure to (33) let AG and GD be the two lines, then AB 
is half their sum and BG is half their difference. 

Since AD is bisected in B and cut unequally in (7, therefore 
(II. 9) the sum of the squares on AG and GD is equal to twice 
the square on AB together with twice the square on BG, which 
proves the first form of the theorem. 
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If we consider AD as a line divided into the two segments A 
and CD, then AB is half the line and BG is the distance of the' 
point of section from the middle point of the line. This proves 
the second form of the theorem. 

Cor. Hence the sum of the squares on the segments of a line 
is a minimum (that is, the least possible) when the line is bisected. 
For the sum of the squares on AG and GD is equal to twice the 
squares on AB and BG, and since AB is constant, the sum of the 
squares on the segments must be least when BG vanishes or the 
point G coincides with B, 

35. Oiven the rectangle under two lines, find them when 
their sum is a minimum. 

By (34) the square on half the sum of two lines is equal to 
the rectangle under them together with the square on half their 
difference ; and since the rectangle is given, the square on half 
their sum is a minimum when the difference vanishes or the lines 
are equal ; therefore, when the lines are equal, their sum is also a 
minimum. Now, construct a square equal to the given rectangle. 
Each of the requk^ lines is equal to a side of this square. 

36. Oiven the sum of the squares on two lines, find them 
when their sum is a maximum. 

By (34) twice the square on half the sum of two lines is less 
than the sum of their squares by twice the square on half their 
difference ; therefore, since the sum of the squares is given, the 
square on half the sum is a maximum when the lines are equal, 
and therefore the sum of the lines is also a maximum when they 
^re equal. 

Now construct a square equal to half the given sum of squares; 
Each line is equal to a side of this square. 

37. The square on the sum of two lines is equal to the 
mm of their squares, together with twice their rectangle. 

For in Fig. to (33) let AG and GD be the two lines, then 
(II. 4) the square on the sum AD \a equal to the squares on AG, 
GD together with twice the rectangle AG, GD. 

38. The sum of the squares on two lines is equal to twice 
the rectangle under them, together with the square on their 
difference. 
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In Fig. to (33) let AB and BC be the two lines, then AO 
is their difference. Since ^i> is divided into two parts in C, 
therefore (II. 7) the sum of the squares on AB and BG is equal 
to twice the rectangle AB^ BC together with the square on AG, 
Q. E. D. 

39. In a right-angled triangle, the square on the per* 
pendicular from the right angle on the hypotenuse is equal 
to the rectangle under the segments into which it divides the 
hypotenuse, and the square on either side of the triangle is 
equal to the rectangle under the hypotenuse and its adjacent 
segment 

Let ABG be a triangle, having the angle BAG right. Draw 
AE perpendicular to BG, and draw AB to B 
the middle point of BG, 

By (19) AB is equal to BB or BG, since 
the angle BAG is right. Because BG is bi- 
sected in B, the square on BB or A B is equal 
to the rectangle BH, EG together with the square on BE (II. 5), 
but the square on AB is equal to the squares on JJ^and BE (I. 47), 
therefore the square on AE is equal to the rectangle BE, EG, ^ 

Again, the square on AB is equal to the squares on ^i^ and 
BE (I. 47), that is, to the rectangle BE, EG together with the 
square on BE, but the rectangle BE, EG with the square on BE 
is equal to the rectangle GB, BE (II. 3), therefore the square on 
AB is equal' to the rectangle GB, BE. q. e. d. 

40. The difference of the squares on the sides of a triangle 
is' equal to the difference of the squares on the segments of the 
base, made by the perpendicular from the vertex on the base, 
or the base produced, and also to twice the rectangle under the 
base, and the distance of its middle point from the foot of the 
perpendicular on the base. 

Let ABG be the triangle, B the middle point of its base, and 
AE the perpendicular on the base. Then, in Fig. 1, i>i^ is half 
the difference of the segments BE and EG, and in Fig. 2, BE is 
half the sum of the segments BE and EG by (1). The square on 
AB ia equal to the squares on BE and AE, and the square on AG 
is equal to the squares on GE and AE (I. 47), therefore the dif-^ 



m 



AND IN MODERN GEOMETRY. 



29 



ference of the squares on AB and AC ia equal to the difference of 
the squares on BJH and G£. 

Fig. I. Fig. 2, 





Again, the difference of the squares on BE and CB is equal to 
the rectangle under their sum and difference by* (33), that is, to 
the rectangle under BC, and ttuice DU, or to twice the rectangle 
under BG and DU, Therefore the difference of the squares on 
AB and AG ia equal to twice the rectangle under BG and DK 
Q. £. D. 

41. The sum of the squares on the sides of a triangle is 
equal to twice the square on half the ba^e, together with twice 
the square on the bisector of base. 

In the figures to (40), the triangle ADB is obtuse-angled at Z>, 
therefore (II. 12) the square on AB is equal to the squares on 
.AD, DB together with twice the rectangle BD, BE, Also the 
triangle ADG is acute-angled at i>, therefore (II. 13), the square 
on AG together with twice the rectangle CD, DE is equal to the 
squares on AD, DG. Therefore, by adding these equals, the 
squares on AB, AG^ with twice the rectangle GD, DE, are equal 
to twice the squares on BD and DA, together with twice the 
rectangle BD, DE, but the rectangles GD, DE and BD, DE are 
equal, since BG is bisected in D. 

Therefore the squares on AB and AG are together equal to 
twice the squares on BD and DA» Q. e. d. 

42. The sum of the squares on the diagonals of a paraUeh- 
gram is equal to the sum of the squares on its four sides. 

Let the diagonals of the parallelogram ABGD intersect in 0. 
By (11) is the middle point of ^C and BD, 
therefore by (41) the squares on AB and AD 
are equal to twice the squares on -40 and DO, 
and GD and GB are equal to BA and AD re- 
spectively, therefore the sum of the squares on 
the four sides is equal to four times the squares 
on AO and DO, that is, by (14), to the squares on the diagonals 
AC and BD. q. e. d. 
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43. Three times the swm of the sqvures on the sides of a 
triangle is equal to four times the sum of the squares on the 
bisectors of the sides. 

Let the bisectors of the sides of the triangle ABC meet in G, 

Since AD bisects the side BO in Z>, 
therefore bj (41), twice the sum of the 
squares on AB and AC ia equal to four 
times the squares on AD and DB, that 
is, to four tin^s the square on AD to- , 
gether with the square on BC, or as I ^ 
shall write it for brevity, 

2AB' + 2 AC = iAD' + BC 

Similarly, 2AB' + 2BC' = iBE' ■hAC, 

and 2BC' + 2AC'=: iCr + AB'-, 

therefore, adding these equals, and taking away the sum of the 
squares on the sides from the sums, the remainders are equal, viz. 
three times the sum of the squares on the sides is equal to four 
times the sum of the squares on the bisectors of the sides. Q. E. D. 

Cor. The simi of the squares on the sides is equal to three ' 
times the squares on AG, BG and CG, 

Since (5) AG \a two-thirds of AD, therefore three times AG \b 
equal to twice AD, and therefore four times the square on AD is 
equal to nine times the square on AG, Therefore three times the 
sum of the squares on the sides is equal to nine times the squares 
on AG, BG and CG, therefore the sum of the squares on the sides 
is equal to three times the squares on AGy BG and CG, 

Def. It may be sometimes convenient to call (the 
point of intersection of the bisectors of the sides), the centre 
of gravity of the triangle. 

44. The sum of the squares on the sides of any quadri^ 
lateral is equal to the sum of the squares on its two diagonals, 
together with four times the square on the line joining the 
middle points of the diagonals. 

Let ABCD be the quadrilateral, EF the. straight line joining 
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the middle points of its diagonals. 
Join BF, BF. 

Because -4(7 is bisected in F^ the 
sum of the squares on AB and BC is 
equal to twice the squares on AF and 
BF (41), and the sum of the squares 
on AD and DC is equal to twice the 
squares on ^-^ and DF^ therefore the 
sum of the squares on the four sides 
is equal to four times the square on 
AF with twice the squares on BF and DF^ or to four times the 
square on AF^ with four times the squares on BE and EF^ since 
M is the middle point of the base BB of the triangle BBF \ also 
the square on -4 (7 is four times the square on AF^ and the square 
on BB four times the square on BE^ therefore the sum of the 
squares on the four sides is equal to the sum of the squares on the 
diagonals, together with four times the square on EF^ joining the 
middle points of the diagonals. Q.E.D. 

45. Given the area of a rectangle and one side, find the 
adjacent side. 

To the given side AB apply the rectangle AD 
equal to the given area (I. 45), then AC or BD is 
clearly the required adjacent side. 




46. Divide a given straight line internally or externally 
into parts such that the difference of their squares shall be 
given. 

A 3? (? B A. Tf IB a 



Let AB he the given straight line, D its middle point, and 
/suppose (7 to be the required point of section. 

The difference of the squares on AC and CB is equal to twice 
the rectangle under AB and CD (33); therefore the rectangle 
tinder AB and DC is given, and AB is also given. 

Hence the following construction ; upon AB describe a rect- 
angle equal to half the given difference of squares (I. 45), and 
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take DC eqnal to its adjacent side: G is the reqiiired point of 
section. 

It is plain that if the given dijSerence of squares exceed the 
square on AB, the point of section C will lie on. AB produced. 
Also, in all cases, two points of section equidistant from D will 
answer the conditions of the problem. 

47. Divide a given straight line internally or externally 
into two farts, such that their rectangle shall he given. 

In the figures to (46) let -4-5 be the given straight line, D its 
middle point, and suppose C the required point of section. 

Since ^-B is bisected in Z), therefore (II. 5, 6) the rectangle 
AG . CB is equal to the difference of the squares on CD and DB^ 
but the rectangle AG . GB and the square on DB are each given, 
therefore the square on GD is known, and therefore the line GD 
is also known, therefore since the point D is given, the point G 
can be found by cutting off from DB or DB produced a part equal 
to a known line. 

N. B. A different solution of this problem will be given farther 
on, in (59), (60). 

48. Given the base and the difference of the squares on 
the sides of a triangle, find the locus of its vertex. 

In the figures to (40) let BG be the given base, D its middle 
point, and let A BG be any triangle answering the given conditions 
of the problem, that is, on the given base BG and having the 
difference of the squares on its sides equal the given difference. 
Draw AE perpendicular to BG. The given difference of the squares 
on AB and AG ib equal to twice the rectangle under BG and DE 
by (40); but BG is given, therefore DU is known by (45),. and 
therefore, since Z) is a fixed point, the point U and the perpen- 
dicular £A are given ; therefore the required locus is the perpen- 
dicular AU produced indefinitely both ways. 

49. Given the base and the sum of the squares on the sides 
of a triangle, find the locus of its vertex. 

In the figures to (40) let ABG be any triangle on the given 
base BG, and having the sum of the squares on its sides AB and 
AG equal to the given siun. 

Let D be the middle point of EC* 
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By (40) the sum of the squares on AC and BO is equal to 
twice the squares on BD and DA, therefore DA is known, and 
therefore the locus is a circle with D the middle point of the base 
for centre and a known radius. 



50. If a straight line he drawn from the vertex of an 
isosceles triangle to the base or the base produced, the difference 
between its square and the square on a side of the triangle is 
equal to the rectangle under the segments of the base. 

Fig. 2, 




i> e: c 




Let ABC be an isosceles triangle and AE any straight line 
drawn to the base or the base produced. Draw AD perpendicular 
to BCy and therefore (16) bisecting BC in D, The perpendicular 
AD divides the base C£! of the triangle ACE into the segments 
CD and DU, and therefore (40) the difference of the squares on 
AC and AIH is equal to the difference of the squares on CD and 
DE or (33) to the rectangle under the sum and difference of CD 
and DE, that is, to the rectangle under BE and ECy since BD and 
/>(7 are equal. q]e.d/ - 

51. If two triangles with equal vertical angles stand on 
the same base and at the same side of it, the circle circum- 
scribing one of the triangles will also circumscribe the other. 

Let the triangles ABC and DBC have equal vertical angles 
BAG and BDC, and, if possible, let the circle 
circumscribing the triangle ABC not pass 
through D, but cut BD or BD produced in E. 
Join CE. Because the angles BAG and BEC 
are in the same segment, thev are equal 
(III. 21), therefore the angles BEC and BDC 
are equal, which is impossible (I. 16), there- 
fore the circle circumscribing the triangle 
ABC must pass through the vertex D of the 
other triangle. Q. E. d. 

M. G. 
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52. If the opposite angles of a quadrilateral he supple- 
Toental, it is circumscribable by a circle. 

Let the quadrilateral ABCD have its opposite angles B and D 
supplemental, and, if possible, let the circle 
circumscribing the triangle ADC not pass 
through By but cut AB or AB produced in E, 
Join EG. Because AECD is a quadiilateral 
in a circle, therefore (III. 22) the angles 
AEC and ADC are together equal to two 
right angles, but ABC and ADC are also 
equal to two right angles (hyp.), therefore 
the angles AEC and ABC are equal, which 
is impossible (I. 16). Therefore the circle 
described about the triangle ADC must pass through the- point B, 
Q. K D. 

53. Oiven the base and vertical angle of a triangle, find 
the locus of its vertex. 

On the given base AB describe a segment of a circle, ACB^ 
capable of containing the given angle (III. 
33), then the arc ACB is the required locus; 
for take any point C in the arc of the 
segment and join AC, BC, The triangle 
ACB is upon the given base AB, and its vertical angle ACB is 
equal to the given angle, therefore the segment ACB is the re- 
quired locus of the vertex. 

N.B. Since it is plain that an equal segment on the other 
side of AB will also answer the conditions of the problem, the 
locus really consists of two equal arcs on opposite sides of AB ; 
but cases of this kind must be so apparent to the reader, that it 
will generally be unnecessary to occupy space in pointing them out. 

54. Oiven the base and vertical angle of a triangle, find 
tfie locus of tlie intersection of its perpendiculars. 

Let ABC be a triangle on the given base BC, and having its 
vertical angle BAC equal to the given verti- 
cal angle. Let its perpendictdars intersect 
inO. 

Because the four angles of a quadrilateral 
are together equal to four right angles (I. 32, 
Cor.) and the angles AEO and AFO are right 
angles, therefore the angles FAE and FOE 
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are together equal to two right angles; but the angle FAE is 
given, therefore the angle FOE or its equal BOG is known. Henoe 
in the triangle BOG the base BG and the vertical angle BOG are 
given, and therefore (53) the locus of (> is a segment upon BG 
containing an angle equal to the supplement of the given vertical 
angle. 

55. Tlie strni of one pair of opposite sides of a quadri' 
later ai circumscribing a circle is equal to the sum of the other 
pair, and the straight line which joins the middle points of the 
diagonals of the quadrilateral passes through the centre of the 
circle. 

Let the quadrilateral ABGD circumscribe the circle with centre 
0, and touch it in the points E, F, G, 
H. Join with the angular points 
of the quadrilateral and the points of 
contact. 

Because the angles AFO and AEO 
are right (III. 18), the square on AO 
is equal to the squares on A F Bind FO, 
or on A E and EO (I. 47), therefore . 
the squares on AF and AE are equal, 
and therefore the lines ^i^and A E are 
equal, that is, the two tangents from 
any point to a circle are equal. 

Similarly BF and BG are equal, therefore AB i& equal to AE 
and BG together. 

In like manner GD is equal to GG and DE together, therefore 
AB and GD together are equal to A J) and BG together. 

Because the three sides of the triangle AFO are respectively 
equal to the three sides of the triangle AEO, therefore (I. 8) the 
triangles kre equal in all respects. 

Similarly the triangles BFO and BGO are equal, therefore the 
triangle AOB is equal to the sum of the triangles AEO and BGO, 
Similarly the triangle BOG is equal to the triangles DEO and GGO 
together, therefore the triangles AOB and DOG are together equal 
to AOD and BOG, therefore AOB and DOG are together equal to 
half the quadrilateral ABGD, but the tiiangles having AB and GD 
for bases and the middle point of either diagonal for common 

3—2 
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vertex have been proved (22) to be together also equal to half the 
quadrilateral ABGD, therefore (21) the middle points of the 
diagonals and the centre of the circumscribing circle, must lie in 
the same straight line which is the locus of the common vertex of 
two triangles on the bases AB and CD, and having the sum of 
their areas equal to half the quadrilateral ABCD. Q. £. d. 

56. Through a given point within a circle, draw the 
minimum chord. 

Let P be the given point within the circle whose centre is 0. 
Draw the diameter CI), and through F 
draw the chord AB peirpendicular to CD, 
AB ia the minimum chord, for through f* 
draw any other chord HF and OG per- 
pendicular to it from the centre. In the 
right-angled triangle OFG, OG is less 
than OF, and therefore (III. 15) FF is 
greater than AB ; therefore AB ia the 
minimum chord through F. 

57. Through a given point within a circle to draw a 
chord of a given length, but which must not be less than 
the minimum chord through the point, nor greater than the 
diameter. 

In the given circle with centre place any chord AB of the 
given length, draw OF perpendicular to it, 
and with the centre and radius OF de- 
scribe the inner circle. Through F the 
given point draw the chord CF touching' 
ihe inner circle at the point F. CD is the 
required chord. 

Join OF. Because the chords AB and 
CD are equally distant from the centre, 
they are equal (III. 14). Therefore CD is 
of the given length, and it is drawn through the given point P. 

58. Through a given point (P) without a circle to draw a 
secant so that the intercepted chord shall be of a given length 
not greater' than the diameter of the circle. 
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In the circle place 




Let be the centre of the given circle 
any chord AB of the given 
length, and draw OE perpen- 
dicular to AJB. 

From the centre at the 
distance OH describe the inner 
circle. 

From P draw FD touch- 
ing the inner circle at the 
point i^(ni. 17). 

The chord CD is of the given length, for it is equal to AB, 
since CD and AB are at the same distance from the ceutre. 

CoR. All chords of the outer of two concentric circles which 
touch the inner circle are equal and bisected at the points of 
contact. 

59. To divide a straight line internally into segments, 
sttch that the rectangle under the segments sfiall be equal to the 
square on a given line. 

Let ABhQ the line which is to be divided. 

On AB as diameter describe the 
circle with centre ; draw AC perpen- 
dicular to ABy and equal to the other 
given line. 

Through C draw CD parallel U> AB, 
meeting the circle in the points D and H» 

Draw DEC and HF perpendicular 
to ^i?, then ^jS is divided as required in 
either E or F. Because OE is drawn from the centre perpendicu- 
lar to i> (7, 2>(? is bisected in E (IIL 3), therefore (IlL 35) the 
rectangle AE . EB equals the rectangle DE . EG^ that is, the 
square on DE or AC. 

Similarly the rectangle AF . FB equals the square on HF or 
AC. See (47). 

CoR. Hence, if a perpendicular be drawn from any point in 
the circumference of a semicircle to the diameter (or base of the 
semicircle), the square on the perpendicular is equal to the rect- 
angle under the segments into which it divides the diameter* 
8^6(39). 
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60. To divide a given straight line externally into seg- 
mentSf such that their rectangle shall he equal to tlie square on 
a given straight line. 

Let AB be the given line which is to be divided externally, 
and let AC perpendicular to ^-5 be the 
other given line. On AB as diameter 
describe a circle, and join its centre 
with the point C. From the centre at 
the distance OC, describe a circle cutting 
AB produced in J^ and i^. Then AB is 
divided in -^ or ^ as required, for OA and 
OB, OK and OF are equal, therefore BE 
and AF are equal. Therefore the rectangle 
BE . EA (under the segments into which AB is divided in E), is 
equal to the rectangle ^-4 . AF, that is, by (59 Cor.) to the square 
on AC. See (47). 

61. If the three perpendiculars of a triangle ABC inter- 
sect in 0, and {produced, if necessary^ meet the circumscribed 
circle in G, H and K ; prove that the distances OG, OH and 
OK are bisected by the sides of the triangle, and that the 
rectangle under any perpendicular and its segment, which 
w^ets one side only, is equal to the rectangle under the segments 
into which the perpendicular divides that side. 

Join CG. In the triangles OBC and OFA the angles at D 
and F are right, and the- angles at are 
equal (I. 15), therefore (I. 32) the remain- 
ing angles OGD and FAO are equal, but 
FA and DCG are equal, since they stand 
on the same arc BG, or are in the same 
segment BACG (III. 21), therefore the 
angles OCD and DCG are equal, and since 
the angles at JD are right, and the side DC 
common to the two triangles ODC, DCG ; 
therefore OD and DG are equal (I. 26). 
Therefore the rectangle AD . DO equals the rectangle AD.DG, 
which equals BD . DC (III. 35). q. e. d. 

62. If two triangles he on {the same or) equal bases and 
between the same parallels, the two sides of each triangle inter- 
cept equal segments on any straight line parallel to the bases. 
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Let the triangles ABC^ DEF be upon equal bases BC^ EF 




and between the same parallels BF and AD, and let GL be parallel 
to BFy then shall GH and KL be equal. 

For, if possible, let GH be greater than KL, and make GM 
equal to KL, 

Join AM, BM, OM and LE, Because the triangles. G^^if and 
KDL are on equal bases GM and KL and between the same 
parallels, they are equal (I. 38). 

Similarly, the triangles GBM and KEL, BMC and ELF are 
equal j 

therefore the figure ABC Mia equal to the triangle BEF, 

but the triangles ABC and DEF are equal, therefore the figure 
ABC Mia equal to the triangle ABC, which is impossible. There- 
fore GH and KL must be equal. In the same manner, if the 
parallel to the bases cut the sides produced through the vertices A 
and L>, or through the ends of the bases BC and EF, the inter- 
cepts made on the parallel by the sides are proved to be equal. 
Q. E. D. 

Def. a parallelogram is said to be inscribed in a 
triangle when one of its sides is upon the base of the triangle, 
and the extremities of the opposite side are upon the two 
sides of the triangle, and when these two extremitijes are on 
the sides produced through the vertex or the ends of the 
base, the parallelogram is said to be escribed (or exscribed) to 
the triangle. 

63. To inscribe a square in a right-angled triangle having 
one of its angles coinciding with the right angle, and to prove 
that the rectangle under a side of the square and the sum of 
the base and altitude is equal to twice the triangle. 



\ 
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Let ABC be the triangle right-angled at 0. Bisect the angle 
ACB by the straight line CD, and draw DE and 
DF perpendicular to BG and CA respectively. 
CEDF is the inscribed square. Because CD 
bisects the right angle ACB, DCE is half a right 
angle, but CED is a right angle, therefore CUE is 
half a right angle, and therefore CE and ED are 
equal (I. 5). 

Because the angles DEC and FCE are right, therefore (I. 28) 
DE and CF are parallel; similarly, CE and FD ai*e parallel, 
therefore EF is a parallelogram, and since the adjacent sides CE 
and ED have been proved equal, and the angle DEC is right, there- 
fore EF is a square. 

Again, the rectangle DE , CB is equal to twice the triangle 
CDB (I. 41), and the rectangle DF , AC is equal to twice the tri- 
angle ADC, therefore the rectangle under DE and the sum oi AC 
and CB is equal to twice the triangle ACB. q. e. d. 

64. To inscribe a rhombus in a triangle, having one of its 
angles coinciding with an angle of the triangle. 

Let it be required to inscribe in the triangle ABC a rhombus 
having an angle coinciding with the angle 
ABC. • 

Draw BD bisecting the angle ABC, and 
through D draw DE and DF parallel to 
AB and BC respectively. Then EF is the 
required rhombus. Since DE and BF ai*e 
parallel, therefore the alternate angles BDE 
and DBF are equal, but DBF and DBE 

are equal (constr.), therefore the angles BDE and DBE are equal, 
and therefore BE and ED are equal, therefore EF is a rhombus 
(L 34). . 

65. To inscribe a square in any triangle, and to prove 
that the rectangle under its side and the sum of the base and 
altitude of the triangle, is equal to twice the triangle. 

Let ABC be the given triangle, and AP its altitude. 

In BC produced take EF equal to BC, and draw ED per- 
pendicular to EF, meeting AD parallel to BC in D. Join DF, 
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Inscribe (63) the square GK in the right-angled triangle EBF, 
Produce HG to meet u4i5and AG 
in L and M^ and through L and 
M draw LR and i/iV perpendicu- 
lar to BG. Then LMNR is the re- 
quired inscribed square. Because 
the triangles ABG and DEF are 
on equal bases BG and A'^, and 
between the same parallels, and LH is parallel to BF^ therefore 
(62) the intercepts LM and GU are equal; also MN and GE 
are equal, since ME is a parallelogram. 

Therefore LN is a square equal to the square GK, 

Again, AP and DE are equal since ^^ is a rectangle, and the 
rectangle under EK and the sum of BE and EF is equal to twice 
the triangle BEF \ therefore the rectangle under a siHe of the 
square LN and the sum of BG and AP^ the base, and altitude of 
the triangle ABG^ is equal to twice the triangle ABG, 

Def. a figure is said to be given in species when its 
angles and the ratios of its sides are given. 

66. To inscribe a rhombus of given species in any tri- 
angle. 

Let ABG be the given triangle. In BG produced take EF 





VL 



F 



equal to BG, make the angle FEB equal to one of the angles of 
the rhombus, and draw AB parallel to BG to meet EB in B, Join 
BF. 

In the triangle BEF inscribe the rhombus GK having an angle 
coinciding with the angle BEF (64), Produce BG to meet AB 
and AG in L and J/, and draw LR, MN parallel to GE, Then 
(62) LN is obviously equal to the rhombus GK, and it is inscribed 
in the given triangle and of the given species. Therefore LN is 
the required rhombus. 
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67. To escribe a square to a right-angled triangle, the 
sides of the triangle being produced through an acute angle, 
and to prove that the rectangle under its side and the difference 
of the base and altitude is equal to twice the triangle. 

Let ACB be the triangle, right-angled at G. Produce CA and 

D £ 




BA indefinitely through A, BC through C, Draw CD bisecting 
the angle ACF and meeting BA in D, Draw DE and DF respec- 
tively perpendicular to CE and BF, Then EF is the required 
square. Because DFC is a right angle and DGF half a right 
angle, therefore FDG is half a right angle, and therefore DF and 
FG are equal ; therefore EF is a square. 

Again, the triangle BDG is half the rectangle under BC and 
DF (I. 41), and the triangle ADG is half the rectangle under AC 
and DE or DF ; therefore the difference of the triangles BDG and 
ADG, that is, the triangle ABC, is half the rectangle under DF and 
the difference of BG and GA, 

N.B. Since the angle BAG is greater than the interior angle 
AGD, and the angle ACD is half a right angle, therefore BAG is 
greater than half a right angle, and therefore ABC is less than 
half a right angle. Therefore AG \^ less than GB. Hence the 
escribed square, which has one angle coinciding with the right 
angle, is always upon the greater side about the right angle. In 
fact, if ^(7 be le«s than GB, then the angle GAB is greater than 
half a right angle and therefore greater than AGD, therefore the 
angles AGD and DAG bxq together less than DAG and GAB, that 
is, less than two right angles, therefore (Axiom 12) CD and AD 
will meet as in the figure. 

68. To escribe a square to any triangle, the sides being 
produced through a vertex of the triangle, and to prove that 
the rectangle under its side and the difference between the 
base and altitude of the triangle is equal to twice the triangle. 

Let ABC be the given triangle, and let the side BG be greater 
than the altitude AF (see N.B. in 67). 
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In OB produced take FE equal to BC, and draw ED perpendi- 
cular to EF, and meeting AD parallel to BG in D, To the rights 



H 



K 




E 



angled triangle DEF escribe the square HK (67), and produce GH 
to meet CA and BA produced in L and M respectively. Draw LR 
land MN' perjiendicular to KG, Thus LMNR is the required 
square, for LM and GH are equal (62). 

Again, the rectangle under HE and the difference of FE and 
ED is equal to twice the triangle DEF (67); therefore also 
the rectangle under LR and the difference between BG and AP^ 
the base and altitude of the triangle ABG, is twice the triangle 
ABO. 

69. If two sides of a triangle he unequal, the sum of the 
greater side and the perpendicular upon it from the opposite 
angle is greater than the sum of the less side, a/nd the perpen- 
dicular upon it from the opposite angle. 

In the triangle ABO let the side^ AB be greater than AG, and 
let OF and BE be the perpendiculars 
ufK)n these sides; then shall J ^ and 
OF together be greater than A and 
BE together. 

Because the angle BA is common 
to the two triangles BAE, OAF, and 
the angles at-fe'and F are right, there- 
fore (1. 32) the two triangles are equi- 
angular, and therefore (VI. 4), 




AB I BE : 
therefore AB : AB-BE 

therefore, alternately, AB : AG 



AG : OF] 
AG : AG -OF; • 
: AB^BE : AG -OF; 



but AB is greater than AG, therefore AB — BE is greater than 
AG - OF, Add BE + OF to these unequals, then 

AB + OF is greater than AG +. BE. Q. e. d. 
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70. If two sides of a triangle be unequal^ the inscribed 
square which stands upon the greater side is less than the 
inscribed square which stands upon the less side. 

For the rectangle under a side of an inscribed square and the 
sum of the side on which it stands and the perpendicular is equal 
to twice the triangle (65), but the sum of the greater side and its 
perpendicular is greater than the sum of the less side and its 
perpendicular (69), therefore the side of the square standing upon 
the greater side is less than the side of the square standing upon 
the less side. Q. £. D. 

71. To inscribe in any triangle a parallelogram of given, 
species. 

Let ABC be the given triangle. 

Divide (VI. 10) ^a in D, so 
that CB : BD shall be in the 
ratio of two adjacent sides of the 
parallelogram. 

, Join AD, and in the triangle 
ABD inscribe {(^Q) the rhombus 
EFHG, having the angle GEF 
equal to an angle of the parallelo- 
gram given in species. Produce 
GH (if necessary) to meet AC in. 
K, and draw KL parallel to GE, then GELK is the required 
parallelogram, for its angles are equal to the given angles, 
and GH : GK :: BD : BC, since GK is parallel to BC, that is, 
EG : GK :: BD : BC, but BD : BC is the given ratio of the 
sides of the parallelogram given in species, therefore the inscribed 
parallelogram EK is of the given species. 

N.B. Because GK is parallel to BC, therefore (I. 29) th§ tri-r 
angles AGH and ABD, and AGK and ABC are equiangular, and 
therefore (YI. 4) GH \ HA : : BD : DA, or alternately. 




Similarly, 



GH : BD :: HA : AD. 
GK : BC :: KA : AC :: HA : AD, 



but ratios which are equal to the same ratio are equal to one 
another (or ratios which are the same to the same ratio are the 
same to one another, Y. 11); 
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therefore 

or alternately, 

Similarly, 

therefore 

or alternately, 
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GH : BD :: GK : EC, 



45 



GH : GK : : BB : j5(7, as assumed above. 

HK : DC :: HA : ^i>; 
G^iSr : £D :: ZT^ : i>(7, 
GH : ^Z :: i?i) : DC. 



72. I%e circfe through the feet of the perpendiculars of a 
triangle bisects the segments of these perpendiculars towards 
the angles, and the sides of the triangle. Also its radius is 
half the radius of the circumscribed circle, and its centre is 
the middle point of the straight line joining the centre of the 
circumscHbed circle and the intersection of the perpendiculars, 
{The Nine-Point Circle.) 

Let (Figs. 1 and 2) ABC be the given triangle, D, E, F the 
Fig. I, Fig. 2. 

A A 





D P G 

middle points of the sides ; G^H^ K the feet of the perpendiculars 
intersecting in Z, and the centre of the circimiscribed cir«la 

Fig. 1. Because E is the middle point of AC^ and the angle 
AGO is right, therefore AE and EG are equal, and therefore *Qie 
angles AGE and EAG are equal; similarly, the angles AGF and 
FAG can be proved equal, therefore the angles FGE and FAE 
are equal. 

Because AFDE is a parallelogram (4), therefore the angles 
FAE and FDE are equal, and therefore the angles FDE and FGE 
are equal. 

Therefore the circle through F^ i>, E also passes through G 
(51). 

In the same manner the circle through F, D, E can be shewn 
to pass through the feet of the other two perpendiculars. 
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Fig. 2. Join OL, bisect DGin. P, draw PM perpendicular to 
BO meeting OL in J/, join DM and produce it to meet AL in Q, 

Because DO, PM and GL are parallel, and P is the middle 
point of DG, therefore (see 10) M is the middle point of OL, 
Sin^larly, the perpendiculars to EH and KF through their middle 
points can be proved to pass through the middle point of OL, 
therefore these three perpendiculars intersect in M, but each of 
these perpendiculars passes through the centre of the circle through 
D, E, F, since DG, EH and KF are chords of this circle, and the 
perpendicular to a chord through its middle point passes through 
the centre of the circle (III. 1, Oor.), therefore M is the centre of 
the circle through the points D, E, and F, 

Because OM and ML are equal, and the triangles ODM and 
MLQ are equiangular, for DO and QL are pai*allel, therefore DM 
and MQ are equal (I. 26), and therefore ^ is a point in the circle 
through D, E, F, and i>^ is a diameter of it. Also OD and QL 
are equal, but AL \& twice OD (8), therefore Q is the middle point 
of AL, or the circle through D, E, F also passes through the middle 
point of AL, In the same manner it can be proved to pass 
through the middle points of EL and CL, 

Join AO, then AODQ is a parallelogram, since AQ and DO 
are equal and parallel, therefore AO and DQ are equal, but HQ ia 
a dia/meter of the circle through D, E, F, and AO ia a. radius of 
the circumscribing circle. q.e.d. 

N. B. For a geometrical proof of the theorem that "the 
circle through the middle points of the sides of a triangle touches 
the inscribed circle and the three escribed circles" the reader is 
referred to a paper by the author of this work in the Quarterly 
JourM of Mathevfuitica for June, 1862, pp. 269, et sqq. 

Def. a circle is said to be escribed (or exscrihed) to aay 
side of a triangle when it touches that side and the other two 
sides produced. 

73. The bisectors of the three internal angles of a triangle 
meet in the centre of the inscribed circle ; and if two sides be 
produced through the extremities of the third side, the bisectors 
of the two external angles and of the angle opposite to the third 
side, meet in the centre of the circle escribed to the third side, 
and the straight line joining any two centres {produced, if 
necessary) always passes through an angle of the tiiangle. 
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Let ABC be the given triangle. Draw BO and GO bisecting 
tbe angles ABO and ACB, and meeting in 0. Join AO. Draw 




{70,, biBecting the external angle BCE^ and meeting AO in , 
and JOTn SC,. From and 0, draw tiie perpendiculars OD, OM, 
OFwA Ofi^, 0,Jt\, 0,y, to tbe sides of the triangle .aBC or those 
Bides produced. 

It is proved in {IV. 4) that ia the centre of the inscribed 
circle, and that D, E, F are its paints of contact with the sides of 
the triangle ABC. 

The tangents AF and AB from the same point A to the in- 
scribed circle are equal, therefore the triangles AFO and AEO are 
equal in all respects (I. 8), and therefore AO bisects the anf;le 
BAC. Therefore the three bisectors of the internal angles of a 
triangle meet in the centre of the inscribed circle. 

Again, because AO^ bisects the angle BAC, the pei^ndiculars 
0|£| and O^F, are equal, and because 0,C bisects the angle DfiE^, 
the perpendicuhirs 0■^D^ and 0^E^ are equal, .therefore 0J3^ and 
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O^F^ are equal, and therefore the triangles O^D^B and OlF^B are 
equal in all respects, therefore O^B bisects the angle CBF^ ; there* 
fore the bisectors of the two external angles BCE^^ GBJF and of 
the internal angle BAC meet in the same point 0^, and since the 
three perpendiculars O^D^, ^x^v ^^^ ^\^\ from this point to the 
sides are equal, therefore Oj is the centre oi the circle escribed to 
the side BG of the triangle ABC, 

Further, produce Ofi and BO to meet in 0^, and O^B and CO 
to meet in 0,. 

Join AO^ and AO^, It can be proved, in like manner, that 
AO^ and AO^ bisect the vertically opposite angles CAF^ and BAE^^ 
and therefore that AO^ and AO^ form one continued straight line, 
and that 0„ and 0^ are the centres of the circles escribed to the 
sides CA and AB respectively. The perpendiculars from Oj meet 
the sides in i>,, E^, F^, and from 0^ in B^, E^, F^. 

It has also been proved in the above that the six lines 00^ , 
OOg, 00^ Ofizi ^2^3> ^3^1 > joining the centres of the four circles, 
two by two, pass each through an angle of the given triangle 
ABC. 

Def. It will be sometimes convenient to denote the 
sides of the triangle ABG opposite to the angles A, B, C hy 
a, by c respectively; the radii of the circles escribed to these 
sides by r^, r^, r^ and the radii of the inscribed and circum- 
scribed circles by r and jB. respectively. Also put 25 = a + 6 + c 
so that 8 is the semiperimeter of the triangle. 

74. The four points in which the inscribed and three 
escribed circles of a triangle touch any side, and that side pro- 
duced, are two by two equidistant from the middle point of 
that side. The distance of a point of contact of the inscribed 
circle from an angle is less than the semiperimeter by the side 
opposite to that angle. The distance of an external point of 
contact from the remote angle is equal to the semiperimeter. The 
distance between two internal points of contact, on any side, is 
equal to the difference of the other two sides, and the distance 
between the two external points of contact on any side is equal 
to the sum of the other two sides of the triangle. The distance 
between a point of contact of the inscribed circle and an ex- 
ternal point of contact of an escribed circle is equal to the side 
of the triangle intersecting the line joining these points^ 



74.] AND IN MODERN GEOMETRY. 49 

N. B. When the distance between two points is mentioned, 
the points are, in the above, always supposed to lie in the direc- 
tion of the scmie side of the triangle. 

Fig. to (73). Since the tangents to a circle from the same 
point are equal, therefore CD and CE, BD and BF, AE and AF 
are equal ; therefore BC and AE ov AF are together equal to the 
semiperimeter of the triangle ABG, Therefore AE or AF \& less 
tiian the semiperimeter by BG. Again, BD^ and BF^, AE^ and 
AF^ are equal, therefore ii^ is equal to the sum of BD^ and AE^^ 
therefore adding AG and GB to these equals, the sum of GD^ and 
CE^ is equal to the perimeter of the triangle ABG, but GD.^ and 
CE^ are equal ; therefore GD^ or GE^ is equal to the semiperi- 
meter of the triangle ABG. Similarly, BD^ or BF^ is equal to 
the semiperimeter. 

Therefore BD^ and GD^ are each less than the semiperimeter 
by BG, and therefore BD^^GB^=^AE^AF=^B-a, Therefore 
also D^ and D^ are equidistant from the middle point of BG, 

Because GD^ and BB^ are each equal to the semiperimeter, 
therefore -OgZ), together with BG ia equal to the perimeter, and 
thei*efore BJ}^ is equal to the sum oi AB and A (7, or BJ)^ = b + Cf 

It has been proved that GB and AB together are equal to the 
semiperimeter, that is, to GB^, therefore by taking away GB from 
these equals, 

the remainders BB^^ and AB are equal, or BB^ = c. 

Because BB^ and BF^ are equal, and AF^ia equal to the semi- 
perimeter, therefore BB^ is less than the semiperimeter hy AB, 
and therefore BB^ and GB are equal. Therefore B and 2>, are 
equidistant from the middle point of BG. Since GB and BB^ are 
equal, therefore BB^ is the difference between GB and BB, that 
is, the difference between GE and BF, or between GA and BA, for 
AE and AF are equal, or BB^=b'^c, (here BB^ = c — h)\ or, 
which is the same thing, the distance of the middle point of the 
base from either internal point of contact is half the difference of 
the sides of the triangle. 

The results proved above may be thus briefly stated, 

CE^GB=:BB=BF=AE^^AF=8^c (a), 

DD=h-c (y8), 

BB,^BJ)^^h (y), 

j)j)=h + c (;&V 

M. a. V 
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75. The circumscribed circle of a triangle bisects the six 
straight lines which join the centres of the inscribed and of the 
three escribed circles. The same circle passes through the 
centres of the inscribed circle, of an escribed circle, and tJte 
ends of the side between these two centres, and has its centre 
in the circumference of the circumscribed circle. The same 
circle passes through the extremities of any side, and the two 
centres of the escribed circles on the same side of it, and its 
centre is in the circumference of the circumscribed circle. 

Fig. to (73). Because the angles OAG and OAB, O^C and 
O^AF^ are equal, therefore (I. 13) the angle OAO^ is a right angle. 
Therefore in the triangle fi.fi ^ O^A is the perpendicular from 
the angle 0^ to the opposite side, similarly Ofi and Ofi are the 
other two perpendiculars, and 00,, 00^, 00^ are the segments of 
these perpendiculars towards the angles, therefoi'e (72) the circle 
through A, B, 0, the feet of these perpendiculars, that is, the 
circle circumscribing the triangle ABC bisects the six lines 00 ^^ 
00^ 00^, Ofi^ Ofi^, and Ofi,. 

Again, since OCO^ and OBO^ are each right angles, therefore 
(52) the quadrilateral OBOfi ia circumscribable by a circle, and its 
centre ia at the middle point of the diameter 00^, that is, on the 
circumference of the circle which circumscribes the triangle ABC, 

Also the angles O.^BO^ and OfiO^ are right, therefore the four 
points Og, B, G, 0^ lie in the circumference of a circle with its 
centre at the middle point of Ofi^ which point is on the circum- 
ference of the circumscribed circle. Q. e. d. 

76. If from the greater of the two sides of a triangle a 
part be cut off equal to the less and conterminous with it, and 
if the point of section be joined with the opposite angle, each 
ofilie equal angles of the isosceles triangle thus formed is equal 
to half the sum of the base angles of the triangle ; the angle 
between the base of the isosceles triangle and the base of the 
given triangle is half the difference of the base angles. Also 
the angle between tlie perpendicular on the base and the bisector 
of the internal vertical angle is half the difference of the ba^e 
angles, and the angle between the base and the bisector of the 
external vertical angle is half the difference of the base 
angles. 

In the triangle ABC let the side ABhQ greater than AC, Cut 
cSAF equal to AC and join CF, Draw the perpendicular AE 
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from A to BC, and draw AD and AK bisecting the internal and 
external vertical angles, and therefore including the right angle 




DAK, Because AG bisects the vertical angle FAC of the iso- 
sceles triangle FAG, therefore the angle AGG is a right angle, 
but GAK is also a right angle, therefore AK and FG are parallel 
(I. 28), and therefore (I. 29) the angles AGF 9iXid GAK, AFG and 
HAK are equal, but GAH is equal to the sum of the base angles 
ABG and AGE (I. 32), therefore AFG and AGF are each half the 
sum of the base angles. 

Again, AFG, the external angle of the triangle BFG, is equal 
to the sum of the angles ABG and BGF (I. 32), therefore AGF is 
also equal to the sum of the angles ABG and BGF, and therefore 
AGB is equal to ABG together with tvyice the angle BGF, therefore 
BGF is Aa^the difference of the angles AGB and ABG. 

In the triangles AGI and I EG the angles AGI and lEG are 
right, and the vertically opposite angles at / are equal, therefore 
the remaining angles GAI and IGE are equal, but IGE is half the 
difference of the base angles, therefore the angle DAE is also half 
the difference of the base angles. Because FG and ^^are parallel, 
the angles FGB and AKB are equal, therefore the angle AKB is 
half the difference of the base angles. 

77. The bisectors of the internal and external vertical 
angles, of a triangle, produced, meet the circumscribed circle in 
the middle points of the arcs of the segments into which the 
base divides the circle; the line joining these points is the 
diameter which bisects the base at right angles ; and if per- 
pendiculars be let fall from these two points on the two sides, 
the distances from the feet of these perpendiculars to the 
vertices of the triangle are either half the sum or half the 
difference of the two sides. 

Let ABG be the given triangle circumscribed by a circle. Let 
AD the bisector of the vertical angle BAG meet the circumference 
in D, and AE the bisector of the external vertical an^le ^xs. fcl. 
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Join DE, DB, DC, EB and EC. Draw DC (md ^JT perpendicnlM 
to AB, and DH and EL perpendicular to AC produced. 




Because AD biBects the angle BAC, and AE bisects the angle 
KAL, therefore the angle EAD is a right angle, and therefore ED 
is a diameter, 

The angles EAL and EAK are equal, but EAL is the exterior 
angle of the inscribed quadrilateral AEBC, therefore (III. 22) the 
tingles EAL and EBC are equal, therefore the angles EAB and 
EEC are equal, and therefore (III. 26, 29) the area BME and 
ONE and the straight lines BE and CE are equal. Therefore E 
is the middle point of the arc BEC, Again, the angles BAD and 
CAD are equal, therefore the straight lines DB and DC and the 
arcs which thej cat off are equal. Therefore D is the middle 
]>oint of the arc BDC. Because DE joins the vertices of the two 
isosceles triangles BEC and BDC on the same base BC, therefore 
DE bisects BC at right angles in F (18). 

The trisngles ADG and ADH are equiangular and have the 
ride AD common, therefore they are equd in all respects (I. 26). 
Therefore AG and AU, DG and DU are equal. DGR is the 
external angle of the quadrilateral ABDC, therefore the angles - 
DCa and DBG are equal {III. 22), and the angles at if and ff 
are right, and DC and DB are equal, therefore (I. 26) the two 
triangles DCS and DBG are equal in all respects, and therefore 
BG and CU are equal. Therefore AG and AH are together equal 
to AB and AG, and therefore AG and AH are each half the sum 
of the two sides of the triangle ABC. Therefore BG sjid CD are 
each half the difference of the sides AB and AC. For the differ- 
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ence between the greater or less of two lines and half their sum 
is equal to half their difference. Thus, AC is less than half the 
sum AH or AG by G2I, and half the sum ^6^ is less than the 
greater AB by BG, therefore AG is less than AB by GH and 
BG together ; therefore GH or BG is half the difference of AB and 
AG. 

In the same manner, as in the above, the triangles A£L and 
AEK^ EBK and EGL are proved to be equal in all respects. 
Therefore BK and GL are together equal to AB and AG, and 
therefore BK and GL are each equal to half the sum of AB and 
AGy and AK and AL each equal to half the difference of AB and 
AG. 

Cor. The angles BDG^ GDH, EBA and EGA are each equal 
to half the difference of the base angles, and BDF, GDF, EBF 
and EGF are each equal to half the sum of the base angles of the 
triangle ABG. 

For EBA and EGA are each equal to the angle EDA^ since 
they stand upon the same arc AE. But EDA is half the difference 
of the base angles, since the angle between a perpendicular to the 
base and the bisector of the vertical angle is half the difference of 
the base angles (76), therefore the angles EBA and EGA are each 
half the difference of the ba^e augles. 

The angle EBD in a semicircle is right and therefore equal to 
the angles GBD and BDG taken together, therefore, taking away 
the common angle GBD, the angles EBA and BDG are equal. 
Therefore BDG and GDH are each equal to half the difference of 
the angles ABG and AGB. The angles GDF and DGF are to- 
gether equal to the right angle EAD, but DGF and DAB are 
equal, since they stand on the same arc BD, therefore the angle 
GDF is equal to EAB, which is half the siun of the base angles. 
The angles GDE and GBE ai-e equal, since they are in the same 
segment GDBE. 

78. Oiven the hose and vertical ancfle of a triangle, find 
the locus of the centre of the inscribed circle and of the centres 
of the three escribed circles. 

Fig. to (73). Let ABG be a triangle on the given base BG, 
and with the given vertical angle BAG, the rest of the construction 
being the same as in (73). 

Because the angles O^AO^j ^i^^a *^ "gt*> therefore the 
quadrilateral O^BAO^ is circumscribable by a circle, and the angles 
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Ofi^B and O^AB which stand upon O^B are equal. But O^AB is 
half the given vertical angle, therefore the angle CO^ is also half 
the given vertical angle, and the base BG is given, therefore (53) 
the locus of 0^ is a segment on BC capable of containing an angle 
equal to half the given vertical angle, and since the angles BO JO 
and BO JO are obviously equal, the locus of 0^ is also the same 
segment. 

-Again, because the angle O^BO^ is right, therefore the angle 
BO JO is equal to the complement of half the vertical angle. 
Therefore the locus of (5^ is a segment on BG capable of contain- 
ing an angle equal to the complement of half the given vertical 
angle. 

The angle BOO^ is equal to the sum of BAG and ABO (I. 32), 
and GOO^ is equal to the sum of GAG and AGO; therefore the 
angle BOG is equal to the angles BAG^ ABO, and AGO together, 
that is, to half the sum of the angles of the triangle ABG together 
. with half the angle BAG, or to a right angle together with half 
the given vertical angle. Therefore the locus of is a segment 
upon BG capable of containing an angle equal to a right angle 
together with half the given vertical angle. In fact, the segments 
of the same circle constitute the loci of and Oj, since the quadri- 
lateral BOGO^ is circumscribable by a circle. 

79. In equiangular triangles the rectangles under the 
'iwn-corresponding sides about equal angles are equal (VI. 
4, 16). 

Place the triangles ABO, GDO so that the equal angles at 
shall be vertically opposite, and that 
the non-corresponding sides AO and 
GO, BO and DO, shall be in the 
same straight lines. Join AD, The 
angles ABO and DGO opposite the 
corresponding sides AO and DO are 
equal, therefore (51) the circle about 
the triangle ABD will pass through 
G, and therefore (III. 35) the recir 
angle A . OG equals the rectangle 

BO . OD. Q. E. D. 

80. If two triangles have the three pairs of rectangles 
under the sides about each of the three pairs of angles respec- 
tively equal, a side of each triangle being taken to forra a 
rectangle, then shall the triangles be equiangular (VI. 5, 16). 
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Let ABC- and DEF be two triangles, having the rectangles 
AB,DF and AG . DE, ACFE and CB.DF, CB.ED and 
BA . FE equal ; then shall the angles -4, ^, (7 be respectively equal 
to the angles D, E^ F, 

Draw AG and GG making the angles GAG and EDF^ AGG and 
DFE equal. 

Because the triangles AGG and EDF are equiangular, there- 
fore (79) the rectangles AG . DE and AG.fiF are equal, but 
AG .DE = AB.DF (hyp.), therefore AG.DF=AB.DF, there- 
ioTeAG = AB. 

Fig. I. Fig. 2. 




In the same manner it can be proved that GG equals GB, 

Therefore (I. 8) the triangles ABG and AGG are equiangular, 
but the triangles AGG and DEF are equiangular (constr.), there- 
fore ABG and DEF are also equiangular, q. e. d. 

81. If two triangles have an angle of the on£ equal to an 
angle of the other, and the rectangles under the sides about the 
equal angles equal, a side of each triangle being taken to form 
a rectangle, the triangles shall be equiangular (VI. 6, 16). 

Fig. to (80). Let the two triangles ABG and DEF have the 
angles BAG and EDF equal, and let the rectangles AB.DF and 
-4(7. 2>^ be equal. 

Then shall the triangles ABG and DEF be equiangular. 

ft 

Draw AG and GG, making the angles GAG and AGG respec- 
tively equal to EDF or BAG and DFE, so that the triangles GAG 
and EDF are equiangular. 

Therefore AG, AG correspond to DE, DF, and therefore (79) 

AG.DF=AG.DE, but AB . DF= AG . DE (hyp.), 

therefore AG.DF=AB.DF, and therefore AG and AB are 
equal. 
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Therefore the two triangles BAG and GAC have the two sides 
AB, AC respectively equal to the two AG, AG, and the contained 
angles BAG and GAG equal, and therefore (I. 4) the triangles 
ABG and AGG are equal in all respects. But GAG and EDF are 
equiangular (constr.), therefore ABG and DEF are also equi- 
angular. Q. £. D. 

82. If two tnangles have one angle in each equal, the 
rectangles tmder the sides about another pair of angles equal, 
a side of each triangle being taken to form a rectangle ; the 
remaining pair of angles shall he either equal or supplemental 
(VI. 7, 16). 

Let the two triangles ABG and DEF have the angles A and 
D equal, and the rectangles AB . EF and BG . DE about the 
angles ABG, DEF equal; then shall the angles AGB, DFE be 

Fig. I. Fig. 2. 





either equal or supplemental. If the angles ABG and DEF are 
equal, the angles AGB and DFE must be equal, but if the angles 
ABG and DEF be unequal, let ABG be greater than DEF. Draw 
BG making the angle ABG equal to DEF, Therefore the triaugles 
ABG.Bjid^ DEF are equiangular, and the sides AB, BG correspond 
respectively to DE, EF; therefore (79) AB . EF^BG . DE, But 
AB . EF=BG . DE (hyp.), therefore BG. DE = BG . DE, and 
therefore BG and BG are equal. Therefore the angles AGB and 
BGA are supplemental, but AGB and DFE are equal (constr.). 
Therefore the angles AGB and DFE are supplemental q, E .d. 

N. B. If any circumstance be given which determines that 
the angles AGB and DFE are both acute or both obtuse, then 
they must be equal, since they cannot be supplemental. If one of 
the angles AGB, DFE be known to be right, then they are both 
equal and supplemental, and the triangles are equiangular. . 
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83. If two triangles have an angle in each equal and the 
rectangle under the sides about one of the equal angles equal to 
the rectangle under the sides about the other, the triangles are 
equal in area (VI. 15, 16). 

Let the two triangles ABC and ADE be placed so that the 
equal angles shall coincide and form the 
angle BAG. Let the rectangles AB , AC 
and AD . AE be equal. Then shall the 
triangles ABC and ADE be equal. Join 
BE, DC. Since AB,AC = AD,AE (hyp.), 
therefore the triangles ABE, ADC have the 
rectangles under the sides about the common 
angle A equal, a side of each triangle being 
taken to form the rectangle, therefore (81) 
the sides AB and AE correspond to AD and AC respectively. 
Therefore the angles ABE and ADC, AEB and ACD are equal, 
and therefore BE and DC are parallel. Therefore (I. 37) the 
tiiangles BDE and BCE on the same base BE, and between the 
same parallels, are equal. Add the triangle ABE to these equals, 
then the triangles ADJS and ABC are equal, q. e. d. 

84. If two triangles have equal vertical angles and equal 
areas, then shall the rectangle under the sides of the one be 
equal to ths rectangle under the sides of the other. 

Fig. to (83). Place the equal triangles ABC, ADE with their 
equal vertical angles coincident and forming the angle DAC, Then 
shall the rectangles AB . AC, AD . AE be equal. Join BE, DC, 

Because the triangles ADE, ABC are equal, if the common 
triangle ABC be taken away from both, the triangles BDE and 
BCE are equal, and therefore (I. 39) DC and BE are parallel; 
therefore the triangles ABE, ADC ai'e equiangular, and therefore 
{12) AB.AC = AD.AE. 

85. Given the vertical angle and area of an isosceles 
triangle ; construct it 

Let DAC be the given vertical angle. Take any point D and 
(31) draw DE cutting oQ DAE equal to the 
given area. Find (II. 14) a line AB or AC 
such that the square on it shall be equal to 
the rectangle AD . AE, and join BC, The 
isosceles triangle ABC is (83) equal to the 
triangle ADE, since AD . ^^ = the square 
on AB = AB,AC. Therefore ^^(7 is the 
required triangle. 
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86. Prove that the rectangle under the distances of the 
points in which the bisector of the vertical angle and the per- 
pendicular on the base, meet the ba^e, from the middle point of 
the base, is equal to the square on half the difference of the 
sides. 

Let ABC l>e the triangle, D the middle point of the base, AG 
the bisector of the vertical angle and 
AH the perpendicular on the base. 
Make AE =^ AG, and join CE^ cutting 
AG in F. Join DF, HF. 

It is proved in (23) that DF is . 

parallel to AB, and equal to half the ^ GH^ 

difference of the sides AB and AG. Therefore the angles DFG 
and BAG or GAG are equal (I. 29). Because the angles AFG and 
AHG are right, therefore (51) the quadrilateral AFHG is circum- 
scribable by a circle, and therefore the external angle FHG equals 
the angle FAG (III. 22). 

.Therefore the angles DFG and FHD are equal, and therefore 
DF is a tangent to the circle circumscribing the triangle FGH 
(III. 32). 

Therefore (III. 36) HD . DG equals the square on DFy that is, 
the square on half the difference of the sides. 

87. The rectangle under the distances of the points in 
which the bisector of the external vertical angle of a triangle 
and the perpendicular meet the base from the middle point of 
the base is equal to the square on half the s'um of the sides of 
the triangle. 

Let ABG be the given triangle, AH the perpendicular on the 




base, AG the bisector of the external vertical angle GAE, and D 
the middle point of the base. 
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Join BF, EF, and produce DF to K. It is proved in (24) 
that DF is parallel to AB and equal to half the sum of the Bides 
AB, AC. 

Because DF and BE are parallel, the angles DFA or KFG, 
and EAG or CAF are equal. Because the opposite angles AFC 
and AHC are right, therefore (52) the quadrilateral AFCH ia cir- 
cumacribable by a circle. Therefore the angles FHG and CAF are 
equal, and therefore the angles KFG and FHG are equal. There- 
fore DF is a tangent to the circle about the triangle HFG (III. 
32), therefore (III. 36) 6D . DH equals the square on DF, that 
is, equals the square on half the sum of the sides, q. e. d. 

88. Th,e rectangle wider the sides of a triangle is equal to 
the square on the bisector of the vertical angle together with the 
rectqngle under the segments of the base made hy the bisector 
of the vertical angle (VI. B.). 

Let ASC be the given triangle, and let AD the bisector of the 
vertical angle be produced to meet 
the circumscribed circle in E. Take 
AF equal to AC, and join DF, BE. 

In the triangles AFD, ACD the 
two sides A F and A C are equal, A D 
ia common and the angles FAD, 
CAD are equal, therefoi-e (L 4) the 
angles AFD and ACD are equal, 
but ACD and AEB are equal, since 
they are in the name s^ment ACEB 
(III. 21), therefore the angles AFD 
and AEB are equal, and therefore 
(52) the quadrilateral FBED is cir- ^ 

cumscribable by a circle. 

Th^TetortBA.AF=EA.AD(jn.. 36), 
hutBA.AF-^AB.AC, 
since jiy and JC are equal, d>aAEA ..^Z> equals the square on ^/> 
together with the rectangle AD . DE (II. 3), 

and AD.DE = BD. DC (III. 35). 
Therefore the rectangle under AB and AC is equal to the square 
on AD together with the rectangle under BD and DC. q. R d. 

89. The rectangle under the sides of a triangle together 
toith. the square of the bisector of the ea^emal vertical angle is 
equal to the rectangle under the segments into which the bisector 
of the external vertical angle divides the base. 
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Let ABC be the given triangle, and let AD he the bisector of 
the external vertical angle CAF\ produce -4/> to meet the circum- 
scribed circle in E^ and take AF equal to AC, Join BEy DF. 
The triangles CAD and FAD are obviously equal in all respects 




(I. 4), therefore the angles ACD and AFD are equal, but ^CD 
and AEB are equal (III. 22), therefore the angles AEB and AFD 
are equal, and therefore (51) the same circle passes through the 
points B, E, F, D. 

Therefore (III. 35) BA . AF= EA . AD, 
that is, BA.AC=EA.AD. 

Add to each of these equals the square on the bisector AD, 
then, since (II. 3) the square on AD together with the rectangle 
EA . AD equals the rectangle ED. DA, and this rectangle equals 
BD . DC (III. 36), therefore AB . AC together with the square on 
AD equals the rectangle BD . DC, under the segments into which 
the bisector of the external vertical angle divides the base, q.e.d* 

90. In any triangle the rectangle v/nder the sides is equal 
to the rectangle under the perpendicular from the vertex on 
the base and the diameter of the circumscribing circle (VI. (7:). 

Let ABC be the given triangle, AD the perpendicular, and AE 
a diameter of the circumscribing 
circl e. Produce EA until A F equals 
AD, and BA until AG equals AC. 
Join FG, BE and EC. 

The angle ACE in a semicircle 
is a right angle (III. 31), and 
therefore equal to DAC and DC A 
together, therefore the angles ECB 
and DA C are equal, but ECB and 
EAB are equal, since they are in 
the same segment BACE ; there- 
fore the angle DAC is equal to 
EAB or FAG. Therefore the tri- 
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angles DAG and FAG are equal in all respects (I. 4), therefore, 
since ADG is a right angle, AFG is a right angle, but EBA in a 
semicircle is also right, therefore the four points E^ B, F, G are in 
the same circumference (51), and therefore (III. 35), 

BA.AG^FA.AF, 

that is, JBA . AG = FA . AD. Q.E.D. 

91. If the bisector of the vertical angle of a triangle be 
prodwxd through the ba^e to meet the circumscribed circle,' and 
if the point in which it meets the circle be joined to either end 
of the base, the square on the joining line is equal to the rect^ 
angle under the whole produced bisector and the produced part. 

Fig. to (88). Let G be the middle point of the arc BAG so 
that the diameter EG bisects BG at right angles in H (77). Join 
BG, GA. 

Because EBG in a semicircle is a right angle, and Bff is per- 
pendicular to EG, therefore (39) the square on EB is equal to the 
rectangle GE . Ell, but the rectangle GE . EH equals the rectangle 
AE . EB, since the opposite angles GAB, GHB of the quadrilateral 
GHBA are right, and it is therefore circumscribable by a circle 
(52). Therefore the square on EB equals the rectangle AE ,EB* 

<2.E.D. 

,92. If the bisector of the external vertical angle of a 
triangle be produced through the vertex to meet the circum- 
scribed drdle, and if the point in which it meets the circle be 
joined to either end of the ba^e, the square on the joining line 
is equal to the rectangle under the whole produced bisector and 
its produced part. 

Fig. to (89). Let the bisector BA of the external rertical 
angle be produced to meet the circumscribed circle in E, and let G 
be the middle point of the arc BGG so that EG is the diameter 
which bisects BG at right angles in H (77). Because the angles 
GHB, GAB are right, therefore (51) the same circle will pass 
through the points G, H, A, B\ therefore (IIL 36) BE . EA 
= GE.EH, but (39) GE. EH equals the square on BE, since GBE 
and BHE are right angles. Therefore the square on EjB is equal 
to the rectangle under BE and EA, Q. e. d. 

. 93. The rectangle under the diagonals of a quadrilateral 
inscribed in a circle is equal to the sum of the rectangles under 
its opposite sides (VI. D.), 

Let ABGB be any quadrilateral inscribed in a cii:c\&« 
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The angles BAE and 



Make the angle ABE equal to GBD, 
BBC in the same segment BADC are 
equal (III. 21). Therefore the triangles 
ABE^ CBD are equiangular, and the 
sides AB, AE correspond to BD, DC, 
therefore (79), 

AB.DO = AE.BD. 

Again, because the angles CBE and 
ABD, BCE and BDA are equal, the 
triangles CBE, BDA are equiangular, 
and the sides CB, CE correspond to 
BD, DA, therefore (79) CB.DA = 
CE. BD. Therefore 

AB.DO + CB.DA = AE.BDf CE . BD = AC.BD. q.e.d. 




94. If perpendiculars be drawn from the extremities of 
each diagonal of any quadrilateral to the other diagonal, the 
sum of the perpendiculars on the first diagonal is to the sum 
of the perpendiculars on the second diagonal as the second 
diagonal is to the first. 

Let ABCD be any quadrilateral, and call -4C its first diagonal, 
BD its second. Draw AE, CF per- 
pendicular to BD and BG, DH per- 
pendicular to A C, 

Draw AK parallel to BD meet- 
ing CF produced in K, and BL jpar- 
allel to ^C meeting DH produced 
in Z. AEFK and BGHL are ob- 
viously rectangles. 

Therefore DL is the sum of the 
perpendiculars on the first diagonal 
AG, and GK is the simi of the per- 
pendicularg on the second diagonal 
BD, The triangles CJ/i^, DMF 
have the angles at M equal and the 

angles at E and F right, therefore the remaining angles HGM^ 
and FDMave equal. Therefore the right-angled triangles BDL and 
ACK are equiangular, and therefore (VI. 4) DL : DB :: GK : GA, 
or alternately, DL ; GK :: DB ; GA, Q. e.d. 
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95. The diagonals of a quadrilateral inscribed in a circle 
are as the sums of the rectangles vmder the pairs of sides 
terminated in each diagonal. 

Fig. to (94). Suppose ABGD to be any quadrilateral capable 
of being, inscribed in a circle, and let AE, CFy BG, DH be the 
perpendiculars from its angular points on the diagonals. 

The rectangle AB , AD equals the rectangle under AE and 
the diameter of the circumscribing circle (90). Similarly, CB . CD 
= rectangle under GF and diameter. 

Therefore AB . AD + GB . GD equals rectangle under diameter 
and AE + GF, 

Similarly, BA , BG + DA . DG equals rectangle under diameter 
and BG + DH. 

Now, the rectangle under diameter and AE + GF : rectangle 
under diameter and BG + DH :: AE-hGF : BG + DH (VI. 1), 

and ' AE-^GF : BG + DH :: AG : BD (94). 

Therefore 
AB.AD-hGB.GD : BA.BG + DA.DG :: AG : BD. q.kd. 

96. If p, p', p" denote the perpendiculars fwm the centre 
of the circumscribed circle to the sides of a triangle, q, q', q" 
the parts of these perpendiculars (produced) between the sides 
and the circumscribed circle, prove that 

q + q+q" = 2R-r, 
and p 4- p' + p" = R + r. 
Also prove that r^ + r,, + ij — r = 4R. (See 73, Def.) 

Let My 0, Oiy O2, 0^ be the centres of the circumscribed, in- 
scribed and escribed circles of the triangle ABG. The rest of 
the notation and the construction are sufficiently explained by the 
figure. * 

EF is the diameter bisecting BG and also GH at right angles 
in D (77, 74), 

and O^G, FD and O^H are parallel, 

therefore (10) r^-^r^= 2DF. 

Also OOi is bisected in E and OK, ED and OiL are parallel, 

therefore (10) r^ - r = 2DE =2q. 
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Hence, by adding these equals, 

It haa been proved above that 

25 = ri-r. 



[97. 
■■(<•)■ 




Similarly, 2g' = rj-r, 

and 2j"-j-(-r, 

therefore 2q + 2g' + 2q" = r^■^■rt + r^~3r=ili -Zrhj (a); 

q + g' + g"=2B~r (iS). 

Kow, obviously p+p' +p" + q + q' + q" = 3R, 

36 p + q-B (or J— p=fiif the angle .B^C be obtuse), 

'+p'+p" = Ji + r (y), 

N.B. When p, p' or p" is drawn in the opposite direction to 

that in the figure, where M is mitkin the triangle ABC, we may 
consider^ eubti'active (or negative). Thus the enunciation in the 
proposition will include every caae. 

97. 1/ D, D,, D,, Dj denote the distances of the centre 
of the drcwnscribed circle of any triangle from the centres of 
ike four drclee touching the sides; prove that 



therefore 
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D* = R*-2Rr, D,« = R" + 2Rr,, D," = R« + 2Rr„ 

D3' = R« + 2Rr3, and D» + D," + D,' + D,* = 12R^ 

Eig. to (96). Since ECF is an angle in a semicircle, it is a 
right angle. 

Also the angles EAO and EFC in the same segment are equal. 

Therefore the right-angled triangles OAN' and EFC, O^AP and 
EFC are equiangular, and OA, ON correspond to EF, EC and 
O^A, O^P to EF, EC, 

therefore (79) OA.EC^ON. EF and O^A . EC = O^P . EF ; 

but OCOi is a right angle and E is the middle point of 00 1, 

therefore OA.EC=OA. OE and O^A . EC - O^A . O^E. 

Therefore OA.OE^ON. EF and OJ. ,O^E=^O^P, EF. 

Now, AM^ME = R, 

therefore (50) OA.OE = ME' - OM' = E'- D\ 

and O^A . O^E = O^M' - ME' = D^' - i^^ 

Therefore I^ ^JD' = ON. EF=2Pr or D'=E'^2Er, 

and D^'-E'=0^P.EF=^2Rr^ or B^' = B' -^ 2Er^. 

Similarly, i)/ = ^V 27?re and 2)3* = ^' + 2Er^. 

Therefore 
i>^ + i>,*+/>,« + i>3* = 472« + 27e(r,+r, + r3-r) = 12i?'by(96). 

Q. £. D. 

N.B. Since the triangles OAN and J^jW, and 0,^P and EFC 
are equiangular, therefore (YI. ^) AOiONiiFE: {EC or) ^0 and 

AO,:O^P::FE:{ECov)EO^, 

Therefore ( YI. 1 6) AO.EO^ ON . FE, 

and ^0, . EO^ = 0,P . JF^i^, as before, 
and so in all similar cases. 

M. a. 5 
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88. To inscribe in a given triangle a parallelogram of 
given area not exceeding half the given triangle. (See- VI. 
27, 28.) 

Let ABC be the given triaagle, D, E, F tlie middle points of 
its aides, and suppose BGBL the required 
paratlelogram. 

Join FE, ED. Draw Cif parallel to 
AB meeting FE pi-odueed in M. Pro- 
duce LH to raeet FM in X and GU to 
meet CM in N. 

The parallelogram BFED is clearly 
half the given triangle. Also the paml- 
lelograma BE and DM are equal, since 
they are on equal bases BD, DC and be- u i- ^ 

tween the same parallels, but Dil and HM are also equal (I, 43). 

-Therefore Dlf and LM are equal, but j9.V and DG are eqnal, 
therefore DG and LM are equal, and therefore LG is equal to the 
gnomon DNXy which is less than DM or DF by XY, thei-efore 
LG is less than half the given triangle by the parallelogram XY, 
therefore the area of the parallelogi-am XY, and therefore of the 
tiiangle XEH or EYH is known. Now the triangle EYB is 
obviously similar to ABC. Hence the following construction. 
Construct by (VI. 25) a triangle similar to ABC, and having 
twice its area equal to the excess of half the given triangle over 
the given area. From E the middle point of AG take EH 
equal to the side of this triangle corresponding to AC. Draw 
HL parallel to AB and EG to BG. Then LG is the required 
parallelogram. 

If we had taken EH in the opposite direction, the resulting 
parallelogram would have also been of the required area, so that 
two parallelograms of the required area can be inscribed. 

Cor, Hence the taaximum, paralleli^ram which can be 
inscribed in a given triangle has its area equal to half the triangle, 
and two of its vertices always at the middle points of two aides. 
Thus the vertices E and F must always be at the middle points of 
AC and AB, but we may take the side of the parallelogram, equal 
to FE, anywhere on BC, or the vertices 7) and £ may remain fixed, 
whilst the side oppoait* DE and equal to DE may be taken any- 
where on AB. 

99. To a given triangle to escribe a parallelogram of 
given area. 
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Let ABC be the given triangle, i>, E, F the middle points of 
its sides. Suppose BGHL the required escribed parallelogram, 
and complete the other parallelograms as in the figure. 

GX and CY are equal (I. 43), and DG and (7 Fare on equal 
bases BD, DG and between the same parallels, therefore DG and 
(7 Fare equal, and therefore DG and CX are equal. Add to these 
equals the parallelogram LY, then the parallelogram LG is equal 
to the gnomon YLM, but DM and DF are each equal to half 




the given triangle ; therefore the area of the parallelogram 
JTF is known, for it exceeds the given area by half the given tri- 
angle. 

Therefore construct (VI. 25) a triangle similar to ABG^ and 
such that double its area shall be equal to the given area, together 
with half the given triangle. From E, the middle point o£ AG, 
take FH equal to the side of this triangle, corresponding to AG, 
and draw HL and HG parallel to ^jB and BG respectively. Then 
BGHL is the required parallelogram. (See YI. 29.) 

100. Oiven the vertical angle and the sum or difference of 
the tv}o sides of a triangle, the circumscribed circle {besides 
pacing through the vertex) always passes through a fixed point 
on the bisector of the internal or external vertical angle. 

Fig. to (77). Let ABG be any triangle with the given vertical 
angle BAG, and the given sum or difference of sides, and let the 
bisectors of the internal and external vertical angles meet the 
circumscribed circle in D and F, the construction being precisely 
the same as in (77). If the sum of sides be given, then since AG 
half the given sum and the angles of the triangle AGD are given, 

5—2 
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therefore i> is a fixed point. If the difference of the sides be 
given, then AK half their difference is known, and therefore the 
perpendicular KE meets the fixed bisector AE in the fixed point 
E, Q. E. D, 

Cor. Hence, given the vertical angle and the sum or differ- 
ence of the sides, the locus of the centre of the circumscribing 
circle is a fixed straight line. 

For AD or AE are fixed chords of all the circumscribing circles, 
and therefore the centres lie in the perpendicular to AD or AE, 
through its middle point (III. 1 Cor.). 

101. If the lower angles of a square described externally 
upon the hose of a triangle he joined with the vertex of the 
triangle, the joining lines will intercept on the base the side of 
the inscribed square which stands upon the base. 

Let ABC be the given triangle, and let the joining lines inter- 
cept FG, FG is the side of the inscribed 
square upon BC, 

Draw FH and GK perpendicular to 
BG, and join HK, 

Because FH is parallel to BE, there- 
fore the triangles AHFand ABE are simi- 
lar. Therefore 

EB : EA :: Fff : FA, 
or alternately, EB : Fff :: EA : FA, 

Similarly, from the similar triangles 
AFG, AED, 

ED : FG :: EA : FA, 

But ratios which are the same with 
the same ratio are the same with one 
another, therefore 

EB : Fff :: ED : FG, and EB and ED are equal, 
therefore Fff and FG are equal. 

In the same manner it can be proved that FG and GK are 
equal. Therefore ffG is a square, q. e. d. 

N. B. In the same way, AF and AG intercept on ffK the side 
of the square inscribed in the triangle A ffK, and so on. 
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102. Straight lines are drawn from a given point to a 
given indefinite straight line and cut in a given ratio ; find the 
locus of the points of section. 

Let A be the given point, and BC the given indefinite straight 
line. 

Draw AB perpendicular to BC (or 
any line AB from A to BC), and cut 
AB in 2> in the given ratio, that is, so 
that AB : JDB is the given ratio (VI. 
10). Through B draw BE parallel to 
BC. 

DE indefinitely produced both ways 
is the required locus. 

For, draw any line AC from A to 
BC, meeting DE in E. 

Because DE is parallel to the base BC of the triangle ABCy 
therefore (VI. 2) AE : EC :: AD : DB. Hence j^ is a point on 
the locus. 

103. Straight lines are drawn from a given point to a 
given straight line, and cut so that the rectangle wnder the 
whole line and the distance of its point of section from the given 
point is constant (that is, equal to a given square) ; find the 
locus of the point of section. 

Let A be the given point, and BC the given straight line. 

Draw AB perpendicular to BC, 
and draw AC any line from A to 
BC, cut AC in j^, so that the rect- 
angle AC . AE is equal to the given 
quantity. Then ^ is a point on 
die locus. Through E draw ED 
perpendicular to AC, meeting AB 
in D. Because the angles at B and 
E are right, the quadrilateral CBDE 
is circumscribable by a circle, there- 
fore ^ 

CA .AE = BA.AD, 

but CA . AE and BA are known, 

therefore also AD is a known line. Therefore the required locus 

is the circle on AD as diameter. 
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104. One vertex of a triangle given in species turns round 
a fixed pointy and another vertex moves along a fixed straight 
line; find the locus of the remaining vertex. 

Let be the fixed point, BF the ^iven straight line, and OBC 
any triangle of the given species. The 
locus of C is required. 

From any point I) in BF, draw DE 
making the angle FBF equal to the 
angle BCD, Through draw OA pa- 
rallel to DE, and join AC, 

Because the exterior angle OAD of 
the quadrilateral ABCO is equal to the 
remote angle BCO, therefore (52) the 
quadrilateral is circumscribable by a 
circle, and therefore the angles OAG 
and OBC are equal (III. 21), but OBC 
is a given angle, therefore OAC is 
known, and since OA and the point A 
are fixed, therefore the locus of C is the fixed straight line AC, 

105. Straight lines are drawn from a given point to the 
circumference of a given circle and cut in a given ratio; find 
the locus of the points of section. 

Fig. 1. Let A be the given point, and the centre of the given 
circle. 

Fig. I. 





Draw any line AB to the circle and cut it in Z), so that AD : DB 
is in the given ratio. The locus of i) is required. 

Join AO, and make AC : CO also in the given ratio. Join 
OB, CD. 
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Because AD : DB :: AC : CO, therefore (VI. 2) CD is 
parallel to OJB, and therefore the triangles ABC, ABO are 
similar, therefore AO : AC :: OB : CD, but ^6>, AC and Oi? 
are given lines, therefore CD the fourth propoi-tional to them is 
known (VI. 12). 

In like manner, if -4^ be cut in iX in the given ratio, it is 
proved that CD' is the fourth proportional io AO, AC and OB'. 
Therefore CD and CD' are both equal and known, and therefore 
the required locus is a circle with its centre at the fixed point C, 
and its radius of a known length. 




N. B. To divide a line internally or externally in a given ratio 
is only a particular case of (VL 10). Thus, let AB be the given 
line. First, for internal section, fig. 2, draw AD, and take AC, 
CD equal to the terms of the given ratio. Join DB, and draw CM 
parallel to DB, Then AB \& divided in i? as required (VI. 2), 
since CE is parallel to the base BD of the triangle ABD, Next, 
for external section. Draw any line AH, and take AH equal to 
the greater term of the given ratio, HG equal to the less. Join 
GB, and draw HF parallel to GB, meeting AB produced in F, 
Then AF : FB :: AH : EG (VI. 2), since HF is parallel to BG 
the base of the triangle GAB, 

106. A straight line is drawn from a given point to the 
circumference of a given circle and divided, so that the rect- 
angle under the whole line and its segment between the point of 
section and the given point is constant; find the locm of the 
point of section. 

Fig. 1 to (105). Suppose AB drawn from the given point to 
be divided in D, so that BA , AD is constant. The locus of D is 
required. Because -4 is a given point, the i entangle B'A . AB is 
constant (III. 36), therefore the ratio of B'A , AB : BA . AD is 
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given, that is (VI. 1), BA : AD, Therefore the problem is 
reduced to the last, and the locus is therefore a fixed circle, 
with its centre on the straight line passing through A and 0. 

107. A triangle is given in species, one vertex turns round 
a fixed pointy whilst another vertex moves along the eirouni- 
ference of a given circle ; find the locus of the third vertex. 

Let A be the fixed point, the centre of the given circle, and 
let ABC be any triangle of the given species. It is required to 




find the locus of (7. Join AO, and make the angles DAO^ DO A 
respectively equal to the angles CAB^ CBA, so that AOD is a fixed 
triangle. Because the angles DAO and CAB are equal (constr.), 
therefore the angles BAO and GAD are equal. 

Because the triangles DAO and CAB are equiangular, there- 
fore (VI. 4), 

AO : AD :: AB : AC, 

or alternately, AO : AB :: AD : AC, 

Therefore the triangles BAO, CAD have the angles BAO, CAD 
equal, and the sides about these angles proportional, therefore they 
are similar (VI. 6). 

Therefore (VI. 4) AO i OB :: AD : DC, 

that is, DC is a fourth proportional to three given lines, therefore 
(VI. 12) DC is a known line. Hence, the required locus is a 
circle with centre D and radius equal to a known line. 
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108. One vertex of a rectangle turns round a fo;ed point 
and the two adjacent vertices move along a given circle; find 
the locus of the remaining vertex. 

Let A be the fixed point, the centre o£ the given circle, and 
ABCD any rectangle satisfying the conditiouB of the problem. 




Since (11, 12) the diagoaals of a rectangle bisect one another 
and are equal, AE, EC, BE, ED are equal, and because OE is 
dravn from the centre to the middle point of DB, OE is perpen- 
dicular to DB. 

The sum of the squares on OA and OG is equaJ to twice the 
squares on OE and EA or ED (41), that is, to twice the square on 
OD (I. 47). 

Therefore the square on OC is equal to the excess of twice the 
square on the radius OD over the square on the given line OA ; 
therefore OG is known, and therefore the required locus is a circle 
concentric with the given circle. 

109. Through a given point within a given angle dra/to a 
^raight line cutting the legs of the angle, so that it shall 
be divided at the point in a given ratio. 

Let P be the given point within the given angle BAC, 
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Draw PD parallel to any side ^ j9, meeting 
the other side of the given angle in D, Make 
AD : DC in the given ratio. Join CP, and 
produce CP to meet AB in B, Then BC is 
the required line. 

Because PD is pai*allel to ^-5 a side of 
the triangle ABC, therefore (VI. 2) 

BP : PC :: AD : DC, 

that is, in the given ratio. Otherwise thus. 

Draw PU perpendicular to AC, and produce 

EP so that EP : PF shall be in the given ' 

ratio. Draw FB parallel to AC, join BP, 

and produce it to meet AC in. C, Then BC is the required line. 

For the triangles FPC, BPF are clearly equiangular, therefore 

(VI. 4) 

CP : PB :: EP : PF. 

Def. The angle between two circles which intersect is 
measured by the angle contained by the two tangents to the 
circles at a point of intersection, or, which is the same thing, 
by the angle between two radii drawn to a point of intersec- 
tion, since a radius is perpendicular to the tangent at its 
extremity. 

Two circles are said to cut orthogonally (or at right 
angles) when a pair of radii drawn to a point of intersection 
contains a right angle. 

110. If from any point a tangent he drawn to a given 
circle and another circle he descrihed with the point as centre 
and the tangent as radiiis, the two circles will cut one another 
orthogonally. 
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From P any point outside the circle with centre 0, draw the 
tangent PA^ and from the centre P at the distance PA describe 
the circle PAC, intersecting the other circle in A and C, Join 
PO, OA. Because PA is a tangent to the circle ABC, therefore 
(III. 18) the angle PAO is right. q.e.d. 

111. If a quadrilateral be inscribed in a circle and the 
figure completed, tJie square on the third diagonal is equal to 
the sum of the squares on the two tangents from its extremities, 
the tangents from the middle point of the third diagonal are 
each equal to half the diagonal, arid the circle on the third 
diagonal as diameter cuts the given circle orthogonally. 

Let ABCD be the inscribed quadrilateral, K the middle point 
of EF its third diagonal, and the centre of the circle. 




Draw the tangents EG, FH and KL, and join the points of 
contact with 0. From C draw CN making the angle C^F equal 
to ABC (see 104). Therefore CBFN is circumscribable by a 
circle (III. 22). Because the angles ABC and EDC are ecyjial 
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(III. 22), therefore the angles EDO and CNF are equal, and 
therefore DONE is circumscribable by a circle. 

Because DONE is circumscribable by a circle, therefore (III. 
36) EF , FN equals DF . FC, which equals the square on the tan- 
gent Fff (III. 36). 

Similarly, EF, EN equals BE , EC, which equals the square 
on EG. 

Therefore the sum of the rectangles EF. FN and EF . EN, 
that is, (II. 2), the square on EF equals the sum of the squares on 
Fff and EG. 

Because EGO and FffO are right angles, therefore (I. 47) the 
squares on EG, GO, Off, ffF are together equal to the squares on 
EO, OF, but the squares on EG, ffF have been proved equal to 
•the square on EF, or to four times the square on its half EK. 

Because K is the middle point oiEF, therefore (41) the squares 
on EO, OF are together equal to twice the squares on EK and KO, 
but the square on KO is equal to the squares on KL and LO, since 
the angle KLO is right. 

Therefore four times the square on EK, and the squares on 
GO, OH are together equal to twice the squares on EK, KL 
and LO, 

Therefore taking away equals from these equals, the re- 
mainders are equal, viz. twice the square on EK is equal to 
twice the square on KL. 

Therefore EK and KL are equal, and therefore (110) the 
circle on EF as diameter cuts the original circle orthogonally. 

Q. £. D. 

112. The perpendiculars from the middle point of the 
base of a triangle on the bisectors of the internal and external 
vertical angles, cut off from the two sides portions equal to 
half the swm or half the difference of the sides. 

Let BAC be the given triangle, A U the bisector of the internal 
vertical angle, GF the bisector of the external vertical angle, BO 
and CK perpendiculars on Gff, meeting the sides produced in 
and K, BU and CI perpendiculars on the internal bisector A U, 
and let DP be drawn from D the middle point of the base per- 
pendicular to AU, and meeting the sides in R and F. Let DM 
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perpendicular to GF meet the sides in Q and N, Join i>/, GB^ 
DL\ DX and XH. 




GDU and DXH are straight lines (24, Cor.) parallel to CA and 
AB respectively. 

Also PR and AH are parallel since the angles APR and P^jET 
are right angles, therefore DRAH is a parallelogram. In like 
manner it can be proved that DQKH is a jiarallelbgram ; therefore 
AR = I>E^ QK. But BE and BG are each half the sum of the 
sides (24, Cor.), and BX and BU half their difference. 

Therefore AR is half the sum of the sides. 

Because AS^AO and BR is parallel to CS^^ and B is the 
middle point of BCy therefore BR=^RS = \i^ the difference of 
the sides. 

Again, BQAX and BNA U are obviously parallelograms, there- 
fore AN = BU, 2.n^ AQ = BX, In the triangles BBU and CB V 
the sides BB, BC and the adjacent angles are respectively equal, 
therefore (I. 26) i>i!7 and (7 F are equal. Therefore AR, A F, BQ 
and ON are each half the sum of the sides, and AQ^ AN, BR and 
G V are each half the difference of the sides. 

113. The rectangle under the perpendicviars from the 
extremities of the base of a triangle on the bisector of the 
external vertical angle, is less than the square on half the sum 
of tlie two sides, hy the square on half the base; and the rect- 
angle under the perpendiculars on the bisector of the internal 
vertical angle is less than the square on half the base, by the 
square on half the difference of the sides. 
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The same construction being made as in (112), the triangles 
BDI and IDC are clearly isosceles, therefore (50) 




V 

BG.CH=BG. GI=BG^ - I)B\ 
and BV , CX= IX . OX = BC - BX\ q. e. d. 

114. The rectangle under the perpendiculars from the 
ends of the base, of a triangle on the bisector of the external, 
vertical angle , is equatto the rectangle under the perpendicular 
from the middle point of the base on the same bisector y and the 
bisector of the internal vertical angle ; and the rectangle under 
the perpendiculars on the internal bisector of the vertical angle 
is equal to the rectangle under the perpendicular from the 
middle point of the base on the same bisector, and the bisector 
of the external vertical angle. 

In the fig. to (113), because BA and BR, AE and ffC are 
paraUel, therefore BF : FB :: AF : FH :: EF : FC. 

Again, because BG, BM, EA and OH are parallel, the tri- 
angles BGF, BMF, EAF and CHF are equiangular, therefore 
(VI. 4), 

BF : BG :: BF : BM; or, alternately, BF : FB :: BG : BM, 

and EF : FC :: EA : CR. 
Therefore BG : BM :: EA : CR. 

Therefore BG . CR= BM . EA, or FA . AE, which proves the 
first theorem. 

Again, because the triangles BUE and DFE are equiangular, 
therefore 

BU : BP :: BE x EB, but BE : EB :: AE : EX, 
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because AB and DX are parallel, and AE \ EX :: AF : CX, 
becaiise the triangles AEF and XEG are equiangular. Therefore 
HU : DP :: AF : GX, 

therefore £U.CX==AF. DP, ov AF , AM, 
which proves the other theorem. 

Cor. Hence by (113) PA . AE equals the difference between 
the squares on half the sum of the sides and half the base, and 
AF , AM equals the difference between the squares on half the 
base and half the difference of the sides. 

115. If a perpendicular be drawn from the point where 
the bisector of tiie internal vertical angle of a triangle meets the 
base to either side, the rectangle under the intercept between 
the perpendicular and the vertex^ and half the sum of the sides, 
is less than the sqitare on half the sum of the sides by the 
square on half the base; and if a perpendicular be drawn 
from the point where the bisector of the external vertical angle 
meets the borse to either side, the rectangle wader the intercept 
between the perpendicular and the vertex, and half the 
difference of the sides is less than the square an half the base 
by the square on half the diff^erence of the sides. 

Let ABC be the given triangle, AE and AF the bisectors of 
the internal and external vertical angles. Draw DM perpen- 




dicular to AF, DP to AE, EL to AB, sudi FT to AG. Then 
(112) AR is half the sum of the sides and AN \^ half their dif- 
ference. 
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Because the opposite angles ELR and EPR of the quadrilateral 
RLEP are right angles, therefore it is circumscribable by a circle, 
and therefore RA . AL = PA . AE (III. 36), but PA .AE\b equal 
to the difference between the square on half the sum of the sides 
and the square on half the base (Cor. 114). Again, because the 
angles FMN and FTN are right, the four points F, T, M, ^\ lie 
on the same circumference, therefore AT , AN = FA . AM (III. 
35), but FA . AM is equal to the difference between the square on 
half the base and the square on half the difference of the sides 
(Cor. 114). Q. E. D. 

116. If perpendiculars he drawn from any point on the 
circumference of a circle to two tangents and their chord of 
contact, the square on the perpendicular to the chord is equal 
to the rectangle wnder the other two perpendiculars. 

Let ABf AC hQ two tangents to the given circle, and BC the 
straight line joining their points of contact. 

Let ODj OE, OF be perpendiculars ^ 

from any point on the circumference 
to the two tangents and their chord of 
contact. « / ^"H 

Join ED, DF, BO and OC. 

Because the angles at D, E and F 
are right, the quadrilaterals DOEG and 
DOFB are each circumscribable by a 
circle. 

Therefore (III. 21) the angles ODE 
and OCE, OBD and OFD are equal, but 
the angle OCE is equal to the angle OBD 
in the alternate segment (III. 32) ; there- 
fore the angles ODE and OFD are equal, and in the same manner 
it can be proved that the angles OED and ODF are equal; there- 
fore the triangles ODE and ODF are equiangular, and therefore 
(VL 4) 

FO : OD :: OD : OE. 

Therefore (VI. 17) OD' = FO . OE. q, e. d. 

117. If perpendiculars be drawn from any point on the 
circumference of a circle to the sides of an inscribed quadri- 
lateraly the rectangle under the perpendiculars on two opposite 
sides is equal to the rectangle under the other two perpen- 
diculars. 
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Let ABCD be any quadrilateral inscribed in a circle, OE, OG, 
OF, OH perpendiculars on its Hides ^^ 

from any point on the circum-- " 

ference of the circle. Then sball 
OE.OF^OG.OH. 

Draw the other straight lines as 
in the Fig. 

Because the angles at E and G are 
right, tbe quadrilateral OEBG is cir- 
cumscribable by a circle, therefore the 
angles OGE and OBE are equal, but 
OBCD is a quadrilateral in the given 
circle, therefore (IIL 32) the angles OBE and ODE are equal. 

Also the quadrilateral OMDF is circumscribable by a circle, 
thStefore the angles ODU and OFU are equal. 

Therefore the angles OGE and OFB xk equal. 

Again, the angles OEG and OBG are equal, but OBG and ODF 
are equal, since they stand on the same arc JO, and the angles 0/)/" 
and OHF are equal. Therefore the angles OEG and OHF am 
equal, and therefore the triamglea OEG and OHF are equiangular; 
therefore {VI. i) OG : OE :: OE : OH. 

Therefore (VI. 16) OE .OF=OG. 03. q. k d. 




118. If perpendiculars he drawn from any pmrtt on the 
ciraim/erence of a circle to the sides of an inscribed triangle, 
their feet are in the same straight line. 

Let the perpendiculars OD, OE, OF be drawn from any point 
on the circumference to the sides of „ 

the inscribed triangle ^5C; then shall 
the points P, E, F lie in ' 
straight line. 

Join OB, OA, DF, FE. 

Because the angles at D, E and F 
are right, the quadrUaterals DOEC, 
OEAFmxA OFDB are circumscribable 
by circles; therefore the angles BOD 
md BFD^ AOE and AFE are equal, 
and the angles DOE and DCE are 
U-G. 
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together equal to two right angles, but BOA and BCJS are also 
together equal to two right angles, since BO AC is a quadrilateral 
inscribed in the given circle ; therefore the angles DOH and BOA 
are equal; therefore the angles AOH and BOB are equal. There- 
fore also the angles AFB and BFD are equal, but BFA is a 
straight line, therefore DF and FF must form one continued 
straight line. Q. e. d. 

Cob. If the straight lines drawn from make equal angles 
with the sides, in the same orders it can be proved in the same 
manner that the three points £>, F, F are still in the same straight 
line. 

119. The circles circumscribing the four triangles formed 
by four intersecting straight lines all pass through tlie same 
pointy and this point and the fou/r centres lie in the sam^ cir- 
cumference, ^ 

Let the four straight lines AF, FD, AF, FB form the four 




Fig. I. 

triangles AED, DFCy CEB and BAF, Let the circles circum- 
scribing the triangles BEG and CFD intersect in 0, 

Join EO, BO, CO, DO, FO. 

Because (Fig. 1) BEOC is a quadrilateral in a circle, the angk. 
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COE is equal to ABF (III. 22) and the angles DQG and CFD in 
the same segment are also equal; therefore the angle i)0^ is equal 
to the sum of the angles ABF and AFB, 

To these equals add the angle BAF, therefore the angles DOE 
and EAD are together equal to the angles of the triangle ABF^ 
that is, to two right angles ; therefore (52) the circle circum- 
scribing the triangle AED passes through the point 0. In the 
same manner it can be proved that the circle circumscribing the 
triangle ABF also passes through the point 0. Therefore the four 
circles pass through the same point 0, 




Fig. 2. 

Again (Fig. 2), let 0^, 0„ O3, 0^ be the centres of the circles 
circumscribing the triangles GDF^ FBA^ ALE and EBG re- 
spectively. 

Join EO^, OA 00,, 0,D, Ofi^ meeting OB in G and 0,0, 
meeting OE in //. 

The angle EO^O is double the angle EGO at the circumference 
(III. 20), and HOfi is clearly half the angle EO^O ; therei<«^ \5eifc 
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angles HOfi and ECO are equal, but UCO is the external angle 
of the inscribed quadrilateral CDFO\ therefore the angles ECO 
and DFO are equal. And DFO at the circumference is equal to 
half the angle JDOfi at the centre, that is, to the angle GO^O. 
Therefore the angles HOfl and Ofifi are equal, and therefore the 
angles Ofifi and 00 fi^ are together equal to two right angles. 
Therefore (52) the circle circumscribing the triangle OfiO^ passes 
through the point 0^, 

In the same manner it can be proved that the circle circum- 
scribing the triangle OfiO^ also passes through the point 0,. 
Therefore the point in which the four circles intersect, and their 
four centres 0^,0^, 0^, 0^, all lie on the same circumference. q.e.d. 

Cor. Hence (118) the feet of the four perpendiculars from 
on the four intersecting straight lines He in the same straight 
line. 

120. Given base, difference of sides, and difference of base 
angles; construct the triangle. 

Let BC be the given base ; draw CE making the angle BCE 
equal to half the given difference of base 
angles, and from the centre ^ at a dis- 
tance equal to the given difference of 
sides, describe a circle cutting CE in I) 
and E, Join BJD and produce it to ^. 

Draw CA making the angle BCA 
equal to CD A and meeting BD produced 
in A. Then ABC is the required tri- 
angle. For AB and AC are equal (I. 6). Therefore the angle 
J)CB is half the difference of the base angles ACB and A BC, and 
BD is the difference of the sides. Therefore the triangle ABC 
has the given base, given difference of sides, and given difference 
of base angles. Q. E. P. 

Def. I shall sometimes call drawing a line, which shall 
be equal to a given straight line, from a given point to a 
given line, inflecting a line of the given length between the 
given point and given line. 

121. Given base, sum of sides, ami difference of base 
angles ; construct the triangle. 
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Let BG be tlie given base. Draw CE, making the angle BCE 
equal to half the given difference of 
base angles, and draw CF perpendi- 
cular to GE. From B inflect to GF 
the straight line BF equal to the 
given sum of sides, and let BF and 
GE meet in D. Bisect DF in -4, and 
join AG, ABG is the required tri- 
angle iov DA = AG=^ AF, 



122. Oiven base, difference of base angles, and area; con- 
struct the triangle. 

Since the base and area are given, the locus of the vertex is a 
straight line parallel to the base 
(20). Let GJI be this locus. Draw 
GD perpendicular to Gff, and pro- 
duce it until BE = GD, Join BE, 
and on BE describe a segment of 
a circle capable of containing an 
angle the supplement of the given 
difference of base angles. Let this 
segment meet GH in A, and join 
AB, AG, ABG is the required tri- 
angle. For join EA and produce BA to F, The angles GAD and 
EAD are equal (L 4), and DAG and AGB, FAD or GAB and ABG 
are equal, since BG and GH are parallel. Therefore the angle 
EAF is the difference of the base angles ABG and AGB, But 
EAF is equal to the given difference of base angles, since EAB is 
the supplement of the given difference of base angles. 

123. Oiven base, difference of base angles, and locus of 
vertex a given straight line intersecting the ba^se ; construct the 
triangle. 

Let HD the given locus of vertex intersect the base BG (pro- 
duced, if necessary) in D, and 
suppose BAG the required tri- 
angle. 

Draw GE perpendicular 
to HD, and produce it until 
EF= GE, 

Join AF, BF, and produce 
BA to any point G, ff 
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The angles CAE and FAE are equal (I. 4), and the angle ACB 
js equal to the sum of the angles ADC and CAD (I. 32), and 
HAB is equal to the sum of the angles ABC and ADC, There- 
fore, since ADC is a known angle, and the difference of the angles 
ACB and ABC is given, the difference of the angles HAB and 
CADy or of GAD and FAE, must also be given. Therefore the 
angle GAF is known. Hence the following construction. On BF 
describe a segment of a circle, cutting HD in A, and capable of 
cpntaining an angle equal to the supplement of the difference be- 
tween the given difference of base angles and twice the angle ADC, 

Join AB, AC. Then BAC is the required triangle. 

124. Draw a common tangent to two given circles. 

Let and 0' be the centres of the given circles. On 00' 
describe the semicircle 0C0\ Place in the semicircle OC (Fig. 1) 
equal to the difference of the radii of the two given circles (IV. 1), 
and OC (Fig. 2) equal to the sum of two radii of the circles. Let 




Fig. I. 

OC (produced, if necessary) meet the circle in A, Draw O'B 
parallel to OAy and join AB, O'C. Then AB is a tangent to both 
circles. For AC and O'B are clearly equal and they are parallel 




Fig. 2. 
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(constr.), and the angle OCO' in a semicircle is a right angle 
(III. 31), therefore (I. 33, 34) AhO'G is a rectangle. 

Therefore AB is a tangent to both circles (III. 16). 

Cor. Let AB and 00' (both produced, if necessary) meet in Z>. 

Because the triangles OAB and O'BD are equiangular, there- 
fore on : DO' :: OA : O'B. 

Therefore in Fig. 1, 00' \s cut externally in the ratio of the 
radii of the two circles, and in Fig. 2, 00' v& cut internally in Z), 
in the same ratio. 

It is evident that two tangents can be drawn intersecting ii^ D 
in Fig. 1, and also two intersecting in i> in Fig. 2. Hence, four 
common tangents can always be drawn to two circles, which do 
not intersect, and which are external to one another. 

Def. The tangents in Fig. 1 are called direct common 
tangents, and in Fig. 2 transverse common tangents. 

125. Produce a given finite straight line both ways, so 
that the rectangles under the parts into which the whole pro- 
duced line is divided at the extremities of the finite line shall 
he equal to given squares. 

Let AB be the given finite straight line. Draw AD and BE 
perpendicular to AB, and 
equal to the sides of the 
given squares. Join DE and 
bisect it in F, Draw FG per- 
pendicular to DE and meeting 
ABvnC. Join CD, CE, and 
from the centre C at the dis- 
tance CD or CE describe the 
semicircle ODER, meeting 
AB produced in G and IT, Then AB is produced as required. 

Because DA and BE are perpendicular to GR the base of the 
semicircle, therefore GA . AH=AD', and GB . BH = BE*, q, e. f. 

126. Describe a circle, which shall bisect three given cir- 
cumferences. 

Let A, B, and C be the centres of the three given circles. 
Join AB, AC and (125) produce AB, AC both ways, so that 
MB . BL equals the square on the radius of circle (B), MA . AL 
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equals the square on the radius of circle (-4), NA . AP equals the 
square on the radius of circle {A ), and NC . CP equals the square 




on the radius of circle (C), Through M, L and P describe the 
circle whose centre is 0, The circle (0) bisects the three given 
circumferences. 

Because the rectdngles MA . AL, NA , AP are each equal to 
the square on the radius of the circle (A), therefore the circle 
throiigh the points M, Z, F will also pass through the point N. 

Again, join FB, FB produced will pass through G^ for, if 
possible, let FB produced meet the two circles {B) and {0) in. the 
points It and Q respectively. 

Because FBQ, MBL are two chords of the circle (0) inter- 
secting in B, therefore MB.BL = FB. BQ (III. 35), but MB . BL 
= FB,BG (constr.); therefore FB.BG = FB.BQ, and therefore 
BG or BE = BQ, which is impossible. Therefore FB produced 
must pass through G, Therefore the circle (0) bisects the circum- 
ference of the circle (B), In the same manner it can be proved, 
that the circle (0) bisects the circumferences of the other two 
circles (A) and (C), Q. E. p. 

127. Describe a circle, which shall touch a given straight 
line^ and pass through two given points on the same side 
of it 
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Let A^ Bhe the two given pointSi and CD the given straight 
line. 

First (Fig. 1), suppose the 
straight lines AB and CD pa- 
rallel. Bisect AB in JS, and 
draw JSF perpendicular to -4J5 
or CDy meeting CD in F. The 
circle described through the 
points -4, ^, i^ is the required 
one. For JSF passes through 
the centre of this circle (III. 1, 




Fig. I. 



Cor.), and therefore CD is perpendicular to a diameter through its 
extremity F, Therefore (III. 16, Cor.) CD touches the circle. 

Next (Fig. 2), let AB produced meet CD in G. Take GF 
such that GF' = BG , GA, which is a given rectangle. The circle 




Fig. 2. 

passing through the points A, B, F ia clearly the required circle 
(HI. 37). 

N.B. If GF be taken in the direction GC equal to G^J^ it is 
evident that the circle through J, B and F, will also touch CD at 
the point F, 

Hence, in general, two circles can be described through two 
given points on the same side of a straight line so as to touch the 
straight line. 

128. Describe a circle, passing through a given point, and 
touching two given straight lines. 

First (Fig. 1), let the given straight lines ZJ/", PQ be parallel, 
and let -4 be the given point. Through A draw FF perpendicular 
to LM or FQ, take BF equal to AF and FC = AF.FB (II. 14). 
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Describe the circle with centre through the points A^ B, C, 
This is the required circle. 




Join CO and produce CO to meet FQ in B. Bisect AB ia ff 
and join HO, It is clear that FO and OF are rectangles, and 
since Fff and NF are equal, therefore CO and OD are equal, 
therefore CD is a diameter, and therefore FQ touches the circle 
atZ>. 

Next (Fig. 2), let the given straight lines meet in Z. Draw 
LH bisecting the angle MLQ, and through A draw FHF perpen- 
dicular to LH. 

■ Make FB = FA, and take i^Csuch that FC = AF.FB (II. U). 




Fig. 2. 
Describe a circle through Ay B^C. This is the required circle. 
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Through G draw GGD perpendicular to LH and meeting LM 
in D, 

Because AF . FB=GF*, therefore (IIL 37) LQ touches the 
circle at the point G. It is plain (L 26) that GG and GD, GF 
and DE are equal; therefore EL^ = BE .EA^ and therefore LM 
touches the circle at D, q. e. f. 

N.B. It is obvious, that, by taking a line G'F equal to GF in 
the opposite direction, the circle through the points A^ B, (f also 
touches both the given lines. Hence, two circles can be described 
answering the conditions of the problem. The first case when the 
lines are parallel may also be solved thus. From the centre A at 
a distance equal to HE or HF describe a circle, cutting HO in the 
points and (7. These points are the centres of the required 
circles. 

129. Describe a circle, touching two given straight lines 
and a given circle. 

Let A be the centre of the given circle, BE and GF the two 
given straight lines. First, let the given lines be parallel Through 
A draw BG perpendicular to BE or GF, and bisect BG in Z>. 
Through D draw 00^ parallel to BE, and from the centre ii at a 
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Fig. I. 

distance equal to the sum of BD, and the radius of the given circle 
(A), describe a circle cutting 00^ in O and (7. 

Join AO, meeting the given circle in G, and through draw 
EF perpendicular to BE. From the centre at the distance OG 
describe a circle. This circle will touch the given circle (J) at G 
and the two given lines at E and F. 
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For AO equals AG and OB together (constr.); therefore 0G = 
OJS=OF. 

Therefore the circle (0) touches the two given lines at B and 
F and it also touches the circle (4) at G, since the two circles 
have evidently the same tangent at G, In like manner it can be 
proved, that the circle described from the centre 0' at the distance 
(/IT also touches the two given lines and the given circle. It 
may be shewn, in like manner, that when the circle lies entirely 
between the two given lines, the circle described from the centre 
J at a distance equal to the difference between BD and the radius 
of the given circle cuts DO in the centres of two circles, which 
touch the two given lines and the given circle. 




Fig. 2. 

Next, let the two given lines meet in D, Draw LH and LK 
parallel to the two given lines BD and DC^ respectively, and at a 
distance equal to the radius of the given circle {A), Describe 
(128) a circle with centre passing through the point A, and 
touching LH and LK in H and K, Join OH, OK and 0-4, meet- 
ing the given lines in B, F and the given circle in G. The circle 
described from the centre at the distance OG will touch the two 
given lines at B and F and the given circle at G, For HB=FK=AG 
(constr.). Therefore OG^OB= OF. 



130.] AND IN MODERN GEOMETRY. - 93 

N.B. When the two given lines are parallel and the given 
circle is wholly between them, four circles can be described as 
required. When the given circle touches the two given lines 
only two circles can be described. When it touches only one 
of the lines and lies between them, three circles can be de- 
scribed. 

When it touches one line and lies without both, only one circle 
can be described as required. When it meets one or both of the 
given lines, two circles can be described. In Fig. 2, since (128) 
two circles can be described passing through the point A and 
touching the straight lines LH and LK^ another corresponding 
circle can also be described passing through A and touching the 
given lines. If the parallels to the given lines BE and CF had 
been drawn on the other side of them at the same distance, two 
other circles could have been described touching these latter 
parallels and passing through A, and consequently two other 
corresponding concentric circles, also passing through A and 
touching the given lines. Thus, in all cases it will be found 
that four circles can be described through a given point and 
touching two intersecting straight lines, produced indefinitely 
both ways. It will be well for the learner to examine care- 
fully all these various cases and to make separate figures for 
each case. 

130. If circles he described passing through two given 
points and cutting a given circle, the chords of intersection all 
pass through a Juced point on the straight line passing through 
the two given points or are parallel to this line. 

Let A, B be the two given points, and CDFE the given circle. 
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Describe any circle passing tlirough A , B, and intersecting the 
given circle in the points (7, 2>. Join AB and (7Z>, and produce 
AB, CD to meet in P. 

Describe any other circle ABFE, intersecting the given circle 
in E and F, Join PF, PF produced will pass through E, For, 
if* possible, let PF produced cut the given circle, and the circle 
ABFE in H and G respectively. 

From the circle ABDC, AP.PB^CP. PD (III. 36), 

but GP,PDr=.HP. PF from the circle CDFH, 

and AP.PB^GP.PF from the circle ABFG. 

Therefore HP . PF == GP , PF, and therefore HP^GP, the less 
equal to the greater, which is impossible Therefore PF produced 
must pass through E, that is, any chord of intersection EF passes 
through the fixed point P on the line joining A and B, 

Since the line joining the centres of the circles ABDC and 
GEFD is perpendicular to GD their chord of intersection, if this 
joining line bisect AB at right angles, that is, if the line joining 
the centre of GEFD and the middle point of AB be perpendicular 
to AB, it is clear that CD will be parallel to AB, q. e. d. 

131. Describe a circle passing through two given points 
and tovxihing a given circle. 

Let A, Bhe the giv6n points and GDF the given circle. 

Describe any circle through A and B cutting the given circle in 
the points C, D. 
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^Join CD, and produce CD, AB to meet in P. From P draw 
PJS and FF touching the given circle in the points F and F, 

Describe a circle through the points -4, £ and F, This will 
touch the given circle at ^. 

From the circle ABBC, AF.F£ = OF.FD, and from the 
circle CDF, CP.PD^FFJ. Therefore AF,PB^PF\ and 
therefore (III. 37) PF touches the circle ABF at the point F, 
but it also touches the given circle at the same point. Therefore 
the circles ABF and CDF touch at the point F» 

In the same manner, it can be proved that the circle described 
through the points A, B, F also touches the given circle. 

N.B. We have seen ihB.t generally two circles can be described 
through the two given points A, B touching the given circle CDF, 
but if AB touch the given circle, it is obvious that only one circle 
can be described as required. Of course, the problem is impos- 
sible, unless the two points A and B be both outside or both inside 
the given circle. 

If the line joining the middle point of AB and the centre of the 
given circle be perpendicular to AB, the points F and F are the 
points in which the perpendicular to AB through its middle point 
meets the given circle CDF, 

Cor. Since, if we join AF, BF, the angle AFB is greater than 
any angle subtended by AB at any point outside the segment AFB, 
the angle AEB is the maximum angle, which AB subtends at any 
point on the circumference of the circle CDF, Also, AB subtends 
at F, the minimum angle, 

132, Describe a circle passing through a given point, and 
touching a given straight line at a given point 

Let A be the point in the given straight line AB, and C the^ 
other point. 
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Join AO, and draw AO perpendicular to AB, Make the angle 
ACQ equal to CAO, The circle described from the centre at the 
distance AO or 00 is evidently the required circle. 

133. Describe a circle touching a given circle, and a given 
straight line at a given point 

Let be the centre of the given circle, and A the given point 
in the given straight line AB, Through draw DB perpendicular 
to AB and meeting the given circle in the points D and E. Join 
AD and AE^ meeting the given circle again in F and G. Di*aw 
AC perpendicular io AB, and meeting OF and OG produced in C 




and H respactively. The circles described with centres C and H 
and radii CF and HG respectively, will be the required circles. 

Because GA and DB are perpendicular to the same line AB, they 
are parallel. 

Therefore the angle FDO is equal to FAC. DOF is an isosceles 
triangle, therefore ACF is also an isosceles triangle and AC equals 
OF, Therefore the circle {C) clearly touches the circle {0) at F, 
and the given straight line at the given point A, 

In like manner, it can be proved that the circle described from 
the centre H, at the distance HA, touches the given circle at G and 
the given straight line at A. q. e. f. 
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N. B. Otherwise ' thus. In CA produced take AL = OE, and 
through L draw LM parallel to AB. Describe a circle touching 
iM at L and passing through (132). The centre of this circle 
"Will be C, the centre of one of the required circles. 

•' In like manner, by making AlSf— OEy and drawing through N 
& parallel to A By the circle described touching this parallel at ilT 
and passing through "will have its centre at H, the centre of the 
other required circle. 

134. To describe a circle touching a given circle, passing 
ihrotigk a given point and having its centre in a given straight 
line passing through this point 

'^ Let be the centre of the given circle, 2) the given point, and 




DB the given straight line. Draw the diameter AE parallel to 
/>jS, and the tangent AB, Join AD^ meeting the given circle 
again in #, and EB meeting it in G^^. 

Join OF^ OGy and produce these lines to meet BB in C and K 
respectively. C and H are the centres of the required circles. 
For the triangles CFB and AOF are obviously equiangular, and 
AOF \& isosceles; therefore GF and CB are equal, and the circle 
dies6ribed from the centre at the distance GB or GF must touch 
the given circle at F, for GO the distance between their centres is 
eqtud to the sum of their radii In like manner, it can be proved 
that the circle described from the centre R at the distance HB or 
HO touches the given circle at 6"^. . 

M. a "I 
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N.B. That tlie circles (0) and (C) touch extemaUy at F may- 
be thus shewn indirectly. For, if possible, let them have another 
point K in. common. Draw the radii OK, CK, Therefore the 
triangle OKC has the two sides OK, KC together equal to the 
third side 00, which is impossible (I. 20). In like manner, it can 
be proved that, if the distance between the centres of two circles 
be equal to the difference of their radii, one of the circles must 
touch the other iritemally, 

135, To describe a circle passing through a given point, 
and touching a given straight line and a given circle, the circle 
and point lying on the same side of the straight line. 

' LetP be the given point, AB the given straight, line, and 




the centre of the given circle. Through draw BKB perpendi- 
pular to AB, • . , 

Join FD, FE and make FD.DQ^BD. DE, which is given, 
and FE.ES==DE,EB, which is given. Through F, Q two 
circles can be described touching the given line AB, and through 
F and S two circles can also be described touching AB (127)^ 
These y^mr circles will pass through the given point Py and touch 
the given straight line and given circle. 

Let AFQ be one of these circles, touching the given line at A. 
Join AB, and let it meet the given circle (0) in F, Join AO, OF, 
FO and FE, Because the angle DFE in a semicircle is a right 
angle, and DBA is right, therefore the quadrilateral ABEF is 
circumscribable hy a circle. 
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Therefore AD.DF=BD.DE (III. 36), 
but BD , DJS = FB . DQ (couatr,). 

Therefore AD, DF= FD . BQ^ and therefore -P is a point on 
the circle AFQ. 

(For, let AD meet this circle in F\ then, 

r FD.Dq^AD.DF\ 

therefore AD . DF= AD . DF\ and therefore DF =^ DF\ 

that is, the points, F and F' coincide, or J' is also on the circle 

Again, because AC and GF^ FO and OD are equal, therefoi-e 
the angles CAF and OF A, OFD and ODF are equal. But GA 
and DB are parallel, and the straight line AD caeets them, there- 
fore the alternate angles (7-4^ and ODF are equal; therefore the 
angles GFA and OFD are equal, and AFD is a straight line, there- 
fore GFO is a straight line. Therefore the distance between the 
centres of the circles AFQ and DFE is equal to the sum of their 
radii, therefore the circles touch one another extemallj at the 
point i^. 

In the same manner it can be proved, that the other three 
circles described through P, Q and /*, S touching the given line 
u1j5, also touch the given circle (0)i Q. e. f. . 

136. To describe a circle touching a given straight line 
and two given circles. 

Let GD be the given straight line, A and B the centres of the 
two given circles GKL and HNM respectively. Let the radius of 
the circle HNM be greater than that of GKL, and from the centre 
^ at a distance equal to the difference of the radii of GKL and 
HNM describe the circle RSX, Draw EF parallel to GD and at 
a distance equal to the radius of the circle GKL, 

Describe (135) a circle (0) through the point A touching EF 
in E and the circle RSX in R, Join OA, OE, OB, and from the 
centre at the distance OH describe a circle. This will touch 
the given line at G and the two given circles at G and H. For 
GE and RH are each equal to GA (constr.). Therefore OG, OH 
and OG are equal, and the circle GGH manifestly touches GD at 
G and the given circles at G and H. q. e. f. 

J^. B. Four circles can generally be described touching a given 
straight line and two givep circles on. the same, side of it, It^i& 

1— 'i. 
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lumeceseary to oconpy space in discuBsimg the different cases and 
modifications of the problem, as the above soIutioD will enable the 




intelligent learner to reduce eveiy case to the problem ^135) of 
describing a circle throagh a given point touching a given stnught 
line and a given circle. 

137. Given a straight line and two pointa on the same 
side of it; find a point in tlie given line at .which the two given 
points shall subtend a maximum angle. 

Let CD be the g^ven straight line, and A, B the given points. 
Describe (127) a circle passing through A, B and touching CD at 
F. Then F is the required point For, join AF, FB, AD, DB 




E, D being any point in CD except F. The angle AFB 
is greater than BDE (I. 16) ; therefore also the angle AFB, which 
-is- equal to AEB, i» greater than ADB. 
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K.B, Since (127) another cirde can be desraibed. passing 
through A, B and touching CD on the side of AB remote froai\F, 
there are, in general, tvo points which satisiy the conditdons 
of the problem. The angle BFA is greater than any angle BBA 
on the same gide of AB as F, and the angle at the point of contact 
on the other side of AB is also greater than the angles subtended 
by AB at any point of CD on the same side of AB as the point of 
contact. 

138. AE Insects the angle A. of a triangle ABO, and is 
produced toP, so that the difference of the angles PBC and 
FOB is a maximum, shew that their sum is half the angle 
BAG. 




Take AD = AO, and join CD, cutting AP in E, therefore CE 
and ED are equal and the angles at E are right. Describe a 
circle about the triangle BPG, meeting PA produced in F. Join 
BF, DF and CF. 

The angles PBC and PFC in the same segment are equal, and 
llie angles PCB and PFB in the same segment are equ^ Also 
the angles DFE and CFE are equal (I. 4). Therefore the angle 
BED is the difference of the angles PBC and PCB, and is there- 
fore a masimum. Hence the circle de.^cribed through the pointe 
B, D, F touches PF at the point F {137). 

Again, the angle DFE contained by the chord DF and tangent 
FP is equal to the angle DBF in the alternate segment of the 
dwle FDB. Therefore the angle BAP is equal to the sum of 
AFB and AFD, or AFC, that is, half the angle BAC is equal to 
the.snm of the angles PC.S and P££7. tj. b.'i(. 
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139. If amf point on the circwmferenjce of a circle he 
joined to the three angles' of an inscribed equilateraf triangle, 
{he straight line drawn to the remote angle is equal to the sum 
of the other two. 

Let ABG be the inscribed equilateral triangle, and P any point 
on the circumference. Take PD equal 
^ to P-4, and join AD, 

. Because AP &udPp aifi equal and 
the angle APD is equal to the angle 
ACB of an equilateral triangle in the 
same segment,' therefore APD is an 
equilateral triangle. Because the an- 
gles BA C and DAP are equal, there- 
fore the angles BAD and PAC are 
equal. Therefore in the triangles 
BAD, CAP the two sides BA, AD 
and the contained angle BAD are re- 
spectively equal to the two sides CA, 
^P and the contained angle GAP. Therefore (I. 4) ^Z> and CP 
are equal, and therefore PB is equal to PA and PC together. 
Q. £. D. 

140. Find the locus of a point such that if ^straight lines 
he drawn through it cutting a given circle, the rectangle under 
the intercepts between the point ami the circle shall be constant. 

Let be the centre of the given circle, and suppose P (within 
or without the circle) to be a point in the required locus, so that 





PA . PB is equal to a given rectangle or square. Because AOB 
is an isosceles triangle^ therefore (50) PA . PB is equal to the dif- 
ference of the squares on PO and A 0. But the rectangle PA. , PB 
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and the square on AO are both given, therefore also the square on 
FO is known, therefore FO is of a given length, and therefore th^ 
locus of jP is a circle concentric with the given circle. 

141. Given the base of a triangle, the sum of its sides, 
and the locus of its vertex a fixed straight line ; construct 
i;he triangle. * 

Let -4-5 be the given base, and CD the given locus of vertex. 

From either extremity A of the base as centre and at a 
distance equal to the given sum of sides, describe the circle GFH, 

Draw BD perpendicular to GB, and produce if until BE equals 
BB. 

Through the points B and E describe (131) a circle touching 
the circle GFH internally at F^ and join AF^ meeting GB in (7. 
Join GB. 




AGB is the required triangle. Because GB bisects BE at right 
angles, GB passes through the centre of the circle BEF (III. 1, 
Cor.), and because i^is the point of contact of the two circles and 
A the centre of one of them, therefore (III. ll)-4i^ passes through 
the centre of the other circle BEF. Therefore G is the centre of 
the circle BEFy and therefore AG and GB together are equal to 
AF^ the given sum of sides. 

In like manner, by describing a circle from the centre B, with 
a radius equal \jo AF, and drawing a perpendicular from A to GB, 
another triangle can be described satisfying the conditions of the 
problem. 

Hence, in general^ two triangles can be described as required. . 



104 EXERCISES ON fiircLm [141 

142. Oiven the hose of u triangle, the difference of the 
sides and the locus of vertex a fixed straight line; construct the 
triangle. 

Let AB be the given base and CD the given locus of verfcefx. 

From the centre ^ at a distance equal to the given difference 
of sides describe the circle GFR. Draw BD perpendicular to CD 




and produce it until DJS equals BD, Describe a circle through By 
^and touching (r^J7 externally at F (131). Join AF, and pro- 
duce it to meet CD in C, Join CB. Thfen ACB is the required 
triangla The proof is exactly the same as in the last proposition. 
If a circle with centre B and radius equal to ^-F be described, 
and if a perpendicular bo drawn from A to CD, another triangle 
may be described satisfying the conditions of the problem. Hence, 
in general, two triangles can be described as required. 

143. In a given circle inscribe a triangle having its base 
parallel to a given straight line and its sides passing through 
two given points in this straight line. 

First (Fig. 1), suppose the two given points P, Q outside the 
given circle. 

Make FQ . QG equal to the square on the tangent from Q to 
the given circle. 

From G draw the tangents GC and GF, meeting the given 
circle at the points C and F respectively. Join QC and QF and 
produce these lines, if necessary, to meet the given circle again 
in A and D, Join AF, FD meeting the circle again in B and F, 
Join BC, FE. The triangles ABC and DBF are the required 
onea 



443.] 



AN4) m MODERN GEOMETRY. 



105 



Because PQ , QG = AQ , QC (constr.), therefore the quadri- 
lateral APGO is circumscribable by a circle, and therefore 




(in. 22) the angles CGQ and CAB are equal, but C.G is a tangent 
to the circle at (7, and OB is drawn from the point of contact, 
therefore (III. 32) the angle BCG is equal to the angle CAB in 
the alternate segment Therefore the angles CGQ and BCG are 
equal, and therefore (I. 27) the straight lines BC and /*(? are 
parallel. Therefore the triangle ABC has its base BC parallel to 
the given line PQy and its two .sides AB^ AC passing tliough the 
.two given points P and-Q. 

Again, because PQ . QG = FQ . QD (constr.), therefore the 
four points Fy P, G, B lie in the same circiimf erence, and therefore 
the angles GFD and GPD in the same segment are equal, but 
FG is a tangent to the given circle at J^, and FD is drawn from 
the point of contact, therefore (III. 32) the angles GFD and BEF 
are equal. Therefore the angles GPB and BEF are equal, and 
therefore EF and PQ are parallel. Therefore the triangle BEF 
is also described as required. 

Next (Fig. 2), let the two given points P and Q be within tie 
given cii'cle. 

Produce PQ indefinitely both ways 
to. meet the circle in H and K, 

On PQ produced take QG such ® 
that PQ . QG = EQ . QK. Therefore, 
since HQ is greater than PQ^ QG is 
also greater than QK^ therefore the 
point G is outside the given circle. 
Through G draw GC and. GF touch- . rig. i. 
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ing the circle at G and F, Join CQ^ FQ and produce these lines 
to meet the circle again in A and D. Join AP and. 2>P, meeting 
the circle again in B and E, and join BC, EF, 

The two triangles ABC and BEF are the required ones. 

Because PQ . QG = AQ . QG (constr.), therefore the four 
points Ay P, Gy G lie on the same circumference, and therefore 
the angles AGG and APG in the same segment are equal, but GG 
touches the given circle at (7, therefore the angles AGG and ABG 
are equal. Therefore the angles APG and ABG are equal, and 
therefore (I. 28) * BG and PQ are parallel. In like manner, it 
can be proved that EF and PQ are parallel. Therefore either 
of the triangles ABG^ DEF satisfies the conditions of the pro- 
blem. ' "' ' 

Further, the sa/me two inscribed triangles are obtained by 
making QP . PG' = HP . PE, and proceeding as abova For, join 
G'B.G'E. 

Because G'P . PQ = AP . PBy therefore the four points A, B, 
G\ Q lie on the same circumference, and therefore th6 angles 
ABG' and AQG' in the same segment are equal, but AQP is equal 
to AG By therefore the angle ABG' is equal to the angle AGB in 
the alternate segment. Therefore G'B is a tangent to the given 

circle at i?. 

■# 

In the same manner, it can be proved that G'E touches the 
given circle at jE'. 

Hence, the same two triangles are obtained, whether tangents 
be drawn from G or G', In like manner, it can be proved in 
Fig. 1, that \!IQP.PG' = AF. PB, the tangents from G' meet the 
given circle in the points B and E, 

Hence, in both cases, only two distinct triangles can be in- 
scribed as required. 

It is evident, that one point P cannot be within the given 
circle and the other without it. The learner may examine the 
simple cases in which both points are on the circumference, one 
point on the circumference and the other on the tangent at this 
point, and the case in which the line PQ touches the circle at a 
point different from P or Q, 

N.B. If the circle about the triangle APG (Figs. 1 and 2) 
do not pass through G let it cut GQ in S, 

Therefore PQ.QG=^AQ. QS, 

. but PQ.QG = AQ. QG (constr.), 
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therefore QS = QCy which is impossible ; 

therefore if PQ,QG = AQ.QC, 

the four points A, T, G, C must lie in the same circumference. 

144. In a given circle inscribe a triangle, having its base 
parallel to a given line and its two sides passing through two 
given points^ not both situated on a line parallel to the given 
line. 

Let Fy Q be the two given points, and FM the line to which 
the base is required to be parallel. 

At any point V in the circumference of the given circle, make 




the angle FVS equal to the given angle GFM, then the chord RS 
is constant. 

Make FQ . QG equal to the square on the tangent from Q to 
the given circle, and through G draw GH and GF such that HO 
and FK shall be each equal to ES (58). 

Join QG and QF, and let these lines (produced, if necessary) 
meet the circle again in A and J), Joiii AF, FD, meeting the 
circle again in B and F. Join BO and FF, ABC and BFF are 
two triangles iuscribed as required. For join BH and FK, and 
produce BO and FQ to meet in L, 

Because FQ.QG = AQ. QG (constr.), 

therefore the quadrilateral AFGO is circumscribable by a circle, 
and therefore (III. 22) the angles CGQ and BAG are equal, but 
BAG and BEG in the same segment are equal. Therefore the 
angles OGQ and BHG are equal, and therefore (I. 27) BH and 
P^ are parallel. 
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Therefore the angles HBC (or RVS) and CLP are equal, but 
HBG and GPM are equal. Therefore CLP and GPM are equal, 
and therefore BC is parallel to PM, 

Hence, ABC is a triangle inscribed as required. 

Again, because PQ , QG = FQ . QD (constr.), therefore the four 
points F, Df P, (r lie in the same circumference, therefore the angles 
FGP and FI>P in the same segmwit are equal, aald therefore their 
supplements FGL and FDF are equaL 

But FDF and FKF in the same segment are equal. There- 
fore the angles FGL and FKF are equal, and therefore (I. 28) PQ 
and KF are parallel, but the angle FFK is equa,! to GPM. -biere- 
fore FF and PM are parallel. 

It may be shewn, in nearly the same manner as in the last 
problem, that if a point (r' be taken on PL such that QP . PG' 
equals the square on the tangent from P, and if we proceed as 
above, then we shall obtain the same two triangles ABC and BFF. 
The learner may also treat separately, as is done in the last 
problem, the various possible positions of the given points P and 
Q with respect to the given circle. 

145. In a. given circle inscribe a triangle whose sides shall 
pass through three given points. 

Let P, Q, R be the three given points. 

Make PQ . QG equal to the 
square on the tangent from Q to 
the given circle. Inscribe (144) a 
triangle BCH in the given circle, 
having its two sides BC, HC pass- 
ing through the fixed points P, G 
and its base BH parallel to the 
given line PQ, Join QC, and pro- 
duce it to meet the circumference 
again in -4, and join AB, Then 
ABC is a triangle inscribed as re- 
quired. For, if possible, let AB pro- 
duced not pass through P but meet 
PG in F. 

Because BH and PQ are parallel 
(oonstr.), therefore the angles BHC and CGQ are equal, but BHC 
and BAC in the same segment are equal Therefore the angles 
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BAC and CGQ are equal, and therefore the qijLadrilaterid AFGC is 
circumscribable by a circle, therefore AQ . Q0= F'Q . QG^ 

but PQ,QG = AQ. QC (constr.). 

Therefore FQ.QG^PQ.QG, and therefore FQ^PQ, which is 
impossible. Therefore AB produced must pass through P, There- 
fore the triangle ABC is inscribed as required. Since, in general^ 
two triangles can be inscribed in the circle, having two sides 
passing through 6?, R and the third side parallel to PQ, therefore 
another triangle can be inscribed as required in the given circle. 
'<).£. F. 

146. If two opposite sides of a parallelogram he the hoses 
of two triangles with a common vertex^ their sum is equal to 
half the parallelogram, when the point is within the hases, hut 
if the point is outside the hases the difference of the triangles 
is equal to half the parallelogram. Also, if two adjacent sides 
of a parallelogram and the diagonal hetween them he the hases 
of three triangles, with a common vertex, the triangle with 
diagonal for hase is equal to the difference or stmi of the other 
two according as the point is within or without the angle {or 
its vertically opposite), contained hy ike two sides. 

Let ABCD be the given parallelogram. 





Fig. I, Fig. 2. 

In Figs. 1 and 2 let AB and CD be the bases of triangles with 
common vertex 0, Through draw OEF parallel to -4^, meeting 
the sides BG and AD (produced, if necessary) in E and F, 

The triangle AOB is half the parallelogram BF (I. 41), and 
the triangle COD is half the parallelogram CF, Therefore in 
Mg. 1, the triangles A OB and COD are together half the parallelo- 
gram ABCD^ and in Fig. ^ the dii^erence of the triangles is half 
the given parallelogram* 
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Again, in Fig. 3, the triangles AOB and GOD are together 

o 





Fig. 3. 



Fig. 4. 



equal to the triangle BCD, Take away the common triangle COD^ 
and there remains the triangle A OB equal to the triangles BOO 
and BOD. Therefore the triadigle BQD is equal to the difference 
pf the triangles AOB and BOO, .^ 

Further, in Fig. 4 the triangles AOB and OOD are together 
equal to the triangle BOD, To these equals add the .triangle BOO: 
Then the triangles AOB, BOO and OOD are together equal to the 
figure BOOD, Take away the common triangle OOD and there 
remains the sum of the triangles AOB and BOO equal to the tri-l- 
angle BOD, Q. e. p. 

147. Given an indefinite straight line and two points on 
the same side of it. Find a point in the line such that the 
straight lines drawn from it to the two given points shall be 
equally inclined to the given line, and prove that the sum of 
these straight lines is a minimum. 

Let CD be the given line, and A, B the two given points. 
Draw AQ perpendicular to OD, and produce it until GE equals 




Fig. I. 

AG. Join BE, meeting GD in F, F is the required point. For, 
join AF, and join A and B with any other point H in GD. The 
angles AFG aad GFE are equal (I. 4). Therefore AFG and BED 
are equal (I. 15). Also, -4^ and FB are together equal to EB^ 
and Aff and HB are together equal to EH and HB. But EB is 
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less than JEH arid HB together (I. 20). Therefore the STim of AF 
and FB is less than the sum of AH and HB, q, k d. 

Cor. Hence, of all triangles on the same base and with a 
given area the isosceles has the least peri- 
ineter. Suice the base and area are given, 
the locTis of the vertex is known (20). 
liOt then AB be the given base, J) its 
middle point, and GF parallel to AB the 
locus of vertex. Draw DC perpendicu- 
lar to ^ iff and join AC, CB, AF, FB, 
E being any poiut in CF except C, 

JtC^nd CB are evidently equally inclined to CF, and therefore, 
by the proposition, AC and CB are together less than AF and FB, 
Therefore the perimeter of the isosceles triangle ACB is less than 
that of any other triangle AFB on the same base AB and between 
the same parallels, q. e. d, 

148. If a quadrilateral he not circumscribahle hy a circle, 
the rectangle under its diagonals is less than the sum of the 
rectangles under its opposite sides. 

Let ABCD be the given quadrilateral, 
circumscribahle, the angles BAG and BDC 
must be unequal. Let BAG be the gi*eater, 
and draw AF, making the angle BAF 
equal to BDC, and BF making the angle 
ABE equal to GBD. Join FC. 



Now, since it is not 




The triangles ABF and GBD are equi- 
angular, therefore (VI. 4) 

AB : AF :: BD : CD. 

: Therefore (VI. 16) AB, CD = BD.AF. £ 

* .Again, because the triangles ABF and GBD are similar, 

AB : BF :: BD : BC, or alternately, AB : BD :: BF : BC\ 

tut the angles ABD and CBF are equal, therefore (VI. 6) the tri^ 
angles ABD and CAF are similar, and therefore 

AD : BD :: CF ; BC, therefore AD.BC = BD.CF. 

Therefore the sum of the rectangles under the opposite sides 
is equal to the rectangle under BD and the sum oi AF and CF, 
but AC is less than the sum of AF and CF. Therefore the rect- 
angle under the diagonals BD, AC ia less than the sum of the rect- 
tuigles under the opposite sides, q. e. d. 
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Cor. Hence, if the rectangle under the diagonals of a quadri- 
lateral is* equal to the sum of the rectangles under the opposite 
sides, it is circumscribable by a circle ; for if it be not circ^m- 
scribablo, the rectangle under its diagonals will be less than the 
sum of the rectangles under its opposite sides^ contrary to the 
hypothesis. 

149. If any two chords he drawn through the middle 
point of a given chord of a circle, the straight lines joining 
their extremities, which are on opposite sides of the bisect^ 
chord, cut off equal parts from its ends. (See 243.) 

Let -4-ff be the given chord bisected in C, Through C draw 




any two chords FK and EG, and join FG^ HK, meeting AB in 
D, E. Then shall AD and BE be equal, or CD and CE. 

Through K draw KL parallel to AB and join GL, LDj LG, 
Through the centre draw a straight, line perpendicular to AB 
and LK. This line will pass thro\igh their middle points G 
and Jf. Therefore (I. 4) 'the triangles GLM and GKM are equal 
in all respects, and therefore GL and GK are equal, and the angles 
GLM aud GKM, LGM aud KGM are equal. 

Therefore the angle DGL is equal to EGK or FGD. But FGI> 
is equal to GKL since AB and LK are parallel. Because FGLK 
is a quadrilateral in a circle, therefore the angles GKL and DGL 
are together equal to two right angles. Therefore also BGL and 
DGL are together equal to two right angles, and therefore the 
quadrilateral DGLG is circumscribable by a circle. Therefore the 
angles DGG and DLG are dqual, but DGG and GKE are equals 
since they stand on the same arc FH. Therefore the triangles 
LGL and J^CXhave the i^des CX.and GK equal, and the angles 
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ac^acent to those sides equal. Therefore (I. 26) GD and EG 
are equal q. e. j>. 

150. If CD he the perpendiciUar from the centre G of a 
given circle on an indefinite straight line AB, and if DE he 
made equal to the tangent DL, then shall BE he always 
equal to the tangent BG, where B is any point on the given 
line AB. 

For join CL, CB, CG. 

The square on BE is equal to the squares on BD, DE (I. 47). 
To these equals add the square on 
CL. Therefore the squares on BE 
and GL are together equal to the 
squares on BD, DL and ZG, since BE 
is equal to BL. Therefore the squares 
on BE and GL are together equal to 
the squares on BB, I)G, that is, to 
the square on BG or the squares on 
BG and GG. Therefore the square on 
BE is equal to the square on BGy 
and therefore BE and BG are equal. 

Q. E. D. 

N. B. Take DF equal to BE or 
BL, and join FB, Since BF is equal 
to BE, it is evident that the tangent 
from any point B is always equal to 
BF. 

Def. In geometry, the reciprocal of a line is the third 
proportional to it, and any assumed line which is called the 
linear unit. 

151. If a perpendicular he drawn from the right angle 
of a triangle to the hypotenuse, the square on its reciprocal 
is equal to the sum of the squares on the reciprocals of the 
sides. 

Let ABG be a triangle having the angle AGB right. Draw 
GD perpendicular to the hypotenuse, and 
take it as the linear unit. Draw BF, 
BE perpendicular to AG, GB. There- 
fore AG . GF= GB" (39), therefore GF^ia 
the reciprocal of AG, and similarly GE 
is the reciprocal of BG. Also GB is 

M. G. 
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obviously its own reciprocal, and the square on CD is equal to the 
squares on CF^ CEy since GEDF is a rectangle. < Q. e. d. 

152. Oiven the vertical angle of a triangle in magnitude 
and position, and the sum of the reciprocals of the sides ; prove 
tiiat the base always parses through a fixed point on the bisector 
of the vertical angle. 

Let BAC be the given vertical angle^ AD. its bisector, Aff or 




AK the linear unit, and ABG any triangle satisfying the given con- 
ditions. Make BA.AE = Ati* and CA.AF=AK\ Therefore 
AE is the reciprocal of AB and A F of AG. Therefore the sum of 
AE and ^^ is given (hyp.). Therefore (100) the cii-cle circum-- 
scribing the triangle AEF always passes through a fixed point G 
on the bisector of the vertical angle. 

Because ^il . -4 J^ and GA . AF are each equal to the square on 
the linear unit, therefore EBGF is circumscribable by a circle. 

Therefore the angle AEF is eqiial to FOD, but AEF is also 
equal to AGF in the sjome segment. Therefore the angles AGF 
and FOD are equal, and therefore DGFG is circumscribable. 
Therefore DA. AG ^G A. AF= AK\ But ^(^ and AK. are known, 
lines, therefore also AD is a known Ibie, and therefore the base BG 
always passes through the fixed point D. In the same manner it 
can be proved, when the difference of the reciprocals of the sides 
is given, that the base always passes through a fixed point on the 
bisector of the external vertical angle, q. e. d. n 

153. Given base of a triangle, vertical angle, and evm 
or difference of sides; construct the triangle. 

First, when the sum of the sides is given. Draw EB equal to 
the given sum of sides and the indefinite line EG, making the 
angle BEG equal to half the given vertical augle. Inflect from B 
to EG, the straight line BG equal to the given base, and di*aw 
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CA, making the angle ECA equal to CBA, Then BAG is the 
required triajigle, for it obviously has the given base, given 
vertical angle and given sum o£ sides. 

Next, when the diffei'ence of sides is given. Draw DB equal 
to the given difference of sides, and 
JDF making the angle ABF equal to 
half the supplement of the given 
vertical angle. Inflect BC from B 
to I) F equal to the given base, and 
draw CA making the. angle ACD 
equal to A. DC, BAG is evidently 
the required triangle. 

N.B. This problem is clearly equivalent to the following. 
Find a point in the arc of a given segment, so that the sum or 
difference of the straight lines which join the point to the extremities 
of the base oftJie segment sludl be given. In both cases, the learner 
will have no difficulty in investigating the limits of the problem, 
within which a solution is possible. 

154. If J) be the middle point of the base BO of any 
triangle BAG, E and L the points where the perpendicular on 
the ba^e, and the bisector of the vertical angle, meet the base, 
and H, S the points of contact of the inscribed and escribed 
circles; prove that the rectangles under the segments into 
which L divides SH and DE are egualy and that DH . HE 
= DE . HL. 

DS and Dff are each equal to half the difference of the sides 
4B and AG i7i). 

A 




B S 3> X<K B 

Therefore (86) DL . DF = BE' or BS'. 
Now SL.LH+ LU = DE' (II. 5), 

and DL.DE^^DL'^DL.LE, (H. 3). 
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Therefore 8L . LH + BL' = DL' + DL ."lE, 
and therefore SL.LH=DL.LE -which proves one part of the 
proposition. 

Again DE.DH=DE.SL + DE.DL,IJ1\), 

and DH.DE^DH' + DH.EE,(J1.Z). 
Therefore DH' + DH .HE = DE .HL + DE . DL, 
but DH* = 1}E.DL, 
therefore DH .HE = DE. EL. q. e. d. 

153. If the hiaectora of the base anglea of a triangle he 
equal, the triangle is isosceles. 

Let ABC be the triangle, SS and CE the equal bisectors of the 




base angles, tlien shall AB be equal to AC. 

About the triangle AEC describe a circle meeting AE produced 
iaO. 

The nrcle about the triaagla A£D must also pass through 0. 
For, if possible, let it meet AF in (/ and join 05, OE, OD, OC, 
O'B and (/D. 

Because the chords GE, ED are equal and subtend the same 
angle BAC, therefore (III. 21) the segments of circles CAE and 
BAD are equal, and therefore the remaining segments on CE and 
BD at the side remote from A are equal. Therefore also the 
chords of these equal circles, which subtend the equal angles BAF, 
CAF are equal, viz. the chords OE, OC, UB, OD. In the triaoigle 
EAC the bisector of the vertical angle meets the circumscribed 
circle in 0, therefore (91) AO.OF=OE'. 
Similarly, AO'.0'F=0'ff. 
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^ But OE and O'B are equal, therefore ulO .OF=A(y. ffF, which 
is impossible. 

Therefore the circle about the triangle ABD must also inter- 
sect AF in 0, and therefore the four straight lines OB, QEy OBy 
,0G are equal. Therefore the angles QBE and OEB are equal, 
but OEB is equal to the angle 00 A, since the quadrilateral 
AEOG is in a circle. Therefore the angles OBE and 00 A are 
equal, but OBO and OOB are also equal, since OB and 00 are 
equal. 

Therefore the angles ABO and AOB are equaL q. e. d. 

156. Through a given point within a given angle, to draw 
a straight line cutting the sides of the given angle, so that the 
rectangle under the intercepts between the point and the sides 
of the given angle may he equal to a given rectangle. 

Let BAO be the given angle, and D the given point. Join 
ADf and produce it so that AD . DE ^ 

shall be equal to the given rectangle. 
On DE describe a segment of a circle 
capable of containing an angle equal to 
the angle BAD, and let this segment cut 
AO in 0, Join OD, and produce it to 
meet ^1^ in ^. BO is the required 
line. 

Because the angles BCE and BAE 
are equal, therefore the figure ABEO is 
circumscribable by a circle, and there- 
fore BD.DO = AD. DE. q. e. p. 

Fig. I. 

N.B. Let the given point D be outside the given angle BAO. 
Make AD . DE equal to the given 
rectangle, and on DE describe a seg- 
ment of a circle containing an angle 
equal to DAB, and cutting AO in. 0. 
Join OD, meeting AB in B, Then 
DO is the required line. For AEBO 
is circumscribable by a circle, and 
therefore OD.DB = AD.DE, the 
given rectangle. 



Fig. 3. 
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The teamer should he carefvl to use the sarrte letters ai tlie 
corresponding points of the figures, since, in this way, lie vM 
generally find it easy to dedwce one case of a proposition from 
mhother* 

1B7. Through a given pointy to drav) a straight line 
80 ds to form with the sides of a given angle a triangle of 
given area. 

Suppose P the given point, and BAC the required triangle* 

A ■ 




Since the area of the triangle ABC and its vertical angle BAC 
are given, therefore (84) the rectangle under its sides AB and AC 
iai known. 

Join AP, and draw AD making the angle BAD equal to 
CAP, and make the rectangle AP . AD equal to AB . AC. Joiu 
DB,DP,DC. 

Because AB . AC = AD . AP (constr.), 

therefore (VI. 16) AB : AD :: AP : AC ; 

but the angles BAD, CAP are equal, therefore (VI. 6), the 
triangles BAD and CAP are similar, and therefore the angles 
BDA and BCA are equal. 

Therefore the figure ABDC is circumscribable by a circle, and 
therefore the angles BAD and BCD are equal. Hence the fol- 
lowing construction. On DP describe a segment containing an 
angle equal to BAD, and cutting AC in C. Join CP, and pro- 
duce it to meet AB in B, Then BAC is the required triangle. 

The solution is similar, when the point P is without the given 
angle BAC. (See the remarks on the last problem.) 



159.] AND IN MODERN GEOMETRY. 119 

Cor. Hence, if from the vertex of a triaojgle two straight 
lines be drawn equally inclined to the sides, one meeting the base, 
and the other th6 circumscribed circle, the rectangle under them 
is equal to the rectangle under the sides. 

For AP.AD = 4B.Aa 

VI. J5 is a particular case of this Corollary* 

158. AB 18 a common chord of two circles; draw the 
straight line ACD, meeting the two circles in C and D, so that 
AC . AD shaJ,l be given. 

Produce AJ3 so that AB . AH shall be equal to the given rect- 




ansjle, and draw ED, making the angle BED equal to an angle in 
the given segment ACB, and meeting the circle ABD in D, 

Join AD, This is the required line. For the quadrilateral 
CBED is clearly circumscribable by a circle, and therefore 

AC.AD = AB.AE. q*e.f. 

159. Given the rectangle under the sides, the bisector of 
the base, and the difference of the base angles; construct the 
triangle. 

Suppose ABC the required triangle circumscribed by a circle. 
Draw CE and CG, bisecting the internal and external vertical 
angles, and meeting the circle in E and F, 

Join EFy which is a diameter, bisecting the base AB at right 
angles in D (77). Join EG. 

Because the angles EDG and EGG ure right, therefore the 
figure EDCG is. circumscribable by ^ circle. Therefore the angle 
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DEG is equal to the angle DGC^ which is half the given differ- 
ence of the base angles (76). Therefore the angle DHG is given, 




being equal to a right angle, together with half the difference of 
base angles. 

Also, EG , GH = AG . GB is given. Hence the following con- 
struction. Describe on GD the given bisector of base as common 
chord, two segments of circles containing angles equal to half the 
given difference of base angles, and the sum of half this given 
difference and a right angle. From G draw by (158) GE cutting 
those segments in U and E, so that GH . GE shall be equal to the 
given rectangle imder the sides. Join DH, and produce it inde- 
finitely both ways towards A and B, Join ED^ and produce it to 
meet GF^ drawn perpendictdar to GE in F, Describe a circle 
about EGF, meeting ^ J5 in ^ and B. Join AG, BG. Then AGB 
is the required triangle. For it has clearly the given bisector of 
base, given difference of base angles, and given rectangle under 
the sides, q.e.f. 

160. Given the vertical angle, the perpendicular on the 
la^ey and the sum of the two sides; coiistruct the triangle^ 

Let BAG be the vertical angle, given in magnitude and posi- 
tion, and suppose BAG the required triangle. Draw A J), bisect- 
ing the vertical angle and meeting the circumscribed circle in Z), 
and BF perpendicular to AB, so that AF is half the sum of the 
sides, and BF half their difference (77). Therefore if AE equals 
AG, BF equals FE, Draw the diameter DM', bisecting BG at 
right angles in G (77), and draw AN perpendicular to DM, and 
AF perpendicular to BG. Because FG joins the' middle points of 
the sides of the triangle BEG, it is parallel to EG, and therefore 
FG produced meets AD at right angles in Hy since AD cuts EC 
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in L, Therefore from the right-angled triangle 




.but SG is equal to the given perpendicular AP, and FB is a given 
liua Therefore also DQ is a known line, and if is a fixed point. 
Hence the triangle DGH can be constructed. Now draw the 
tangent BO through G to the circle with centre A, and radius 
equal to the given perpendicular, and this tangent will cut off the 
required triangle. 

The complete construction then ia simply this. Tate AF equal 
to half the given sum of sides, and draw FD perpendicular Ui AB, 
meeting the bisector of the given vertical angle in D. Draw FH 
perpendicular to AT). Produce the given perpendicular until the 
rectangle under the whole produced line and the produced part^ is 
equal to the square on DF. From D inflect to FH a line DG, 
equal to the produced part of the given perpendicular. 'Through 
G draw the tangent BC to the circle with centre A, and radius 
equal to the given perpendicular. 

Then ABC is the reqiUred triangle. 

The synthetical proof of this construction may be deduced frdm 
the analysis given above, Q.E.F. 

N.B. The solution is similar when the difference of the sides 
ia given, but instead of a fixed point D on the bisector of the 
internal vertical angle^ through which point the oircumscrihed 
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circle always passes, it will pass through a fixed point M on the 
bisector of the external vertical angle. (See 152 and 77.) 

The remainder of this work will be devoted chiefly to Modem 
Geometry. 

I will now give some explanations of principles and abbreviated 
modes of expression, several of which will be often employed in 
the following pages. 

AB , CD is to be read, the rectangle under or contained by the 
straight lines AB and CD. 

AB' is to be read, the square on AB,- 

AD , DE=AB. AC i^ to be read, the rectangle under AD and 
DE is equal to the rectangle under AB and AC. 

If r, i^i, r^, r^ and R represent straight lines, then 

is to be read the siun of r^, r^, and r^ exceeds r by four times R^ 
or the sum of r^, r,, and r^ is equal to r, together with four 
times i?. 

AB.DC^CB.DA^AE.BD-^CE^BD^AC.BD is to be 
read, the sum of the rectangles under AB and DC and under CB 
and DA is equal to the sum of the rectangles under AE and BD^ 
and CE and BD^ which is equal to the rectangle under AC and 
BD. 

DD = 6 '- c is to be read, the straight line DD is equal to the 
difference of the two straight lines h and c. 

\{AC-¥ CB) : I (AC^ CB)::^ {AD^DB) : J (AD-^DB) 

is to be read, half the sum of AC and CB is to half their difference 
as half the sum of AD and DB to half their difference. 

AB :BE :: AC : CI ia to be read 

-45 is to ^jr as ^C is to CF. 
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BF is to FC in the ratio compounded of the ratios of BD to DA 
and of AE to EC. 

Euclid has proved (YI. 20) that similar polygons • are in the 
duplicate ratio of their homologous sides. Now squares are 
siiTiilar figures, therefore the similar and similarly placed fibres 
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upon the straight lines AB and CJ) are as the squares upon AB 

• " A pa/rallelopiped (as defined by Dr Simson, XI. Def. -4) is a 
solid figure contained by six quadrilateral figures, whereof every 
opposite two are paralleL" It is ^clear that all the six quadrilateral 
figures are parallelograms. "We may cdnsider any two opposite 
and parallel yac6« (as the six paralldograms are called) the hoses of 
the solid. When the other faces are at right angles to these bases, 
and all the faces are rectangles, the solid is called a rectangtdar 
parallelopiped. 

When, moreover, these rectangular faces become equal squares^ 
the solid is called a cube. (XI. Def. 25, Simson's Ev^lid,) 

Euclid has proved (XI. 33) that " similar solid parallelopipeds 
are one to another in the triplicate ratio of their homologous sides" 
(or edges). Now cubes are similar solids ; therefore if AB, CD be 
the homologous sides of two similar parallelepipeds, the solids are 
as the cubes with AB and CD for edges, or, as we may concisely 
express it, as J-S" : GD^, 

Euclid has proved (YL 23) that rectangles (for they are equi- 
angular parallelograms) have to .one another the ratio which is 
compounded of the ratios of their sides. 

If, therefore, J5(7, CD and Cff, CE be the adjacent sides of two 
rectangles, 

Therefore the ratio compounded of BO to CG and CD to CE is 
the ratio of the rectangle under the antecedents to the rectangle 
under the consequents. 

-„. ^ (BG I CG) CBG :CE)' ^ ' .^ 

Jlence also iffjy , pp} •• ipr) . pjy( lor each of these com- 
pound ratios is equal to the ratio o^BG , CD to CG . CE. 

Dr Simson has proved (XI. D) that rectangular parallelopipeds 
" have to one another the ratio which is the same with the ratio 
compounded of the ratios of their sides" (or $43*^®^* edges). 

If then AM, AN, AG, and DL, DK, DH be the adjacent edges 
of two rectangulaix parallelopipeds, 

lAM : DL\ 
the solids are as \aN : DK> 

\A0 :DH) 
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The parallelopipeds may be denoted thus : 

AM. AN , AO and DL . BK.DH. 

iAM : I)L\ 
Therefore h^ : DRY :: AM. AN. AOiLL.LK. DH. 
\aO iDh) 

We may sometimes find it convenient to say the solid 
AM , AN .AOy instead of the longer expression the rectangular 
parallelepiped AM .AN. AO. 

Hence the ratio compounded of AM to DL, AN to DK^ and 
AO io DHy is the ratio of the solid under the antecedents to the 
solid under the consequents. From this enimciation it is also 
evident that we may interchange, in any way, the antecedents or 
consequents among themselves. 

To find two straight lines which have the same ratio as the 
rectangular parallelopipeds 

AM.AN.AO ^ndi DL.DK.DH. 

Knd a straight line BG such that 

AN xJDKv.DLxBC 

and a line BE such that 

AO : LH :: BG : DE', therefore 

(AM : DL\ (AM : DL\ 

\aN : Dk[ :i\d'L : Bc\ :: AM.DL. BG : HZ.BG .BE, 

(aO : BE) WG : EB^ 

but the solids AM. BL . BG and BL . BG . BE have equal bases 
BL . BG, and are therefore as their altitudes AM and BE, 

Therefore AM.AN.AOiBL.BK.BHy.AMiBE. 

(BB : BA 



--'■■-''■■■ZV-.'ifi' 



or, which is the same thing, if 

BF : FG :: BB.AEx BA . EG, 

then shall 

BA.EG. BF^BB . AE. FG. 

tBBiBA) 

i nil' * HI : \ V 

For 






ABBRkviATIONS.] AND IN MODERN GE03IETRY. 



125 



that is, 

BF. FG : FC.BFmBD.AE. FG x LA . EG.BF, 
but BF.FG^FG.BF, 
therefore also BD .AE . FG=^DA. EG.BF. 



Again, 5i>:Cff::g^;^^}, 



H 



JS 



E 



Q. 



and these rectangles which have equal altitudes DA are as their 
bases BD and GO, 

For the ratios BD : DA and i>-4 : GG we may of course use 
any equivalent ratios, and interchange the antecedents or the con* 
sequents among themselves. 

161. If a straight line AD he divided at any two points 
C and B, prcyoe that AB . CD = AC . BD + AD . BC. 

Draw BE perpendicular to AD and equal to GD, and take BG 
equal to BG, Complete the rect- 
angles BF, DH, and BL. 

Because GB and BG, CD and 
GL are equal, therefore the rect- 
angles DK and BL are equal. To 
each of these equals add the rect- 
angle GF, then the rectangles DH 
and HL are together equal to the 
rectangle BF. 

But DH is the recttaigle under AD and GB, tot GB is equal to 
BG or AH, HL is the rectangle under AG and BD, for HK equals 
AG and KL equals BD, and BF is the rectangle under AB and GD, 
for BE equals GD. q. e. d. 

Defs. (1) Three magnitudes are in Arithmetical Pro* 
gresaion when the diflference of the first and second is equal 
to the diflference of the second and third. 

(2) Three magnitudes are in Oeometrical Progression 
when the first is to the second as the second is to the third. 

(3) Three magnitudes are in Harmomcal Progression 
when the first is to the third as the .difference between the 



7S 



1 
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first and second is to the diflference between the second and 
third. . ' 

(4) When a series of magnitudes is such that every 
three consecutive magnitudes are in arithmetical, geometri- 
cal, or harraonical progression, it is called a series of magni- 
tudes in arithmetical, geometrical, or harmonical progression. 

(5) When a straight lin^ AD {see Fig. to 161) is divided 
at C and B so that AC, AB, AD are in hg^rmonical progres- 
sion, the line AD is said to be divided, harmonically at C and B, 

(6) Any number of points lying on a straight line is 
called a range, and any number of straight lines passing 
through a point is called a pencil, and each of the straight 
lines is called a ray or leg of the pencil. The straight lines 
will generally be considered as produced indefinitely both 
ways through the point which is called the vertex of the 
pencil. 

(7) If three magnitudes be in arithmetical, geometrical, 
or harmonical progression, the first and third magnitudes 
(or terms) are called extremes, and the second magnitude (or 
term) is called the mean, 

(8) Any straight line cutting a system of straight Unes 
or circles is called a transversal. 

162. If a straight line he divided harmonically at two 
points, when the three terms are measured from one end of the 
line, it is also divided harmonically when they are measured 
from the other end. « 

Also, when a line is divided harmonically, the mean is 
divided infernally and externally in the same ratio, and the 
rectangle under the whole line and the middle part is equal to 
the rectangle under the extreme parts, and conversely, when a 
line is divided internally and externally in the same ratio, or 
so that the rectangle under the whole and the middle part 
equals the rectangle under the extreme parts, the whole line is 
divided harmonically. 

Let the straight line AD be divided so that AC, AB^ AD soce 
in harmonical progression, that is, so that 

A 9 B 3> 



AC lADr.CB ; J?A 
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Therefore DB : BG :: DA : AG, 

or alternately, DB : DA :: BG ; GA, therefore DB^ DG, DA 
are in harmonical progression* 

Again, by (hyp.) and > alternation, AG : GB :: AD : DB, 
therefore AB is divided internally at G and externally at Z> in the 
same ratio. 

Therefore also (VI. 16) AD . GB = AG . BD: 

. The learner will find it easy to prove the converse propo- 
sitions. Q. E. D, 

163. If a straight line he divided harmonically, the dis- 
tance from the middle point of either msan to the two points of 
section an^ to the end of the line on the same side, are in 
geometrical progression, and if three distances measured in the 
same direction from a, point along a straight line be in geo- 
'hfietrical progression, and if a length equal to the geometric 
mean he measured in the opposite direction from the same 
point, the whole lifie will b6 divided harmonically. 

First, let AD be divided harmonically at G and B, and let 
be the middle point of AB, then shall OG .OD^ 0B\ 

A C B D 



Since (162) AG \ CB \\ AD \ DB, and J i> is greater than 
DB, therefore -4C is greater than GB, and therefore lies between 
A and (7. 

Therefore also 

l^AG^-GB) : \{AG^GB) :: \{AD-^DB) : ^(AD + DB), 

that is, OG ; OB :: OB : OD (1), 

therefore ( YI. 17) OG.OD= 0B\ 

Next, let OG : OB r. OB : OD, and take OA equal to OB, 
then shall AD be divided harmonically at G and B, 

Because OG : OB :: OB : OD (hyp.), 

therefore Oi? + OC : OB-OG :: OD + OB : OD^-OB, 

that \&, AG \ GB w AD \ DB, Therefore AB is divided inter- 
nallyand externally in the same ratio, and therefore (162) AD \b 
divided harmonically at C a|id i?, . '. 
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N. B. Since OG . OD * Oj5', if AB .remain invariable, while 
the points G and D change their position agreeably to this re- 
lation, it is plain that if OG decrease, OD must increase, and 
therefore the two points G and D will move in opposite directions. 
Hence G and D may be called Jtarmonic conjugates with respect to 
A and B, and similarly, A and B are harmonic conjugates to one 
another with respect to G and D. 

This is usually expressed thus, A and B are harmonic conju- 
gates to G and i), but the learner must distinctly understand that 
two alternate points, as G and D, are conjugate the one to the other^ 
since if we take any point (7 on a finite straight line AB and pro-' 
duce it so that AG : GB :: AD : DB, the position of the point D 
depends upon that of G, 

164. If any transversal cut a pencil of four rays, the 
ratio of the rectangle under the whole transversal and its 
middle segment to the rectangh under its extreme segments, is 
constant 

Let any transversal cut in the points. A, B, C, D, the rays of 
the pencil of which is the vertex, then shall AD . BG : AB . CD 
be constant. 




Through C draw HCF parallel to the extreme ray AO, and 
draw any line LMN also parallel to AO^ . 
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Because the triangles CBE and ABO are similari therefore 
BG \ AB \\ EC \ AO, and because GF is parallel to AO^ 
therefore AB : IDG \\ AG \ CF. 

Therefore, compounding these two pairs of ratios, 



(BG : AB") (EG : AG) 
\aD \Dg]'''\AO ; CF)' 



thatis, AD.BG lAB.GD \\EG\GF, 

but EG : GF :: LM : i/iV", which is the same for every transversal. 
Therefore -42), J5C J-4j5. (7i> is constant, q. e. d. 

N. B. This property may be thus enunciated — If any trana- 
versal cut a pencil of /our rays, and if a parallel be dravm to an 
extreme ray cutting the other three, the ratio of the rectangle under 
tite fjohole transversal and its middle pa/rt to the rectangle under its 
extreme parts is equal to the ratio of the inner segment of tlie 
parallel to its outer segment, 

Now produce AG ix> any point A\ then 0A\ OB, OC, OD form 
a pencil, and if we still denote the point in which any transversal 
cuts the sam^ indefinite straight line through by the samfie letter, 
the rectangle under the whole and middle part of the transversal 
will now be AB , GD, and the rectangle under the extreme parts 
AD , BG. Also LN is parallel to an extreme ray OA'. Therefore, 
as we have shewn, AB , GD : AD . BG : : NM : ML, since NM ia 
now the inner part of the parallel to an extreme ray. 

Therefore we have still AD .BG \ AB .GD \\ LM : MN, that 
is, if we follow the same order of the letters in the two rectangles 
their ratio remains unaltered. This is a very important principle. 

Again, since AD .BG \ AB .GD w LM '. MN and (161) 
AD.BG + AB.GD = AG ,BD, therefore 

AD.BG : AG. BD.iLMiLF, 

and AB.GD: AG. BD :: MN-.LN. 

But LM ; LN and MN : LN are constant ratios. 

Hence the three ratios of the three pairs of rectangles which 
we have considered and their three reciprocals are each constant| 
GD : AB being the reciprocal of AB : GD. 

Any one of these six constant ratios is called, in general, the 
anha/rmonio ratio (a. e.) of the penciL It is the same with that of 

k G. ^ 
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the range A, JBy C, JD, The pencil OAy OB, OC, OD ia called an 
ankarmonic pencil. The pencil OA, OB, 00, OD I shall often 
express thus, — . ABCJ), where A, By 0, D are any points on its 
four rays. 

The anharmonic ratio of the pencil is expressed thus — 
{0 : A BCD}, and of the range thus — [ABCD]. These ratios, as 
we have seen, are equal. It will have been observed that the 
antecedents and consequents of any anharmonic ratio contain each 
the four letters differently arranged with a 'point between each 
3air of letters. If we assert that the two anharmonic ratios 
ABCD] and [MELJV] are equal, and form the ratio AD.BC : 
A B . CD in the first, then taking the letters in the same order in 
the other we have the ratio 

MJ^. EL : ME, LN equal to AD.BC :AB. CD. 

When .4 D is cut harmonically, then AD . BC = AB . CD, and 
therefore EC and CF are equal. In this case the pencil O.ABCD 
is called an Jiarmonic pencil. The range A, B, C, D may now be 
called an ha/rmonic range. 

Either extreme ray of an harmonic pencil is called a fourth 
harmonic to the other three, and an extreme point of an harmonic 
range is also called a fowrth harmonic to the other three points of 
the range. 

165. If two anharmonic pencils with different vertices 
nave a common ray and the same anharmonic ratio, the inter- 
saections of the three pairs of corresponding rays will lie in tlie 
same straight line. 

Let the pencils 0. ABCD and 0' .ABCD have the same an- 
harmonic ratios and the common ray O'A, then shall B, (7, i), the 




intersections of the corresponding rays, lie in the same straight 
line. 
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Let CB produced meet OA in A, and, if possible, let it not 
pass through Z>, but meet OD and O'D in F and E, 

Because {0 . ABGF] =^{0\ ABCE] (hyp.), 
therefore AF.BG : AB . OF :: AE.BG : AB. CE, 
or alternately, AF.BG : AE.BG :: AB.CF : AB.GE, 
therefore AF : AE :: GF : GE, 

and therefore AF : AF-AE :: Ci^ : GF-^GE, 
that is, ^i^ : EF :: Ci^ : ^i^^. 

Therefore AF and (7^ are equal, which is impossible. 

Therefore the points B^ Gl D must lie in the same straight 
line. Q. E. D. 

166. If two straight lines AB and A'B' he similarly 
divided at C, D and C, T>\ then shall 

[ABCD] = [A'B'C'D']. 

For AD : AB :: A'D' : A'B', 

and J?C : GD :: ^'0' : G'B'. 

Therefore, compounding these ratios, 

AD.BG : AB.GB :: A'D'.B'G' : A'B'. CD'. q.e.d. 

Cor. Hence the pencils . ABGD and a . A'B'G'D', where 
and 0' are any assumed points, have the same anharmonic ratio. 

For {0 . ABGD} = [ABGD]'2ind {0' . A'B'G'D'} = [A'B'G'D']. 

.167. If a transversal cut the sides of a triangle, the seg- 
ments of any side are in a ratio compounded of the ratios of 
the segments of the other sides. 




Fig. 1. 

Let the transversal DEF cut the sides of the triangle ABG in 
the points D, E, F, so that GF, FB, BD, DA, AE, EG are the 



six segments taken in order. 



'i*— n. 
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Through C draw CG parallel to AB and meeting DF in G, 




Pig* 2. 

Therefore J5J^ : FG :: BD : CG :: |^^ \ ^^}. 




But DA : Cff :: -4^ : EG, since the triangles. J ^2> and GEG 
are similar. 

Therefore ^^:i^C7::(f^;J^}, 

and therefore CF . BD . AE^FB .DA . EG, 

or the solids under the alternate segments are equaL Q. E. D. 

N.B. In speaking of a transversal cutting systems of straight 
lines, I shall generally consider the straight lines produced in- 
definitely both ways. 

The converse of the proposition is true, viz. If three points 
be taken on the sides of a triangle {one or all three lying on the 
sides produced) so as to satisfy the above relation^ then shall the 
three points be in the same straight line« 



w> 
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For let D, E, Fhe three points so taken that 

and if possible, let (Fig. 1) BE produced, not meet BC in F but 
in ^'. 



Therefore BF 



, . .. (BD : DA) 

^ ^ •• Ub -.eg] 



^ 



and therefore BF' : i^'(7 :: ^i^ : FG. 

Therefore BF* --F'C : F'G :: BF-^FG : -Fft 
or ^a : i^'(7 :: ^(7 : FO. 
ore j^'(7 and FG are equal, which ia impossible. 
)re 2), .^ and F are in the same straight line. 

Any three straight lines drawn through the angles 
de so as to intersect in the same point, divide the 
'des into segments, svoh that tlie segments of any 

a ratio compounded of the ratios of the segments of 

fo sides. 

straight lines drawn through the angles of the triangle 
ct in 0. Then shall 



\ 




( 

Because EB cuts the sides of the triangle ADG^ and FG cuts 
the sides of the triangle ABD^ therefore (167) 



Therefore, compounding these ratios, 

ri)0 : OA 



{ 



BD 
BG 



BG 
DG 






AG 

BF 

\,AE 



CD 
FA 
EG 



\. 
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But < ^ * ^jA is a ratio of equality, 
Therefore ^^ '' ^0 ::[f^\f^], 



and therefore AF . BD.CE = FB . DG . EA, 

that is, the solids under the alternate segments of the sides are 
equal. Q. E. D. 

N. B. The learner should examine the cases in which the 
point is without the triangle ABC. 

The converse of this proposition is true, viz. If the above rela- 
tion holds for three points all on the sides of the triangle,, or two 
of them on two sides produced, then the straight lines joining these 
points with the opposite angles of the triangle meet in a point. 

The proof is similar to the proof of the converse of (167). 

CoR. Hence the lines joining the points of contact of the 
inscribed cirde with the opposite angles of a triangle meet in the 
same point. 

169. If three straight lines dravm through the vertices of 
a triangle meet in a pointy and if the points in which these 
lines meet the opposite sides he joined; the joining lines meet 
the opposite sides in three points %uhich are in the same straight 
line. Also, every pencil of four lines in the figure is an 
harmonic pencil, and every range of four points is an har- 
monic range. , 

Let ABC be the given triangle. Let AB, BE and CF meet 
in 0, and let EF and BG intersect in Z, FD and GA in J/, 
DE and AB in N. Then shall Z, Jf, iV be in the same straight 
line, and every four-point range and four-line pencil in the figure 
shall be harmonic. 

Because the three straight lines AD^ BE, GF pass through the 
same point 0, therefore (168) 






and because the transveisal FZ cuts the sides of the triangle ABC, 
therefore (167) 



J.J. j.^ (BF : FA\ 
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Therefore BD : DO :: BL : LG, 

and therefore BO ia cut intemaHj in D and externally ia Z, in 
the same ratio. Therefore B, B, (7, Z ia an harmonic range, and 
die pencils E . BDCL ajid F. BDCL are hai-monic pencils. 




In the same manner it can be proved, that every other foiir 
points OD the same straight line or four lines passing through the 
Banie point are harmonic ranges or pencila. 

Again, join LA. Then L.AECM ia an harmonic pencil. 
Therefore if ML, LC, L,E, and LA be produced to meet any 
transversal, they will cut it harmonically, but LG, LE, LA 
meet BN ui B, F, A respectively, therefore ML must meet Bl^ 
in the fourth harmonic to B, F, A, but N is the fourth harmonic. 
Therefore ML produced must pass through If. Therefore the 
three points L, M, N are in the same straight line. q. e. d. 

If.B. If we ciansider the quadrilateral BDEF, LN is its third 
diagonal. Let R be the point in which BE produced would meet 
LN. 

Then, since 5. J Z'Cif is an harmonic pencil, therefore JF, £, 
L, M form an harmonic range. That is, the third diagonal is cut 
harmonically by the other two. Also, P and R are harmonic 
conjTigtites to B and E, since M.BFAN is an harmonic pencil. 
So /", Jf are harmonic conjugates to F, D. Hence, each diagQn&l 
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of a complete quadrilateral is cut in conjugate harmonic points by 
the other two. 

Def. In the harmonic range A, B, 0, D, the alternate 
points B, D or A, C are called harmonic conjugate points, 
or simply, harmonic conjugates, and in the harmonic pencil 
. ABCD, the alternate rays OB, OD or OA, 00 are called 
harmonic conjugate rays or harmonic conjugates. (See 16$, 
N.B.) 

170. Given three consecutive rays of an harmonic penal 
or three consecutive points of an harmonic range; find tfe 
fourth harmonic. More generally, given any three rays of an 
anharmonic pencil or any three points of an anharmonic rangs 
and the anharmonic ratio ; find the remaining ray or point, 
the position of the required ray or point with respect to th4 
given ones being assigned. 

Let OA, OBy OG be the three given rays. Through any point 
P in OB draw the transversals AF and GB meeting OG and OA 




in F, G and B, A. Join AG, BF, and let these lines meet in B. 
Join OB. OB is the required fourth harmonic. This is evident 
from (169), since the three straight lines AF, GB and OB drawn 
through the angles of the triangle AOG meet in the same point P. 

If three points A, B, (7 of an harmonic range be given, to find 
the fourth. Join A, B, G with any point 0. Draw AF and OP 
through the same point P on OB. BF and AG produced will 
obviously meet in B the required fourth harmonic. 

Again (see Fig. to 164). "Let OA, OB be two of the given 
rays, draw any line ZN^ parallel to OA, then HOG he the third given 
ray, take MI^ so that ZM : ifiV is the same with the given 
anharmonic ratio, and join Oi^, this is the remaining ray. But if 
OAf OB and OB be the given rays, then divide XA in M, so that 
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LM : MN is the same with the given ratio. Join OM^ which is 
the required ray. If three of the four points of an anharmonic 
range be given, join them with any point and find, as above, the 
remaining ray of the pencil wi^ the given anharmonic ratio. 
This ray will cut the line joining the three given points in the 
required fourth point. 

171. The internal and external bisectors of any angle 
of a triangle are harmonic conjugates with respect to the sides 
containing that angle, and the three points in which the three 
external bisectors of the angles of a triangle meet the opposite 
sides are in the same straight line. Also, the points in which the 
external bisector of any angle and tJie internal bisectors of the 
other two angles intersect the sid-es respectively opposite to 
them lie in the same straight line. 

Fig. to 169. Let ABG be the given triangle, and suppose ABy 
BE and CF to be the bisectors of its angles, and AL to be the 
bisector of the external angle CAN, 

The three internal bisectors pass through the same point 
(73). 

Also BD : DC :: AB : AC (VI. 3), 

and BL : LC :: AB : AC (VI. A), 
Therefore BD \DC \\BL\ LC, 

and therefore J5, i), (7, L form an harmonic range. 
Therefore also A . BDCL is an harmonic pencil. 

Again (169), FE produced must meet BC in the fourth har- 
monic conjugate to B, i>, C, Therefore FE passes through L, 
In like manner it can be proved that FD passes through M, and 
DE through N, where M and N are the other two points in which 
the external bisectors of the angles ABC and ACB meet the 
opposite sides. Hence it can be proved, exactly as in (169), that 
the three points L, Jf, N are in the same straight line. In fact, 
this proposition is only a particular case of (169). 

172. If two alternate rays of an harmonic pencil contain 
a right angle, they bisect the angles contained by the other two 
rays. 

Let A.BDCE be the given harmonic pencil, and DAE the 
right angla Then shall uii> bisect the angle BAC, and AE bisect 
its supplement CAU. 
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Draw CF parallel to AF, and meeting AD in G and AJB in F, 




Therefore (164, N. B.) CG and GF are equal, and the angle 
A GF is equal to the alternate angle GAF, which is a right angl6 
(hyp.). Therefore (I. 4) the angles FAG and CAG are equal, and 
therefore their complements FAB and FAG are also equaL Q. E. d. 

173. Given the base and the ratio of the sides of a 
triangle; find the locus of its vertex. 

Let BG be the given base, and divide it internally in J) and 




externally in ^ in the ratio of the sides so that £, D, G, F is an 
harmonic range. 

On JDF describe the semicircle J)AF, This is the required 
locus. For join any point A in the arc of the semicircle to the 
points of the range. Therefore A . BDGF is an harmonic pencil, 
and the two alternate rays AD, AF contain a right angle. 

Therefore (172) AD bisects the angle BAG, and therefore (VL 
3) AB : AG :: BD : DG, that is, in the given i-atio. 

Cor. Hence given the base, the vertical angle and the ratio of 
the sides, we can construct the triangle. For when the base and 
vertical angle are given, the locus of the vertex is a known seg- 
ment upon the base (53). Also when the base and the ratio of 
the sides are given, the locus of the vertex is, by the proposition, 
a known semicircle. 

A point in which these two circles intersect will determine the 
vertex. 
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Otherwise thus. On the given base BG describe a segment 
BAG containing an. angle equal to the 
given vertical angle, and bisect the remain- 
ing segment BEG in E. Divide BG hi D 
in the given ratio of ^ sides. Join ED, and 
produce ED to meet the opposite circum- 
ference in A. BAG is the required tri- 
angle. Because the arcs BE and GE are 
equal, therefore AD bisects the vertical 
angle BAG, and therefore (YI. 3) 

BA : AG :: BD : DO. 

174. If two straight lines dravm from the ends of th£ 
base of a triangle to meet the opposite sides intersect on the 
perpendicular to the*base, the straight lines joining their points 
of intersection with the sides to the foot of the perpendicular, 
are equally inclined to the perpendicular. 

Let ABG be the given triangle, AD the perpendicular on the 
base, and BE, GF the straight lines drawn from 
the ends of the base, intersecting in any point G 
on AD, Join ED, FD, These lines are equally 
inclined to AD, 




Because three straight lines drawn from the 
angles of the triangle ABG intersect in the 
same point G, therefore (169) D , BFAE (or 
D . BHGE) is an harmonic pencil, but BDG is a right angle, there- 
fore (172) GD bisects the angle HDE, and BD bisects its supple- 
ment. Q. E. D. 

N.B. That the perpendiculars of a triangle bisect the angles 
of the triangle formed by joining their feet is only a particular 
case of this theorem. It can, however, be easily proved inde- 
pendently. 

175. The reciprocals of lines in harmonical progression 
are in arithmetical progression, and conversely, the reciprocals 
of lines in arithmetical progression are in harmonical progres- 
sion. (See 150, Def.) 

It will be sufficient to consider three consecutive terms of the 
progression, since every other three consecutive terms can be simi- 
larly treated. 
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Let then AC^ AB, AD he in harmonical progression. Draw A 
perpendicular to AJ) and equal to the linear unit* 




Draw OB', 0B\ 00\ OA' respectively perpendicular to Oi>, 
OB, OG, OA, Therefore OA' is parallel to AD, and the angles 
DOD', BOB are right angles ; therefore, taking away the common 
angle BOD', the angles DOB and D'OB' are equal. Similarly, the 
angles BOO and BOG\ CO A and C'OA' are equal. Therefore the 
pencils . DBG A and . D'BG'A' have their angles equal, each to 
each, and therefore they admit of superposition. Hence 

{0 . DBGA\ = \0 . D'BG'A:\. 

Therefore . D'BG'A' is an harmonic pencil, and since AG' is 
parallel to its extreme ray OA', therefore D'B and BG' are equal, 
and therefore AD', AB, AG' are in arithmetical progression, but 
those lines are the reciprocals of AD, AB, AG respectively. For 
AD,AD' = AO'y since DOD' is a right angle and AO perpendicular 
to DD', that is, 

AD : AO :: AO : AD', 

or AD' is a third proportional to ^Z> and the linear unit AO. In 
like manner it can be shewn that ^^ is the reciprocal of AB and 
AG' of AG. 

Therefore the reciprocals of lines in harmonical progression are 
in arithmetical progression. 

The converse follows at once from the same construction* 

•N.B. Since twice the arithmetic mean between two given 
lines is equal to the sum of the extremes, if we represent* the 

reciprocal of AB hy -ji^, which is to be read, t^ie reciprocal of AB, 

Ihe first part of the above theorem may be expressed thus :-— 

111 211 



2. 



or 



AB AG AD' AB 



AG'^AD* 



which is to be read, twice the reciprocal of the harmonic mean 
between two lines is eqiud to tfie sum of the reciprocals of the 
extremes. 
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176. Oiven two unequal straight lines; find the ariih- 
metiCy geometric and harmonic means between them, and prove 
that the geometric mean is a m^an proportional between the 
other two Tneans. 

Let AC and AD be the given extremes. On CD describe the 




semicircle "with centre 0, Draw the tangent AP and PB perpen- 
dicular to AD. Join PO. 

AO \& evidently the arithmetic mean, for the difference between 
AC and ^0 is equal to the difference between JtO and AD, 

AP IB the geometric mean, for AP' = AC . AD (III, 36). 

Also AB is the harmonic mean, for PB is perpendicular to 
the hypotenuse AO oi the right-angled triangle APO^ and there- 
fore 

OB.OA^OP^=^OC\ 

Therefore (163) AD is cut harmonically in C and B^ that is, AB is 
the harmonic mean between AC and AD. 

Again, from the right-angled triangle APO, AP'=AO.ABj 
that is, the geometric mean is a mean propoi'tional between the 
other two means. It is also obvious from the figure, that the arith- 
metic mean is the greatest and the harmonic the least. 

K.B. If we take PB as the linear unit, then BO is the re- 
ciprocal of AB, for AB . BO = PB'. Also, BD is the reciprocal of 
CB, and CB of BD, for CB.BD = PB', but the difference of CB 
and BD is twice BO ; therefore twice the reciprocal of the mean 
AB is equal to the difference of the reciprocals of the two differences 
CB and BD, or, as we may concisely express it. 



AB CB BD' 

Again, if we take AP as the linear imit, the reciprocal di AO 
is AD, of AB, AO and of AD, AC, and these reciprocals AD, AO, 
AC are obviously in arithmetical progression. 
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This property has been already proved in (175), where it is 
2 11 



expressed by 



AB'~AC'^AI)' 



177. If through a fixed point two transversals be drawn, 
intersecting two given straight lines, and if the points of inter- 
section be joined transversely; find the locus of the point of 
intersection of the joining lines. 





First, let the two given lines AB, AC intersect in A. 

Let F be the fixed point. Through P draw the transversals 
PDIiJy PBCy and let the joining lines GB, EB meet in 0. It is 
required to find the locus of 0. 

Join AF, AO. Then A . fBOG is an harmonic pencil (169), 
and its three rays AF, AB, AC are fixed, therefore (170) the 
remaining ray -40 is determined, which is the required locus. 

Kext, let the two given lines AB, CD be parallel. Through 
the fixed point F draw the transversals 
FACy FBI). Join FO, meeting the given 
lines in £ and F. Because the triangles 
DOC and AOB are similar, 

therefore DO : OA :: CD : AB, 
but the triangles Z>OJ^and A OE are similar, 
therefore DO : OA :: FO : OE. 
Therefore FO : OE :: CD : AB. 
Also, because CfD and AB are parallel, 

CD : AB i: DF : FB :: FF 




Pig. 3. 



FE. 



Therefore i^O : OE :: FF : FE. Therefore FF is cut har- 
monically in E and 0. But F, E and F are given points. There- 
fore is known, and a parallel to the given Imes through is the 
required locus. 
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. N.B. In finding the locus of 0, when the two given lines are 
parallel, we have proved the case of (169), in which one of the 
lines joining the points of intersection of two sides is parallel to 
the third side of the triangle. 

For the three lines drawn throiigh the angles of the triangle 
PCD intersect in 0, and meet the opposite sides in A, B, Fy and 
AB is parallel to the third side CD, 

178. Through a given point without two given straight 
lines any transversal is drawn and a point taken on it, such 
that th^ reciprocal of its distance frQm the given point is equal 
to the sum of the reciprocals of the intercepts between the 
given point and the given lines ; find the locus of the point of 
section. 

Let be the given point, AB and CD the given lines. 




Jl 




Draw any transversal through 0, meeting the given lines in A 
and C, and (170) find the point jEJ such that 0, 4, F, C may be an 
harmonic range. Then the locus of JS is 'a fixed line JSF passing 
through the intersection of AB and CD, or parallel to them, if the 
given lines be parallel (177). Bisect OF in P, and draw FII 
parallel to FF. PH is the required locus. Because 0, A, E, C is 
an harmonic range, therefore (175) 

2 1 I , ^ 2 1 

+ -—. ♦ but 



OF" OA OC * OF OF' 

since the reciprocal of half a line is evidently twice the reciprocal 
of the whole line. 

Therefore -tt^ = -^r-; + 



OP~OA OC 
and therefore PH is the required locus. 

♦ * ' 

179. Through a given point within two given straight 
lines any transversal is drawn, and a point taken on it such 
that the reciprocal of its distance from the given point is equal 
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to the difference of the reciprocals of the intercepts between the 
given point and the given lines; find the locus of the point of 
section. 

Let be the given point, and AB^ CD the two given lines. 




Draw any transversal CB through 0, and find the locus of a 
point £ such that JU, A, 0, C is an harmonic range. 

This locus EF will either pass through the intersection of AB 
and CDf or be parallel to them, if the given lines be parallel (177). 

Bisect OB in P, and draw PIl parallel to EF. FII is the 
required locus. Because and E are harmonic conjugates to 
C and A, therefore (176, K B.) 

OE^AO^OO' 

Therefore PIT is the required locus. 

180. If through a given point mthout any number of 
given straight lines a transversal be dravm and a point taken 
on it, such that the reciprocal of its distance from the given 
point is equal to tlie sum of the reciprocals of the intercepts 
oetween the given point and given lilies; find the locus of the 
point of section. 

Let be the given point, and AB^ CDy EF^ the given 

lines. 

Draw any transversal through 0, cutting the given lines in 

•^1 ^i By 

Find (178) LM the locus of a point L such that 

J_ 1 1 
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we can now replace AB and CD by LM^ since 

i_ JlL -JL JL Jl. 
OL ■*" H^F'^ ••• "OA'^ OG "" OE" 




In this way we finially reduce tlie problem to (178). Hence 
the required locus is a fixed straight line. 

181. If through a given point within any number of 
straight lines a transversal be drawn, and a point taken on 
it, such that the reciprocal of its distance from the given 
point is equal to the excess of the sum of the reciprocals 
of the intercepts between the given point and the lines on 
one side of it over the sum of the reciprocals of the inter- 
cepts on the other side of it; find tlie locus of the point of 
section* 

Let be the given point, and LQ any transversal through it. 

Find by (180) a line LM such that the reciprocal of OL is 
equal to the sum of the reciprocals of the intercepts between 




and the lines to the left of and a line QR, such that the re- 
ciprocal of OQ is equal to the sum of the reciprocals of the inter- 
cepts to the right of 0. The problem is now reduced to finding 
the locus of a point on LQy such that the reciprocal of its distance 
from is equal to the difference of the reciprocals of OL and OQ, 
The locus is therefore (179) a fixed straight line. 

182. On the sides of a triangle produced through the 
ends of the base, parts are taken in a given ratio, and their 

M. G. ^.^ 
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extremities joined to the remote ends of ike hose; find the 
lomia of the intersection of the joining Hnea. 




Let ABC be the pven triangle, and let BD : CQ, BE : Off, 
and SF : CK be taken in the givea ratio. Join D,E,Fto C, and 
G,M,£U>B. 

Because the straight lines BF and CK are similarly divided, 
therefore (166, and Ctor.) 

{B.CCfnK] = {C.BDFF}, 

and the pendls have different vertices B and C, and the ray SC 
common, therefore (165) the three poiats M, N, R, m which the 
correspoading rays intersect, lie in the same straight line ; dier&- 
fOre if we suppose the points M, N fixed, the straight line Mlf 
passes through auy variable poiut E on the locus. Therefore 
MN produced indefinitely is the required locus. 

Def. Two triangles are called co-polar when the lines 
joining corresponding vertices meet in a point, and this 
point is called the pole of the triangles. Two triangles are 
called co-axial when the intersections of the corresponding 
sides lie on the same straight line, and this line is called 
tJie (ucia of the triangles. 
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183. If two triangles be co-polar, they ahall also be co- 
axial ; arid conversely, if pwo triangles be co-axial they shall 
also be co-polar. 

Firat, let ABC, A'ffC be the two co-polar triangles, beinjj 
the pole, so that A and A', B foxA B', G and C are the corre- 
Bponding vertices, and the aides BC and KG', GA and G'A', AB 
and A'B", opposite to these rerticea, the corresponding sides. 

Let the corresponding sides meet in L, M, N, and join LA', 
LM, LA, LO and MN. 

Because the tranaveraals LB and LB' cut the same pencil with 




vertex 0, therefore [ZCi)5]= [LC'SB'], and therefore 
{A.LGDB\ = {A'.LG'ES]. 

Therefore the pencils A.LCDB and A'.LG'EB' have a 
common ray AA' and the same anharmonic ratio, therefore (165) 
the intersections of the corresponding rays, AL and A'L, AG aad 
A'G', AB and A'B lie on the same straight line, that is, tiie points 
L, M, N «t^ in the same straight line. Therefore two co-polar 
triangles are also co-axial. 

Next, let the two triangles ABC, A'B'G' be co-axial, eo that 
the points L, M, N are now given in the same straight line. Then 
shall GC, BB', apd AA' meet m the same point. 

Vi— "t 
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Let C'G and JffB be produced to meet in 0. 

Now consider the two triangles MO'C and NBB. The lines, 
joining the corresponding vertices M and N^ C and B^ and B 
meet in Z, since N, if, 2/ are in the same straight line (hyp.). 
Therefore, by the proposition just proved, the intersections of the 
corresponding sides must lie on the same straight line, that is, the 
intersections of MC and NF, CO and FB, CM and BN, but 
these intersections are the points A'j and A, Therefore A' A 
produced passes through 0. Therefore two co-axial triangles are 
also co-polar. q.e.d. 

184. Given three fixed straight lines meeting in a point, 
if the three vertices of a tricmgle move one on each of these 
lines, and two sides of the triangle pass through fixed points ; 
prove that the remaining side parses through a fixed point an 
the line joining the two given points. 

Let OA, OB, 00 be the three fixed lines, Z, if the two fixed 
points. Take two positions ABC, A'B'C of the triangles, and pro- 
Pi 




O is W B T 

duce ^jB, Zilf to meet in P. Zo\tlPO,PA\ P^' produced will paas 
through J5', For, if possible, let FA' meet OB in A and join 
OL, OM, 

\ONCC'\ = {L . ONCC'\ = \M. ONCC\ 

but obviously {L . ONCC] = {L . OSAA'}. 

In fact, these are anharmonic ratios of the same pencil. 

Similarly {M,ONCC']--{M .OTBB). 
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Therefore [OTBB'] = [OSAA'l 

and therefore 

OT.B'B:OF.BT::OS.A'A:OA\AS, 

but OS.A'A:OA\AS::OT.pB:Op.BT, 

since each ratio is the anharmonic ratio of the pencil with 
vertex P. 

Therefore 

OT. pB : Op.BT :: OT. B'B : OF.BT, 

or, alternately, 

OT.^ff: OT.FB :: 0^8. BT : OF.BT. 

Therefore (YI. 1) pB : 5'jB :: Op : OB. 

But )8jB is greater than B^^ therefore 0^ is also greater than 
OB^ which is impossible. Therefore P, Al and P' must lie on the 
same straight line. 

Therefore A'B always passes through the intersection of LM 
and AB, 

If therefore we consider ABC as a fixed triangle, the intersec- 
tion of AB with the fixed line LM will determine the fixed point 
through which the base A'B of any variable triangle A'BC\ 
satisfying the conditions of the proposition, always passes. Q. E. D. 

K.B. In this proposition we have incidentally proved an 
important principle, viz. If two anharfricmic ranges not formed on 
tJie same straight line Imve a common point and the sa/me anharmjonio 
■ratio, the straight lines joining the three pairs of corresponding points 
meet in a point. (Compare 165.) 

For [OBBT] = [OA'AS], and we have proved that A'B, AB 
and jST meet in the same point P. 

Coil Hence we can describe a triangle having each of its 
vertices on one of three fixed straight lines meeting in a point, and 
each of its sides passing through a fixed point. 

Let OAf OB, 00 be the fixed lines, L, M two of the fixed 
points through which the two sides of the required triangle are to 
pass. Omitting the third point,, find the point P through which 
the base always passes. Join P with the omitted point, and let 
the joining line meet OA, OB in the points A, B, AB ia the base 
of the required triangle. Join AL and BM meeting in (7. ABG 
is the required triangle. 
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185. Two vertices of a triangle move on fixed straight 
lines, and the three sides pass through three fixed points^ 
which lie on a straight line; find the loom of the third 
vertex. 




Let LM, LN be the two fixed straight lines, 0, P, Q the three 
fixed points. Take two positions of the triangle, ABCyA'B'Cy 
and join LO^ LP^ ZQ, 

\MAA'L\ = \NBB'L\ since each is the anharmonic ratio of the 
pencil with vertex 0. 

Therefore {P. MAA'L] = {Q . JVBFL]. 

Therefore the pencils F . MAA'L and Q . NBBL with difierent 
vertices and a common ray PQ have the same anharmonic ratio, 
therefore (165) the intersections of the corresponding rays PA and 
QB, PA' and QB', PL and QL lie on the same straight line. But 
these intersections are the points G, C\ L, Therefore if the 
triangle ABC be considered fixed, the fixed straight line LC will 
always pass through the vertex G' of any variable triangle of the 
system. Therefore the required locus is a fixed ^straight line pass- 
ing through the intersection of the straight lines on which the two 
vertices move. 

Cor, Hence we can inscribe in a given triangle another, so 
that its sides shall pass through three given points in a straight 
line. 

For, let LM, LN be the two sides of the given triangle, 0, 
P, Q the three given points. Omitting the third side of the given 
triangle, we can find the locus of the vertex of the required 
triangle. Let this locus meet the omitted side in C. Join C7P, 
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X5I 



GQ meeting LM^ LN \n.Ay*B respectively^, ABG is the required 
triangle, 

188. The hose of a triangle passes through a fixed pointy 
the base angles move on two fixed straight lines, and the sides 
pass through two fixed points which lie on a straight line 
parsing through the intersection of the two fixed lines / find 
the I0CV3 of the vertex. 

Let be the point tlirougli wHcli the base passes, ZJf, LN" 
the two given lines on which the base angles move, P, Q the given 
points through which the sides pass, Z, P and Q being in a straight 
line. 




Take three positions of the triangle, ABC, A'FC and A"B"C'\ 
and join OL, 

[LAA'A"] = [LBB'B"], since each of these ratios is the anhar- 
monic ratio of the pencil with vertex 0. 

Therefore {P . LAA'A"} = {Q . LBB'B"}. 

Therefore the pencils P . LAA'A" and Q . LBFB" have a com- 
mon ray PQ and the same anharmonic ratio, therefore (165) the 
intersections of PA and QB, PA' and QB', PA" and QB", that is, 
the points C, C", C" lie on the same straight line. Therefore if 
the two triangles ABC^ A'B'C be considered fixed, the fixed straight 
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line CO' will always pass through thfe vertex C" of any variable 
triangle of the system. This fixed straight line is therefore the 
required locus. 

187. Any quadrilateral is divided hy a straight line 
into two others; prove that the intersections of the diagonals 
of the three lie in a straight line. 

Let A BCD be the given quadrilateral, and ^, F the points in 
which the straight Ime dividing it into two others meets the 




opposite sides. (This straight line is not drawn, in order not to 
complicate the figure.) 

Let the diagonals of the three quadrilaterals intersect in P, 0^ 
Q ; then shall P, 0, (? be in a straight line. Join PO, OQ, JSO, 
OF. 

The transversals DB and OA cut the rays of the pencil with 
vertex F in the points J), G, 0, B and (7, i, 0, H respectively, 
taken in order. 

Therefore {A . DGOB] = {B . CAOH}. 

Again, BE cuts the pencil A . DGOB, and CF cuts the pencil 
B . CAOE. Therefore [DFMF] = [GFNQ]. 

Therefore {0 . DPMF} = {0 . CFJSrQ}. 

Kow the two pencils . DPME and . GENQ have the same 
anharmonic ratio, the ray OF common, the rays OD and ON in the 
same straight line, and OM and OG in the same straight line; 
therefore the remaining rays OP and OQ must also form one straight 
line. Q.KB. 
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N.B. That PO and OQ form one straight line may be thus 
proved. (See also 170, which implies that FO and OQ form one 
determinate straight line.) 

If possible, let PO produced meet CE in a point Q' different 
from Q. Then {0 . DPME) = {0 . NQ'GE }. The points i> and iV^ 
correspond, for the transversals DE and EG cut the same ray OD 
in the points D and JSf. So P and Q are points on the same ray^ 
and Jf and G. 

But {6> . DPME] = {0 . CENQ], as has been proved above. 

Therefore \GENQ\ = [NQVE], 
and therefore GE. NQ : GQ.NE :: GE.NQ' : NE , CQ\ 
or, alternately, GE .NQ : GE .NQ' v. GQ .NE : NE .GQ\ 

Therefore NQ : NQ' :: GQ : CQ\ 

If Q' lie between N and Q, then iVQ' is less than NQ, from the 
figure, and consequently GQ' greater than GQ, but since NQ' is 
less than NQ, and iVQ : NQ' :: GQ : CQ', therefore GQ' is also less 
than GQ, but it has been shewn to be greater than it, which is 
impossible. 

In like manner, it can be proved that Q' cannot lie between Q 
and 0. Therefore PO produced must pass through Q. The prin- 
ciple proved in this note is often uiseful. 

The proposition (187) may be enunciated in several other 
ways. Thus, (a) Given in magnitude and position the bases AB, 
CD of two tria/ngles AFB, CED, and that the vertex of each triangle 
moves on the base of the other ; prove that the line PQ joining the 
intersections of their sides AF, DE, and BF, CE always passes 
through the fixed point O in which the lines joining the ends of the 
bases intersect. 

Or thus, — (j8). If the a/ngles of a variable tria/ngle PFQ move 
on three given straight Ivnes ED, DC and CE, whilst the two sides 
PF, FQ pass respectively through two fixed points A, B lying on a 
straight line passing through E, tJie intersection of the lines on which 
the base angle moves, the base PQ always passes through omMher 
faced point. 

188. If two circles cut one another orthogonally, any 
straight line drawn through the centre of either and meeting 
both circles is cut harmonically by the two drcvmferences. 
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Let the two circles whose centres are and 0' cut orthogonally 
at K Then shall any straight line AD drawn through the centre 
of eithei* be cut harmonically at C and £. 




Because OEO' is a right angle (hyp,), therefore (III. 16) OH 
is a tangent to the circle CUD, and therefore (III. 36) OC . Op 
= OU^ = OB*. Therefore (163) Ay C, B, D form an harmonic range. 

Q. E. D. 

K. B. The converse is also true, viz. If a line he cvi Jiarmonic' 
ally, any circle through one pair of conjugate points is cut orthogon- 
ally by the circle on the distance between the oilier 'pair of conjugate 
as diameter. 

For, let AD he cut harmonically in C and D, Describe any 
circle passing through G and D, and describe a circle on AB as 
diameter intersecting the former in B, Join OB. Because AD 
is cut harmonically and AB is bisected in 0, therefore (163) 
OO.OD = OB' = 0E\ Therefore (III. 37) OB touches the circle 
CBD at E, Therefore the two circles cut one another orthogonally. 

Def. If four fixed points on a circle be joined to any 
variable point on the circle, the anharmonic ratio of the 
pencil thus formed is called the anharmonic ratio of the four 
points, and if a variable tangent meet four fixed tangents, 
the anharmonic ratio of the four points of intersection is 
called the anharmonic ratio of the four tangents, 

189. The anharmonic ratio of four fixed points on a 
circle is constant. 

Let ABGD be the four fixed points on the circumference, and 
or 0' any variable point on the circumference. 
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While remains on the arc AOD it is evident that the anliar- 
monic ratio of the pencil O.ABGB continues the same, sinca 
its angles continue the same. 




Let pass to 0* between A and 5, and produce -40' to A' , 

The angles A! OB and AOB are equal (III. 22), because AOBO* 
is a quadrilateral in a circle. Therefore the two pencils , ABCD 
and (7 . A' BCD have their angles respectively equal. Therefore 
{O.ABGD} = {O'.A'BGD], but the pencils O'.ABGD and O'.A'BGD 
are really the same (164, N. B.); 

Therefore {0 ,ABGD]={0' .ABGD}. Therefore the anhar- 
monic ratio of four fixed points on a circle is constant. 

190. If a variable tangent meet two fixed tangents, the 
intercept on it subtends a constant angle at the centre of the 
circle. 





Fig. I. 



Fig. 2., 
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Let be the centre of the given circle, By C the points of 
contact of the fixed tangents which meet in A, and P the point of 
contact of the variable tangent DE. Then shall the intercept DE 
subtend at the centre an angle eq^al to half the angle subtended 
at the centre by the points of contact B and (7. 

From the figures it is clear that the angle DOP is half the 
angle BOP, and the angle EOP half the angle COP. Therefore 
the angle DOE is half the angle BQG. q. e. d. 

191. The anharmonic ratio of four fixed tangents is 
constant. 

Let be the centre of the circle, -4, B, (7, D the points of 
contact of the fixed tangents, and P the point of contact of any- 
variable tangent. Let the variable tangent meet the fixed tangents 
in Z, M, N, R respectively, and join these points to the centre O 
by the dotted lines, which do not necessarily pass through any of 
the points of contact -4, J5, C, D. 




The pencil . LMXR has all its angles constant by (190). 

Therefore {0 . LMXJR\ is always constant, q. k. d. 

N. B. By comparing (189) and (191) it is obvious that the 
anharmonic ratio of any four tangents is equal to that of their four 
]K>ints of contact, since the angles which the intercepts on the 
tangents subtend at the centre are respectively equal to the angles 
subtended by the points of contact at a point on the circumference. 

192. Prove that the anharmonic ratio of four points on 
a ciivle is the same with the ratio of the rectangles under the 
opposite sides of the quadrilateral jfvrmed by joining the four 
points. 

I>t Af By C^ D he the four fixed points oa the drde. 
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Take AD^ equal to AD^ join DD' and produce it to meet the 
circle again in 0, 




Join OA, 00, OB, and draw D'O" parallel to OB. Join A0'\ 
AO. 

Because C"C meets the two parallels 2/(7", OB, therefore the 
angles D'0"C and OCB are equal, but OCB and OAB in the 
same segment are equal, therefore B0"0 equals OAB, and therefore 
Uie quadrilateral AOO"B' is circumscribable by a circle. There- 
fore the angles AO"U and AOB', B'AO" and B'OG' are equal, 
but AOB' and AOB, B'OC" and C^i) are equal. Also AB' and 
AB are equal (constr.). Therefore (I. 26) the triangles AB'G" 
and ABO are equal in all respects; therefore B'O" and BO are 
equal. 

From the similar triangles (fO"B' and G'C-g, 

B'O' : C"5 :: {B'0"^)BO : C^, 

also uiwB : AB^ :: uijB : ^i>, 

since AU and -4i> are equal. 

Therefore compounding these ratios, ' 

AB . B'O' : AB' . C'^ :: ^^. OB : ^2> . C7^. q. e. d. 

193. J/" any hexagon he inscribed in a circle, the inter- 
sections of the three pairs of opposite sides lie on the same 
straight line. (Pascars Theorem.) 

Let ABOBEF be any hexagon inscribed in a circle, and L, M, 
iV the points in which its opposite sides meet. L, M, N are in 
the same straight line. Join LM, MN, AG, AB, EG, EB and 
MO. 
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By (189) {A . FBCI)\ = {E . FBOD}. 



But the pencils A . FBCD and A . LGCD are identical, and so 
are E.FBCD and E.NBGH, 

Therefore {A . LQCD] = {E , FBCH). 




Also, clearly, . {A . ZG?C2>} = {M . LGCD], 

and : {E .NBGH] = {M . NBOH}. 

Therefore {M . LGGD} = {M . NBGH}. 

Therefore (see 187, N.B.), LM and MN form one straight line. 
Q. E. D. 

194. The straight lines joining the opposite angles of 
any hexagon described about a circle pass through the same 
point (Brianchon's Theorem.) 

Let ABGDEF be the hexagon circumscribing the circle, and 
let its two alternate aides AB and GD meet the other four sides in 
B,A,H,G and (7, K^ Z, J5, respectively. Join EA^ FD. 

Therefore (191), \BAHG\ = \GKLB\ 

And therefore \E.BAEG)^\F .GKLiy\. 
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"Also the ray EF is common to the two pencils E , BAUG and 
F , CKLD, therefore (165) the intersections of the corresponding 
raysEB and FG, FA and FK, EG and FD lie on the same straight 
line, but these intersections are the intersections of the two 
diagonals EB^ FG and the two points A, B respectively ; therefore 
the diagonal AD passes through the intersection of the other two 
diagonals EB and FG. Q. £. d. 




KB. It is worthy of remark, that in (194) we have cut the 
same four sides of the hexagon by any two sides AB^ GD^ which 
have only owe side BG between them, and that the vertices of the 
pencils are at the extremities of the side oppositie BG, 

Again, in (193) the vertices of the pencils are at any two 
vertices -4, E of the hexagon separated by only one vertex F 
between them, and the four other verticea^ of the hexagon cor- 
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respond to tlie four sides which are cat hj the other two in 
(194). 

In propcMdtions like the present one, the learner is recommended 
to place small numbers and small letters at the coiresponding points 
or lines, as has been done in (194). Thns the points (I) are both 
on £C, (2) on AF, (3) on F£, and (4) on JSD, and (v) is placed at 
the vertex of each pencil. If it conduce to clearness, (t?') may be 
used at one vertex for (t?), and one set of numbers may also carry 
accents (1'), &c. We have then (191) {v . 1234} = {»' . 1'2'3'4'}, and 
the theorem is now manifest by (165). 

195. If we assume six points on the circumference of 
a circle, and join them in the order ABCDEFA {Jbrming 
a figure which we may call, hy an extension of the term, an 
inscribed hexagon or hexagram), the intersections of the 
opposite sides FA and CD, AB and DE, BC and EF lie on 
the sa/me straight line. 




This is proved by applying to the figure here the words of 
the proof of (193). 

In like manner, if we join the six points in any other order, 
the points corresponding to X, if, iV will still be in a straight 
line. 
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196. Oiven six points on the circumference of a circle; 
find a seventh point on the circumference, such that the an- 
harmonic ratio of it and three of the points taken in an 
assigned order, shall be equal to the anharmonic ratio of it 
and the other three points taken in an assigned order. 




E 

Let it be required to find a point on the circle, such that 
the anharmonic ratios of 0,-4, E^ G and 0, 2>, B, F^ the points 
being taken in this order, shall be equal, where A, E, C, i>, -5, F 
are the six given points. 

Write down the given points in the above order, thus 

* (AEC\ 

\dbf) • 

Now interchange the middle points, thus 

(ABG\ 
\DEF) ' 

and form a hexagon by taking the points in this order, ABCDEF, 

Let the opposite sides of this hexagon meet in Z, J/, iT. These 
points will be in a straight line (195), and this straight line 
produced will meet the circle in two points and 0\ either of 
which will be the required seventh point. 

Join DO, OA, and AD cutting 00' in K. 

Then, 

{D . OAEC) = {D . OKML}, and {A . ODBF} = {A. OKML], 

but {D . OKML] =: {A . OKML}. 

M. a v^ 
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Therefore [OAEC] = [OBBF]. 

Therefore is the required seventh point. In like manner it 
can be proved that 

[O'AECf] = [O'DBF], 

so that there are two points satisfying the conditions of the 
problem. 

N.B. It ■will have been observed that we have used [OAUC] 
to denote the anharmonic ratio of four points on a circle, as well 
as that of four points on a straight line, but no confusion can 
arise from this extension of the meaning of [OAI!G]y since the 
figure will always indicate whether a range, or four points on a 
circle, are meant. 

197. Given six points on a straight line ; find a seventh 
point on the given line, such that the anharmonic ratio of 
it and three of the points taken in an assigned order^ shall be 
equal to the anharmonic ratio of it and the other three points 
taken in an assigned order. 

Let Ay E, C, jD, By F be the given points. Describe any 
circle, and join any point P on its circumference to the six given 




points. Let these joining lines meet the circumference again in 
A', E\ C, B', B\ F\ and find (196) a point 0' such that 

[aA'E'G'] = [&D'FF'\ 



198.] AND IN MODERN GEOMETRY. 163 

Join O'P, and produce it to meet the given line in 0. Then is 
the required point. 

For, obviously, {P . OAEG] = {P . O'A'E'C], 

and {P.ODBF} = {P. O'D'FF'}. 

But {P . O'A'E'C] = {P . 0'B'B'F% (constr.) 

therefore {P .OAEC\^{P ,OI)BF\ 

or \pAEC\ = [ODBF]. 

Therefore is the required point. 

Another point may be found satisfying the conditions of 
the problem, since another point besides 0' may be foimd on the 
circle. 

198. Inscribe in a given polygon another of the same 
number of sideSj so that each of its sides shall pass through 
a given point 

All that is meant here is that there is a number of given 
points, and the same number of given straight lines indefinitely 
produced both ways, and that it is required to describe a polygon 
so that each of its sides shall pass through one of the given 
points, und each of its vertices be upon one of the given straight 
lines. 

Let ABCB be the given polygon, X, if, Ny R the given 
points. 

On any side BG of the polygon take three points G^^, G^^ G^ 
as trial positions of one vertex (or angular point) of the required 
polygon. 

Join G^M meeting BA in F^ ; join F^N meeting AD in E^ ; 
join E^R meeting DC {the side adjacent to CB vnth which we began) 
in ZTj, and join G^L, also meeting DG in K^. 

Proceed in the same way with G^ and G^, 

Thus the points H^^ H^ H^ and K^, K^, K^ are determined on 
the side DG adjacent to BG^ on which the three points were 
assumed at first. 

Now suppose EFGR to be the required inscribed polygon. 

Then clearly 
\L . HK.K^K^] = {£ . GGfifi,} = {M . GGfifi,} = {M. FF^FJ'^} 
= {N-. FF^F,F^} = {N. EE^E,E^) = {R . EE^E^} » {^ • SE,ff^H^). 

W.— *! 
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{L . BK^K^,} = {R . EEflJI^, 
or _ [HK^K^;\={HH,H^^. 
Hence the problem is reduced to (197), Bince iZ' is the required 
point, and the other six points are given. 



ilj 31^ Kj^ H K^ 



K.R We have supposed the successive order of the angles 
and sides of the required polygou with respect to the sides of the 
given polygon and the given points to be assigned. Thus there 
will be, in general, two solutions, since another point h can b«' 
found such that [Ai'.-ff/'J = [hE,S^^. 
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I will not stop to discuss the particular eases of the problem, 
such as, when all the given points are in a straight line, or when 
all the given straight lines pass through the same point. In either 
case there will be only one effective soliUion, (See 185 and 184.) 

The elegant applications of anharmonics in (196), (197), and 
(198) are due to the Rev. R Townsend, F.R.S., FeUow of Trinity 
College, Dublin, and Professor of Natural Philosophy in the 
University. 

199. Find the locus of the intersection of equal tangents 
to two given circles, and prove that it is a straight line, 
perpendicular to the line joining the centres of the circles 
and dividing this line, so that the difference of tfie squares on 
its segments is equal to the difference of the squares on the 
corresponding radii. 

Let A and B bo the centres of the two given circles, CD^ CE 
equal tangents from a point (7 in the required locus. 




Fig. I. 

Draw (Fig. 1) CO perpendicular to AB^ and join AD^ ACj 
BE, BG. 

The difference of the squares on. AO and OB is equal to the 
difference of the squares on AC and CB, and this difference is equal 
to the difference of the jsquares on AD and BE, since CD and CE 
are equal (hyp.). 

Therefore CO always divides AB, so that the difference of the, 
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squares on its s^ments is equal to the difference of the squaries on 
the radii. 




Fig. 7. 

Therefore CO is a fixed straight line, and is therefore the 
required locus. 




Fig. 3- 

If the circles intersect as in (Fig. 2), it is evident that the chord 
of intersection is the required locus, for if C7 be a point on the 
chord of intersection, CI>' =CE.CO = CJS'. If the circles touch 
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at as in (Fig. 3), the common tangent GO is the required locus, 
iorCD=CO = GE. 

In aU cases AO' -- BO* = Al^ - BW. 

if one circle be entirely within the other, the required locus 
will cut the line joining the centres extemaUy outside both drcleSy 
cmd on the aide of the centre of the less circle. This at once appears 
from the fact that the line joining the centres of the two circles is 
less than the difference of the radii. 

It is also clear from the three figures, that if from any point on 
CO produced indefinitely both ways we draw two straight lines, 
one cutting each circle, the rectangle under the segments into 
which the chord of one circle is divided at the assumed point on 
GO is equal to the rectangle under the segments of the chord of the 
other circle, made by the same point. 

Def. The locus of the intersection of equal tangents 
to two circles is called the radical axis of the two circles, 
oXf which is the same thing, the locus of a point such that 
if straight lines be drawn through it, cutting both circles, 
the rectangles under the segments of the chords made by 
the point are equal, is called the radical axis of the two 
circles, 

200. The radical axes of each pair of a system of three 
circles meet in a point 




Fig. I. 
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First, let the three given circles all intersect one another, then 
shall the three chords of intersection (that is, the three radical 
axes) pass through the same point within all the circles. 

Let A 9 By (7 be the centres of the three circles, and let the 
chords DE and HK intersect in 0. Join FO, FO, if produced, 
will pass through G, for, if possible, let it not pass through G, but 
.meet the two circles (A) and (B) in L and M, 

Therefore (IIL 35) DO.OE = HO. OK, because DE, HK are 
chords of the circle {C). But DO.OE = FO. OL, because DE, FL 
are chords of {A\ and EO.OK=FO. OM, because HK, FM are 
chords of {B), 

Therefore FO,OL = FO, OM, and therefore OL = OM, which 
is impossible ; therefore FO produced must pass through G, that 
is, the three chords of intersection meet in the same point with- 
in all the circles. 

Kext, let the circles not all intersect one another. 

Let DO, the radical axis of (A) and (B), and EO, the radical 
axis of (A) and ((7), meet in 0, and from draw the three 
tangents OF, OG, OH to the three circles. Because C? is a point 
in the radical axis of (A) and (B) the tangents OF and OG ai*e 




Fig. «. 

equal, and because is a point in the radical axis of (A) and ((7) 
OF and OH are equal ; therefore the tangents OG and OH to the 
two circles {B) and ((7) are equal Therefore is a point in the 
ludical axis of (B) and ((7). Therefore the three radiod axes of a 
system of three circles pass through the same point Q. e. d. 
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Def. The point in which the three radical axes of a 
system of three circles meet is called the radical centre of 
the system. 

Cor. Hence, when the radical centre is without the circles, we 
can describe a circle to cut the three orthogonally, for (Fig. 2) the 
circle with centre and radius OF cuts all three circles orthogo- 
nally (110). 

It is also obvious that a circle described with any point on the 
radical axis of two circles as centre and one of the equal tangents 
from' this point to the circles as radius cutp both circles orthogo- 
nally, 

201. If two circles do not meet one another, any system 
of circles cutting them orthogonally always passes through 
two fixed points on the line joining the centres of the two 
given circles. 

Let A and B be the centres of two circles which do not meet 
one another, and which are consequently not met by their radical 




axis. From any point C in their radical axis CO draw the tangent? 
CJ) and CJS, and from the centre at the distance CJ) or CJEJ 
describe the circle DF^H cutting ^^ in J^ and F. Then shall F 
and F be fixed points. For, in the triangle ACF the difference 
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of the squares of the sides -4(7, CT is equal to the difference of the 
squares on the segments of the base AO^ OF made by the perpen- 
dicular CO, 

But OF is equal to (72), therefore the difference of the squares 
Gn. AO and OF is equal to the square on the radius AD^ and there- 
fore OF is of a known length, and since the point is fixed, there- 
fore ^ is a fixed point, but OF' equals OF. Therefore F' is also 
a fixed point. 

In fact OF is equal to the tangent from to the circle (-4), 
since the squares on OF and AD ai'e together equal to the square 
on AO* 

Hence any circle with its centre on the radical axis of (-4) and 
(B), and its radius equal to the tangent drawn from its centre to 
(-4) or (B\ always cuts (A) and {B) orthogonally, and passes 
through two fixed points F and F on the line joining the centres 
A and B, 

N.B. Further, (a) if from any point on AB not situated 
between F and F* we draw a tangent to the circle DFE, and froni 
the point as centre with this tangent as radius describe a circle, it 
will cut DBF orthogonally (110). Now since FA.AF^AB^.it 
is clear that as the centre approaches F from -4, the radius AD 
diminishes, and when it reaches F it vanishes, and no circle with 
its centre on FF can cut DFE orthogonally. Therefore the 
system of circles with centres on AB^ which cut the systein with 
centres on CO orthogonally, have their centres on AB produced 
indefinitely both ways, but no centre lies on FF. Also the radii 
increase as A moves off towards the left of F, or B towards the 
right of F\ At F and F' the radii vanish. Hence these two 
points have been called the limiting points of the system with 
centres on AB, 

(0) Since FF' is the radical axis of the system with centres 
on CO, we see that if two ay sterna ofcirclea ciU one cmother ortho- 
gonally tlie centrea o/each ayatem a/re on the radical axia of the other. 
One system in which the circles do not meet has Imiiting points 
(F and F) through which the other system always passes, but the 
system of circles which intersect has no limiting points : in other 
words, a system of circles cutting orthogonally another system 
which passes through two fixed points never intersects. 

This is also apparent from (199, Fig. 2). 

Since (176) the arithmetic mean between two unequal lines is 
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greater than the geometric mean, therefore CO the arithmetic 
mean between CH and CG is greater than CD the geometric mean 
between CH and CG, and therefore the circle with centre C and 
radius CD cannot meet AB, 'J'herefore the system of circles cut- 
ting orthogonally the system passing through G and H has no real 
limiting points. 

If, however, the circles {A) and {B) touch at as in (199, Fig. 
3), then the system cutting orthogonally the system of which the 
circles {A) and (B) are two always passes through 0, and touches 
AB at 0. Hence both systems pass through (?, so that the two 
limiting points of each system coincide at 0. 

A^mi,rA.AF^AD^=^AH'. 

Therefore (163) -F, ^' are harmonic conjugates to G, H. 

Similarly F, F' are also harmonic conjugates to K, L, 

(y) Therefore, the limiting points are harmonic conjugates to 
efoery two points in which a circle of their system cuts the straight 
line passing through them, 

202. If through either of the limiting points of a system 
of circles having a common radical axisy a straight line he 
drawn intersecting a/ny circle of the system, and if per- 
pendiculars he drawn from, the points of intersection to the 
radical a>xis, the rectangle under the perpendiculars is con- 
stant (See 150.) 

Let A be the centre of any circle of the system, CO the radical 




axis, and F, F' the two limiting points. Through F, F' draw CE, 
EF\ and draw DK^ EL, GM, HN perpendicular to CO. 
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Because F and F' are limiting points, CF is equal to the 
tangent from (7, and RF' (which is equal to RF) is equal to the 
tangent from R, 

Therefore, CD : CF :: CF : CE, 

but CD \ CF :: DK : FO, since DK and FO are parallel, 
and CF : CF :: FO : ^X. 

Therefore, DK : FO :: FO : EL, 

and therefore DK .EL = i^O', which is constant. 

Also, GR : i?i^' :: RF' : i^iJ, 

but GR : i?J^' :: G^if : 0F\ 

and i?i^' : RH :: Oi^' : i^iT. 

Therefore GM : i^'O :: F'O : J^iT, 

and therefore GM . iTiT = J^^'O* = F0\ whiph is constant. 

Therefore DK.EL = GM . HN = F0\ Q. E. d. 

203. Oiven three circles. Describe any circle^ and form 
a triangle ABC with tlte three radical axes of this circle and 
each of the given circles. Describe any other circle, and 
similarly form a triangle A'B'C. The straight lines joining 
corresponding vertices of these two triangles will m£et in a 
point, and the points of intersection of the corresponding sides 
mil lie on the same straight line. 

Let Lj M, N be the three given circles, P and Q any two 
circles. 

Let the radical axis of P and L form the side BC of the tri- 
angle ABy that of P and M the side CA, and that of P and N the 
side AB. 

Similarly let the radical axis of Q and L form the side BC of 
the triangle A'BG\ that of Q and if the side C'A\ and that of Q 
and N the side A'B, 

Since the radical axes of the three circles P, Z, M meet in 
their radical centre (200), therefore BC and CA meet on the 
radical axis of L and if, that is, C lies on the radical axis of L and 
if. In like manner it can be proved that C lies on the radical 
axis of L and if. Therefore the straight line CC is the radical 
axis of L and Jf, and therefore CC passes through the radical 
centre of the three given circles X, if, N (200). In like manner 
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it can be proved that BB' and AA' pass each througli the radical 
centre of the three given circles. Therefore the triangles ABC, 









A'BC* are co-polar, and therefore (183) thej are also co-axial. 

Q. E. D, 

204 Describe a circle, such that the radical axes of it 
and each of three given circles shall pass respectively through 
three given points. 

Let (Fig. 203) L, M, Jf be the given circles, F the required 
circle. 

Then, whatever circle P may be, we have proved in (203) that 
the three radical axes of P and X, P and M, P and iV" will form 
a triangle ABC, having its vertices on the radical axes of the 
three given circles. Now these radical axes meet in a point (the 
i*adical centre of the three given circles). Hence the problem is 
reduced to (184, Cor.). Having constructed the triangle ABC by 
this Cor., we have still to find the centre and radius of the required 
circle. 

Since the straight line joining the centres of two circles is per- 
pendicular to their radical axis, therefore the perpendicular from 
the centre of L on BO, the radical axis of P and L, must pass 
through the centre of P, 
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Similarly, the perpendicular from M on CA must also pass 
through P, 

These perpendiculars therefore intersect at the centre of the 
required circle. 

Now LF is known, and the point (B suppose) where BC meets 
LF, But the difference of the squares of LB and DP is equal to 
the difference of the squares of the radii of L and P. Therefore 
the radius of P is determined. 

205. If two pencils have the same anharmonic ratio, and 
if two angles of the one be respectively equal to two angles 
of the other, the two remaining angles shall also be equal or 
one of them the supplement of the whole angle of the other 
pencil. 

Let P . ABGI) and F . A'BV'Jy be two pencils with the same 
anharmonic ratio, and having the angles APB and A'P'B', BPC 
and B'FC equal, then shall the angles CPD and C'FD' be also 
equal, or one of them the supplement of the whole angle of the 
other pencil. 




For if F be placed upon P so that FA' shall fall upon PA, 
FB' upon PB, and FC upon PC, then FB' must fall upon PD 
or its production PD"; for if possible, let FI>' take the position 
P£!, and draw the transversal AB, 

Since {P . ABCB} = {P . ABCB} (hyp. ), 

therefore AD . BC : AB . CD :: AB . BC : AB.CB, 

or, alternately, 

AD.BC : AB.BC :: AB.CD : AB.CB, 
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therefore (VI. I) AD : AE :: CD : CE, 

but AD is less than AE, therefore CD is less than CE, which la 

absurd. 

ThereftMre the point S must lie upon PD or its production 
through f. Q. E. D. 

20S. Given, two pairs of points in a straight line ; find 
a point in ike line suck that the rectangle under its distances 
from one pair of the points shall be equal to the rectangle 
under its distances from the otlter pair. 

Let A, A' Mid B, ff he the given points. Through AA' 
describe any circle PAA', and throng B, B' and any point P on 




Pig. I. 

this drcle, describe the circle PBff, meeting the first circle again 
in Q. Join PQ, and produce it (if necessary) to meet AA! in 0. 
is the required ptont. 

For (HI. 35, 36) OA . OA' = 0P.0Q = OB. OF. 

Cor. 1, Hence, given a fifth point C, we can find a sixth C, 
snch that OG . OC = OA . OA' - OB . OB'. For the circle described 
through P, Q, C will obviously determine the required sixth point 

c: 

Got. 2. Agiun, it is evident that vrhen two pairs of points 
A, A' and B, B' are given, we can determine an indefinite number 
of other pairs of points, C and C, D and D', &c. such that 
OA.0A'=OB.0B'=0C.OC'=0D.0D' = &e. 
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For we have only to describe circles through the points P, Q, 
intersecting the indefinite straight line AA'. These points of in- 
tersection will be the required points, 

N.B. When the point Q coincides with P, that is, -when the 
second circle PBS touches the firat circle PAA' at P (which is 
evidently only possible in figm-e 1), we must draw PO a tangent to 
both circles at P. The point in which this tangent meeta AA' 
■will be the required point, but it will not often be necessary to 
point out so obvious modifications in the constniction. 




It is hardly necessary to remark that only one such point as 
exists, for which OA. OA'=OB.OB', for is clearly the point 
where the radical axis of the two circles PAA', PBS meets 
AA'. 

Def. 1. Three pMra of points A, A'; B, B'; G, C, so 
taken on a straight line that 

OA.OA'= OB. OB^OG.OC, 
are said to form a system in involution. Some ■writers 
extend this term to any number of pairs of points taken as 
above, and I may occasionally adopt this extension of the 
term. 
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The points A, A'; B, B'; or C, C" are said to be covijugate to one 
another, 

[n both Figures 1 and 2, the conjugate points A and A' move 
in opposite directions with aspect to 0. Thus, when A moves to 
Bj A' moye^s to B, 

In Fig. 2, one set of points lies on one side of Oj and their con- 
jugates on the other ; but in Fig. 1, all the points lie on the same 
side oi'O, It is clear that in Fig. 2, a point cannot coincide with 
its conjugate, but in Fig. 1 a point can coincide with its conjugate. 
Let F be sudi a point, so that 

OF' = OA . OA' = OB.OF = &c. Take OF' = OF. 

Since OF' or OF'* = OA .OA' = OP. OQ, therefore the circle 
through P, § and ^ or ^ will touch AA' at F or F'. 

Def. 2. The points F, F' are dalled the fod or doulle 
points of the system, and O is called the centre. 

We may further remark (ol) that any two conjtigate points 
of the system^ together with the two foci, form an harmoniG 
range. 

For OA . OA'=^OF' and OF' = OF-, therefore (163) F\ A, F, 
A' form an harmonic range. The converse follows immediately 
also from (163), viz. (fi). If there be a system of pairs of points in 
a straight line, such that each pair forms, with two given points, 
an harmonic range, the assemblage of the pairs of points will 
form a system in involution, of which t/ie two given points a/re the 
fod. 

In Fig. 2, the fod are usually said to be imagina/ry, but the 
discussion of imaginary points and lines, and of infinite magnitudes, 
is necessarily excluded fi'oip. so very elementary a work as the 
present. 

207. In a system of points in involution, the anhar- 
monic ratio of any four points i$ equal to that of their four 
conjugates. 

Figs, to (206). Let A, A'; B, B'; C, C", be a system of points 
in involution determined as in (206), and let be the centre. 

Join F to A, B, C, C and Q to their conjugates A', B', C", 0, 
CQ being produced to C" in Fig. 2. 

M. G. ^?L 
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In Fig. 1, since APQA' is a qnadrilateral in a circle, therefore 
(III. 22) the angles OPA and QA'A Kre equal. Similarly OPB 
and QBB are equal. 

Therefore the difference of OPA and OPB is equal to the dif- 
ference of QA'A and QB'B, that is, the angles APB and A'QB are 
equal. In like manner it can be proved, that the angles BPC and 
B'QC are equal. And the angles CPC and CQC are equal, since 
thej are in the same segment. 

Therefore the pencils P.ABCC and Q.A'FC'C admit of 
superposition, since their angles are equal, each to each, therefore 

{P.ABGC'] = {Q.A'FC'G}, 
and therefore [ABCC] = [A'B'C'C]. 

Again, in Fig. 2, the angles QPA and QA'A in the same seg- 
ment are equal, and QPB and QBB are equal. Therefore the 
difference of QPA and QPB is equal to the difference of QA'A and 
QB'B, that is, the angles APB and A'QB' are equal. SimUarly, the 
angles BPC and B'QC are equal ; and because the quadrilateral 
PGQC is in a circle, the external angle C'QG" is equal to tiie 
. internal and opposite angle GPG', 

Therefore {P . ABGG'} = {Q . A'FG'G"}. 

But the pencils Q. A'B'G'G" and Q . A'B'G'G are identical. 

Therefore {P . ABGG'} = {Q . A'B'G'G}, 

and therefore [ABGG'] = [A'B'G'G]. 

In like manner it may be proved, that the anharmonic ratio of 
any other four points is equal to that of their four conjugates. 
Q.E. D. • 

N.B. The learner should bear in mind that if two anharmonic 
pencils have two angles of the one respectively equal to two angles 
of the other, but the remaining angle of the one equal to the sup- 
plement of the whole a/agle of the other, the aiJiarmonic ratios 
of the pencils are equal. • For we have just seen that the two 
pencils (Fig. 2), P . ABGG' and Q . A'B'G'G have the angles APB, 
BPG respectively equal to A'QB', B'QG', but the angle GPG' the 
supplement of the whole angle G'QG, and that the anharmonic 
ratios are equal. ; 

208. Given three pairs of points in a straight line, such 
that the anharmonic ratio of four of the points is equal to that 
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of their four conjugates ; prove that the points form a system 
in involution. (See 209, Cor. 1.) 

Figs, to (206). Let A, A'; B, F] C, C\ 1)6 the given points, 
and let \ABGG'\ = {A! FCC]. Then shall the system be in involu- 
tion. 

Through two pairs of conjugate points A^ A' and -8, B' describe 
two circles intersecting in F and §, and let PQ meet AA' in 0. 
The circle described through jP, Q and G must pass through G\ for, 
if possible, let it meet A A' in Og. Therefore 

OA.OA'=^OB.OF = OG.OG^, 

and therefore -4, A'] B, B'; G, G^ are in involution. Therefore 
(207) 

[ABGG,] = [A'BVJG]. 

Therefore AB. CG, : AG,. BG :: A'B' . Gfi : A'G.FG^ 
or alternately, AB. GG, : A'F . GjO :: AG, . BG : A'G . FG,, 
therefore ^^B : A'F :: AG,.BG : A'G.FG,. 
But {ABGG"] = [A'B'G'G], by hypothesis ; 
therefore AB.GG' : AG'.BG :: A'F.G'G : A'G . FG\ 
or alternately -4^ . (7(7' : A'F.G'G -AG'.BG : A'G.B'G'; 
therefore' AB : A'F :: AG'.BG : A'G.B'G'. 
Therefore AG,. BG : A'G.B'G, :: AG'.BG : A'G.FG', 
or alternately, AG,. BG : AG' . BG :: A'G. FG, : A'G . B'G', 
therefore AG, : AG' y. FG, : FG' (a). 

Now in Fig. 1, AG, is greater than AG'^ therefore FG, is 
greater than FG'^ which is impossible. 

Again, for Fig. 2, we have from (a), 

AG,- AG' : AG' :: B'G,-B'G' : FG', 

or G'G, : AG' ;: G'G, : FG'; 

therefore AG' = FG', which is impossible. 

The proof would be exactly similar, if G, had been assumed on 
the left of G' instead of on the right. Therefore the circle described 
through Pj Q, G passes through G'. Consequehtly the six points 
form a system in involution, and therefore when three pairs of 
poirvts a/re given (in either of the orders assigned in Figs. 1 and 2, 
206) m a straight li/ne such that the anharmonic xatio of four of 
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them is equal to thai of their fawr conjvgaies, tlien the cmharmonie 
rcUio of any other set of four poiMs is eqtml to that of their four 
conjugates. Some writers give this as the definition of involu- 
tion. 

209. Oiven four points A, B, B', A' in a straight line; 
find the locus of a point at which AB and B'A' shall subtend 
equal angles. 

Find (206) a point on the straight line A A', such that 
OA . OA' = OB . OB, and take F and F' such that 

OF*^OF'*^OA.OA\ 

{In other words, find the centre and the foci F^ F' of the system 
of points in involution determined by the given pairs ^, A' and 

On F*F as diameter describe a circle. This circle is the re- 
quired locus. For join any point P on its circumference to the 
four given points. Since F\ A, F, A' form aiSi^harmonic range 
(206, a), and the angle FFF' is right, therefore (172) FF bisects 
the angle AFA'; simUarly, FF bisects the angle BFB, 

Therefore the angles AFB and A*FB are equal, and therefore 
the circle on the diameter F'F is the required locus. Q. e. p. 




N. B. Since, as we have proved, FF bisects the angle subtended 
at F by every pair of conjugate points of a system in involution, 
being given any fifth point C we can very simply find its conjugate, 
for it is only necessary to draw FG* making the angle FFC equal 
to FFC \ or agaiui we can determine as many pairs of conjugate 
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points as we please by fixing upon one point arbitrarily as C, and 
then determining C as above. 

Cor. 1. In a system of three pairs of points A, A'; B, B'; 
C, C\ arranged as in Fig. 1 (206), thq present construction furnishes 
a very simple proof of (208), viz. Jfthe (jmha/rmimic ratio of four of 
the six points be equal to that of their four conjugates, the anhar- 
monic ratio of any other set of four points is equal to that of their 
conjicgates. For the angles AFB and A'PB* are equal (constr.), 
and {F . ABCC'\ = {F . A'B'GV}, (hyp.). Also, the angle CFC is 
common; therefore (205) the remaining angles BFG, B'FC of 
the two pencils are equal, since they are obviously not supple- 
mental. 

Consequently the angle subtended at F by any two points is 
equal to that subtended at F by their conjugates. Q. E. D. 

Cor. 2. If a system of circles have a common radical axis, a/nd 
any circle he described cutting them orthogonally, and if any trans- 
versal he dra/um through its centre O, meeting the circles in the points 

A, A'j B, B'; C, C, o&c, the points A, A', o&c. luUl form a system 
m involution, and the points F, F' where the transversal meets the 
circle (O) will he thefod of the system, and O will he its centre. Also, 
a/ay two points, as A, B, will suhtend at any point on the circle (O) 
the same angle as their conjugates A!, B'. 

For let be the centre of the circle cutting the given circles 
orthogonally so that is on the radical axis, and let the transversal 
through meet the given circles in A, A'', B, B] C, C, &c. and 
the other circle in F, F'. Then, since is on the radical axis 
0F'.= OA. OA' = OB.OB' = OC . OC = &c. q. e. d. 

Def. a system of circles which have a common radical 
axis is called a co-aocal system. 

Cor. 3. Jf any transversal cut a co-axal system, in A, A'; 

B, B'; C, C, d&c, and the radical axis in O, the points A, A', 
iSsc, form a system, in, involution of which O is the centre. For 
OA . OA' = OB . OB' = OC . OC = &c., since is a point on the 
radical axis. If the conjugates A and A', B and B', &c. lie on the 
same side of 0, the system in involution has real foci, but if A and 
A', &c. lie on different sides of 0, the foci have no geometrical 
existence. 

. 210. Prove that if a system of six points A, A' ; B, B' ; 

C, C, be in involution, 

AB' . BC . CA' = A'B . B'C. C'A. 
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By (207) [ABBC] = [A'BBV]. 

Therefore AB' .BC : AC .FB :: A'B.B'G : A'G.BF, 
or, alternately, 

AB.BC X A'B,FG :: AC.FB : A'O.BF 

:: AG' : A'G, 

Therefore AB\ BG' .GA' ^A'B. BG .G'A. q.e.d. 

211. If a straight line intersect three given circles in a 
system of points in involution, it will pass through a fixed 
point {the radical centre of the three circles). 

Let L, M, N'he the given circles, and let the transversal meet 
them in the points A, A'; B, B'; G, G' respectively, and let be 
the centre of the system of points in involution. 

Therefore OA .OA' = 0B .OB = 0G . OG' (hyp.), but since 
OA . OA' = 0B, 0B\ therefore is a point on the radical axis of 
the circles L and M. Similarly lies on the radical axes of M and 
N and of N and L ; therefore is the radical centre of the three 
given circles. Q. E. D. 

212. A straight line meeting the sides and diagonals of 
any quadrilateral is divided in six points in involution. 

Let PQRS be the given quadrilateral, and let any transversal 




meet its sides and diagonals in -4,-4', -B, B\ C, C". Then shall 
these six points be in involution. Join G\ the point of section 
on either diagonal, with the vertices of the opposite angles, F 
and R. 



\ 
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{P. ABCC] = {P. QSOC'} = {E . QSOG'} = {R . B'A:CG'}. 

But {R.B'A'GC'] = {R.A'FC'G}, for these ratios are 
BG' . A'G : B'A' . GG' and A'G . B'G : A'F . G'G, which are identical 

Therefore {P . ABGG'\ = {P . A'FG'G], 

and therefore [ABGG"] = [A' FCC], 

hence A and A\ B and F^ G and G' are conjugate pairs of points in 
involution (208). 

N.B. If the transversal pass through 0, the intersection of 
the diagonals, is a focus of the system, since the two conjugate 
jK)int8 G and G' then coincide at 0, 

213. Any straight line meeting a circle and the, sides of 
any inscribed quadrilateral is cut in involution. 

Let the transversal meet the circle in B, F and the opposite 




sides in A, A' and C, C". Then shall these three pairs of points be 
in involution. 

For 

{P.ABGF}=^{P. QBSB'} = {R. QBSF}^\R. CBA'F) 

= {R . A'FCB], since {R . CBA'F) = CF . BA' : CB . A'F, 

and {R . A'FC'B] = A'B . FC : A'F . CB, 

which two ratios are identical, or if the rays RG\ RB be produced 
the pencil will become R. A'B*CB, 
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Thei-efore [ABOB'] = [A'£'C'Bl and therefore (208) A and A\ 
B and B\ C and C are three conjugate pairs of points in involu- 
tion. Q. £. D. 

N.B. If the transversal meet the diagonals of the quadri- 
lateral in D and D\ then (212) D and D' are in involution with 
-4, A' and (7, C, but i5, B' are also in involution with A, A' and C, 
C". Therefore any three of the four pairs of points A^ A' ; B^ B' ; 
C, C; D, D\ are in involution. 

Def. If six points in involution be joined to any seventh 
point outside the points, the pencil thus formed is called a 
pencil in involution. 

Since the anharmonic ratio of any four of six points in 
involution is equal to that of their four conjugates, and the 
anharmonic ratio of a pencil of four rays is the same as 
that of the range formed upon any transversal meeting the 
pencil, it is plain that pencils in involution may be treated 
similarly to ranges in involution, and that they possess 
kindred properties. If therefore three pairs of points be 
in involution, the pencil joining them to any point will be 
in involution, and conversely, any transversal meeting a 
pencil in involution is cut in involution* 

214. The straight lines drawn from any point to the 
six angular points of a complete quadrilateral form a 
system in involution. 

4 

Let CBC'B' be a quadrilateral, AA' its third diagonal. 
P 
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Join any point P with the extremities of the three diagonals. 
Then the pencil F. ABGG'EA' will be in involution. 

For, let FC meet AG in G" and GA' in G'\ 

Then, evidently, 

\P.ABGG'\ = I P . ABGG"\ = {(?'. ABGG"\ = {G'.B'AVC"'} 

= {F . B'A'GG'"} = {P . B'AVG'l. 

But {P . B'AVC} = |P . ^'^'C'C}. 

Therefore {P . ^^CC"} = {P . ^'jS'C^'C}, 

and therefore (208) the pencil P.ABGG'FA is in involution. 

Q. E. D. 

215. If three chords of a circle meet in a point within 
or without the circle, the six straight lines joining any point 
on the circumference to the extremities of the chords form 
a pencil in involution. 

Let AA\ BB\ GG' be the three chords intersecting in D. Join 




AG, AG\ B'Q, EG'y and AB meeting GG' in E. Let P be any 
point on the circumference. 

Now {A . GA'BU) = {A . GDEG'} = {B" . CBEC} 

= {B . GBAG'} = {B' . CABG}. 

Therefore (18&), {P.GA'FG'} = {P.G'ABG}, and therefore 
(208) P . ABGA'BG* ia a pencil in involution, q. e. d. 

216. If a system of circles he described cutting a given 
circle orthogonally, and having their centres in a given 
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straight line, the radical axis of the system will he the per^ 
pendicular from the centre of the given circle on the given 
line. 

Let O be the centre of the given circle, and CB the given line. 

Draw OBO' perpendicular to GB, and from C draw the tangent 
CA to the given circle. Describe the circle AFF' with any point 
C on GB as centre and radius GA, This circle cuts the given 
circle orthogonally (HO), and OA is a tangent to it from 0. 

Similarly, the tangents from to all the circles of the system 
are each equal to OA, Therefore is a point on their radical 
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axis, but the radical axis of two circles is perpendicular to the 
straight line joining their centres; therefore the perpendicular OB 
is the radical axis of the system. Q. E. D. 

N.B. It is eajsy to see if a system of circles be described with 
their centres in OB, and cutting orthogonally the system of which 
AFF' is one, that GB will be their radical axis. For, take BO' equal 
to BO, and with centre 0' and radius equal to OA describe a circle. 
This circle will evidently cut AFF orthogonally, and GB will be 
the radical axis of the circles (0) and (0'). Also, when GB does 
not meet the circle {0), F and F' will be the limiting points of the 
system with centres in OB, but when GB meets the circle (0), 
the points of intersection will be the limiting points of the system 
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with centres in GB, Hence, this proposition is only a different 
mode of stating (201) and some of the deductions from it, 

217. If on {he three diagonals of a complete ^uadri- 
lateral, as diameters, circles be described, they shall have the 
sam£ radical axis, and cut orthogonally the circle circicm- 
scribing the triangle formed by the three diagonals. 

Let ABGD be the quadrilateral, EF its third diagonal, Z, M, 




N the middle points of its three diagonals. Therefore (22) LMN 
is a straight line. Let G, U^ K be the points of intersection of the 
three diagonals taken two at a time. 

Because (169) AK is cut harmonically in G and G, and -4(7 is 
bisected in M, therefore (163) MG,MH — MG*, and therefore the 
circle on -4(7 as diameter will cut orthogonally the circle described 
about the triangle GHK (110). 

Similarly, the circles on BB and EF as diameters will cut the 
same circle orthogonally. Therefore (216) the radical axis of the 
three circles on the diameters AG, BD, EF will be the perpen- 
dicular on the straight line LN from the centre of the circle about 

GEK, Q.E.D. 

218. If on the three diagonals of any quadrilateral, as 
diameters, circles be described, any transversal meeting them 
is cut in six points in involution. 

We have proved in (217) that the three circles form a co-axal 
system, and therefore (209, Cor. 3) the six points in which any 
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transversal is met by the three circles form a system in involu- 
tion. 

219. Describe a circle which shall pass through a given 
point, and cut orthogonally two given circles. 

First, let the radical axis of the two giveii circles be without 
them, then (201) every cii-cle cutting them orthogonally passes 
through the two limiting points of the system with die same 
radical axis. Therefore the circle described through the given 
point and the two limiting points will be the required one. 

Next, let the circles touch, then (201, N.B.) every circle cut- 
ting the given circles orthogonally touches the line joining their 
centres at their point of contact. Therefore the circle described 
through the given point and touching this line at the point of 
contact of the two given circles is the required one. (See 132.) 



\ 

G . - ^ 







V 'A 


■ J 



Lastly, let the given circles intersect in C and i>, and let A 
and B be their centres, and P the given point. Join AP^ and cut 
it at 6r, so that the difference of the squares on AG and GP equals 
the square on radius of circle {A), Through G draw GO perpen- 
dicular to APy and meeting the radical axis CD in 0, The circle 
described from the centre with the tangent OH as radius will 
be the required one. For it will cut the given circles orthogon- 
ally (200, Cor.); also the difference of the squares on AG and 
GP is equal to the difference of the squares on AO and OP. 
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Therefore the squares on AE and EO are together equal to the 
squares on OP and AE, and therefore OP and OE are equal. 
Therefore the circle with centre and radius OE passes through 
jP, and cuts the given circles orthogonally. This last method is 
applicable to the other two cases. 

220. If any secant he drawn through the intersection of 
two tangents to a circle, and if the points of intersection he 
joined to the points of contact of the tangents, the rectangles 
under the pairs of opposite sides of the quadrilateral formed 
hy the joining lines are equal. 




Let OA, OB be the tangents, and OCD the secant. Then 
^h2i\\DA.GB*AG.BD. 

Because the angle OAC is equal to the angle ADC in the 
alternate segment (III. 32), therefore the triangles ADO and OAC 
are equiangular, and therefore (YI. 4) 

AD : DO :: AC : AO; 

therefore alternately, AD : AC :: DO : AO, 

Similarly, the triangles ODB and BCO are equiangular, and 
therefore DB : BG :: DO : OB or OA. 

Therefore AD : AC :: DB : BC. 

Therefore (YI. 16) AD.BC = AC.DB. q.e.d. 

221. If two tangents and a secant le drawn from any 
point outside a circle, the two points of contact and ths points 
of section will subtend an harmonic pencil at any point on 
the circle. 
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Fig. to (220). For (192) [AG£D] = DA.BG ; AO . BD, 
which is a ratio of equality by (220). Q.E.D. 

CoE. Hence, given two points on the circumference of a circle; 
draw a transversal passing through a given point a/nd ctUting Jhe, 
circle in two points, which shall be harmonic conjugates to the given 
points. Let the tangents at the given points A and B meet in 0. 
Join the given point to 0. This is manifestly the required trans- 
versal. 

222. If two circles intersect, cmd if from either point of 
intersection two diameters be drawn, the straight line joining 
their extremities will pass through the other point of inter- 
section, and be at right angles to the chord of intersection. 

For, let the circles intersect in A and B, and let AC, AD be 




two diameters. Join CB, DB and AB. The angles ABC and 
ABD in semicircles are right, and therefore CB and BD must 
coincide, and form one straight Hne, and CD is perpendicular to 

AB, Q.E.D. 

223. '*If through any point O, on the circumference of a 
circle, any three chords be drawn, and on each, as diameter, 
a circle be described, these three circles {which^ of course, ail 
pass through 0) will intersect in three other points, which lie 
in one right line!' 

Let OA, OB, DC be the three chords, and let the circles on 
them, as diameters, intei-sect in i>, E, F. 

By (222) AB produced will pass through D and be at right 
angles to OD, BC will pass through F and be at right angles 
to OF, and CA will pass through F and be at right angles to OF. 
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Therefore D, S, F are the points in which perpendiculftrs 
from any point on the circumference of the given circle meet 




the sidea of the inscribed triangle ABC, and therefore (116) D, 
E and /* lie in one straight line. q. e. d. 

224. The tangents at the angular points of any triangle 
inscribed in a circle intersect the opposite sides in three points 
which are situated in a straight line. 

Ijet ABC be a triangle inscribed in a circle, and A'B'C the 
triangle formed by drawing tangents at the angular points of 
ABO, and let these tangents meet the opposite aides of ABC In 
L, M, ^. Then shall L, M, iV lie in a straight line. 

Because the triangle A'B'C is described about a circle, the 
straight lines AA', BB", CC joining its angles to the points of 
contact of the opposite sides pass through the same point 
(168, Cor.). 

Now, in the triangle A'BC, the straight lines drawn from 
to the angles A', B\ 0' intersect the opposite sides ia A, B, C 
respectively, therefore (169) the intersections of BG and B'C, 
CA and C'A', AB and A'B', viz. the points L, M, N lie in a 
straight line. 



I9S EXEBCtSBS OH EUCLID [224. 

Or thiu, itince the triangles ABC, A'B'C are co-polar, they 
nre alHo co-axial, that is, AB and A'B\ liC and B'C, CA and CA' 
intersect on the same straight line (1 83). q. e. d. 




DeFs. (I) If tho fitraiglit lino joining the centres of 
two circles be cut internally and externally in the ratio of 
the . corresponding radii, the points of section are called 
respectively the mternal and external centres of similitude of 
the two circles. 

It will bo evident, by constructing for the two centres 
of similitude, that when the circles are external to one 
another, the centres of similitude are outside both circles, 
when the circles touch externally tho internal centre of 
similitude is the point of contact, when one circle touches 
the other internally the point of contact is the external 
centre of similitude, when the circles intersect, the internal 
centre of Biinilitude is within both circles, and when one 
circle is wholly within the other, tho centres of similitude 
are within both circles. 

(2) If any transversal be drawn through a centre of 
similitude, which is without both circles, intersecting the 
two circles, the near points of section ta the centre on the 
two csirclos ore called corresponding points, and the remote 
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points of section are also called corresponding points, but a 
nsar point on one circle iand a remote point on the other are 
called non-corresponding points. 

Some writers speak of these points as points correspond" 
ing directly and inversely. 

When the circles intersect, the corresponding points with 
respect to the internal centre of similitude are the two near 
and the two remote points, and each pair of non-correspcmd- 
ing points lies at the same side of the internal centre of simi- 
litude. 

When one circle lies wholly within the other, the cor- 
responding points are on the same side of the external centre 
of similitude, and the non-corresponding points on the same 
side of the internal centre of similitude. 

(3) When two circles touch one another externally, the 
contact may be called external contact, and when one circle 
touches another internally, the contact may be called internal 
contact. 

(4) If. one circle touch two others, the contacts are said 
to be of the same kind, when they are both internal or both 
external, but when one of the contacts is internal and the 
other external, the contacts are said to be of different kinds. 

N. B. We have proved in (124, Cor.) that the direct 
tangents to two circles intersect at the external centre of 
similitude, and the transverse- tangents at the internal centre 
of similitude. 

225. Every trofosversal drawn fhrough a centre of simi- 
litude, and intersecting the two circles, is cut similarly by the 
circles, and the radii drawn to two corresponding points are 
parallel. 

Let A and B he the centres of the two given circles, K and 
their internal and external centres of similitude respectively. 

Through X and draw the transversals GO' and OD and radii 
to their points of intersection with the circles. 

By the definition of the centre of similitude, 

AO : OB :: AC : BC, 

or, alternately, AO : AC :: BO : BC\ 

M.G. "\5> 
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but the emgle AOC is common to the two triangles AOC, BOC\ 
and the angles A CO and JBC'O are both obtuse, therefore (VI. 7) 
the triangles AOG and BOC^ are similar, and therefore AC and 
BC are paraUel, and OC : 0C\:: AC : BC\ 




Similarly, AJD and BJD' are parallel, and " 

OD : 02?' :: AD : BD'. 

In like manner it can be proved that AF and BF' are parallel, 
and AG and BG\ and that KF ; KF' ;: AF : BF' and 
KG : £G' :: AG : ^6^'. 

Therefore, the distcmces of any two corresponding points from a 
ceiitre of similitude are proportional to the corresponding radii. 

N.B, The proof is similar, whatever be the relative positions 
of the two circles with respect to one another. Since the common 
tangents of two circles pass through the centres of similitude, it is 
evident that when one of the circles is within the other the centres 
of similitude must be within both circles, since the circles have 
no (real) common tangents. This will also appear from the con- 
struction for determining the two centres of similitude. When 
the circles touch extemaUyy the point of contact is the intemal 
centre of similitude, and when one circle touches the other »n- 
temaUyy the point of contact is the external centre of similitude. 
The learner should make the figures for each of these cases. 

Further, if the tangent OE be drawn touching the two circles 
at E and Ey the radii AE and BE are parallel, since the angles at 
E and E are right. 

Again L and Z', M and 2t are corresponding points with respect 
to 0, and 

QL : or :: AL : BV. 
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For AG : AL :: BO : BL\ 

therefore AO^AL : AL :: BO + BL' : BL\ 

or, alternately, OL : OL' :: AL : BL\ 

Similarly OM i OM! :: AM : BM. 

Therefore OL : OL :: Oif : 0M\ 

and therefore OZ . OM = OL' , Jf. 

Also, M and X', -3f' and L are corresponding points with respect 
to X, and AK : ^X :: ^Z : BL'. 

Therefore AK + AL : AL :: BK+BL' : BL, 
or, alternately, ZL : ZM' :: JZ : ^Z'. . 

Similarly, ZM : ZL\ :: AL : .BZ'. 

Therefore ZL : ZM' :: JOf : ZL\ 

and therefore JTZ . ZL' = JOf . ZJf '. 

But these results are only particular cases of the next 
proposition. 

226. If a transversal be drawn through a centre of 
similitude intersecting the two circles, the rectatigle under the 
distances of either pair of non-corresponding points from the 
centre of similitude is constant 

Let A and B be the centres of the two circles, and through 




either of their centres of similitude draw the transversal OB, so that 
C and C", B and £>' are corresponding points. 

We have proved that 

OC : OC :: AM : BM' :: OM : OM'. • 
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Therefore OM and CM' are parallel. Similarly DL and D'L" 
are parallel. Therefore the angle OG'M' is equal to OCM, which 
(III. 22) is equal to DLM^ since DLMG is a quadrilateral in a 
circle. 

Therefore the quadril9,teral DLM'C! is circumscribable by a 
circle. 

Similarly, D'L'MG is also circumscribable by a circle. 

Therefore 

OD.OC'^OL.OM' and 0D\ OG=OL\ QM, 

but (225, KB.) OL . OM' = OL' . OM. 

Therefore OJD. OG' and OD' . OG Are each equal to the same 
constant rectangle. Q. e. D. 

227. If through a centre of similitude of two circles 
two transversals he drawn, meeting the circles in fov/r pairs 
of points, the straight line joining any pair of wnnts on ontf 
circle {not lying on the same transversal), will he parallel to 
the straight line joining the corresponding pair on the other 
circle, and it will meet the straight line Joining the non-^ 
corresponding pair cwi the, other oircle, on me radical axis of 
the two circles* 




Let be a centre of similitude of two circles whose centres ar6 
A and B, and OBf OF any transversals through 0, meeting the 
circles. Join the points by straight lines as in the Fig., and let 
CE and B'F' meet in G. 

To G, E on the one circle belong the corresponding points C", 
E', and the non-corresponding D', F' on the other circle. 

Because (225) OG : OG' :: OE : OE', therefore CE and C'E] 
are parallel. 
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Because (226) 00. OD'^OE. OF, therefore the quadrilateral 
GEF'D' is circumscribable by a circle, and therefore (III. 36) 
GG.GE^D'G,GF\ therefore (199, Def.) 6!^ is a point on the 
radical axis of the two given circles. 

In the same manner it can be proved that BE and D'E', FC 
and F0\ DF and D'F wcq parallel, and that DE and C'F, 
FG and E'D\ FD and EC meet on the radical axis of the two 
circles. 

N.B. The learner should bear in mind that the quadrllaterils 
FBG'E', GEFD\ BEFG\ GFE'D' are circumscribable by circles. 

It is also worth noticing, that the quadrilaterals B'FEG and 
BFE'G' are similar, and have their corresponding (or homologous) 
sides proportional to the radii of their respective circles. 

For BF and B'F' are parallel, and 

BF : BF :: OB : OB' 

:: radius of (-4) : radius of {£). So BG : BV as the radii, and 
so on. 

* 

Therefore FB t BO :: FU : BV, and similarly for the other 
sides about the equal angles. Also 

BE : B'E' :: OB : 0B\ 

Cor.. Hence the tangents at corresponding points will be 
parallel, and the tangents at non-corresponding points will meet on 
the radical axis of the two circles. For the radii drawn to corre- 
sponding points are parallel (225), and if a tangent be drawn at G 
it will be inclined to GB' at an angle equal to BEGm the alternate 
segment (III. 32), and the tangent at B' will be inclined to B'G at 
an angle equal to the ongieB'E'G', but B EC and i)'^'(7' are equal, 
therefore the tangents at G and 2/ meet on the radical axis of the 
two circles. 

228. Given three circles ; taken two at a time they form 
three pairs of circles. The lines joining the centre of each 
circle to the internal centre of similitude of the other two 
meet in a point. Thd external centre of similitude of any 
pair, and the two internal centres of similitude of the other 
two pairs lie in the sam£ straight tine, and the eaftemal cen- 
tres of similitude of the three pairs lie on a straight line. 

Let A, B, (7 be the centres of the three given circles, K and 
the internal and external centres of similitude of (B) and IC\^ K 
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and a of (C) and U\ K" and 0" of {A) and {B) ; then shaU AK, 
BK' and CK" meet in a point, and 0, K\ K"; 0\ K, Z"; 0", A', 
A"; 0, O'y 0" shall lie on four straight lines, respectively. 




Since the centres of similitude of any two circles divide the line 
joining their centres internally and externally in the ratio of the 
radii, the two centres of similitude are harmonic conjugates to the 
centres of the circles. 

Again, AK' : K'G :: radius of (-4) : radius of (C). 

Also, 

(AK" : K"B\ ^^ rradius of {A) : radius of (E)^ :: radius of {A) 
\BK : KG ] " (radius of (B) : radius of (C)) : radius of (C). 



Therefore ' AK' : K'G :: (t^' ' ^[f] . 

{BK : KG ) 



Therefore (168, N.B.) AK, BK' and GK" pass through the same 
point. 

Therefore (169), considering the triangle ABG, j^''^" will meet 
AG in the harmonic conjugate to K\ that is, in 0'; similarly, K"K' 
will pass through 0, and K'K through 0". Also (169) 0, 0\ 0" 
will lie on a straight line. Q. E. D. 

Def. The line OOfO' on which the three external cen- 
tres of similitude lie i» called the eoctemal aocis of similitvde, 
and the thre^ lines OK'K[\ (/KK" and 0"KK' are called 
the three internal axes of sinjAlitw^. 
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We can now concisely enunciate the latter part of 
(228). The six centres of similitude of three circles taken 
two at a time lie in groups of three on the four axes of 
similitude. 

229. If a variahle circle touch two fixed circles, the 
chord of contact passes through their external centre of 
similitude when the contacts are of the same hind, and 
through the internal centre when the contacts are of different 
kinds. 




Fig. I. 
Let A and B be the centres of the two fixed circles, and C the 




Fig. 2. 
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centre of the variable circle touching the two former in the points 
/>', E. Join AC and J5(7, passing respectively through D' and E 
(III. 11, 12), and let D'E and AB meet in S, Then shaU 8 he 9, 
centre of similitude of the two circles {A) and {B), Since the tri- 




Fig. 3. 

angles AiyE\ CD'E, and BDE are isosceles, it is clear that AD' 
and BD are parallel. Therefore, from the similar triangles ASD' 
and BSD^ we have 

AS : SB :: .12)' : BD, 




Fig. 4- 
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and therefore S iasL centre of similitude of the two fixed circles (A) 
and (B): 

In Figs. 1 and 3, the contacts are of the same khidj and S is the 
external centre of similitude of (A) and (-5). 

In Figs. 2 and 4, the contacts are of different hinds , and S is 
the vrvtemal centre of similitude of (-4) and (B), Q. e. d. 

230. To describe a circle passing through a given point 
and touching two given circles. 

Fig. 1 to (229). Let P be the given point, A and B the 
centres of the two given circles, and S their external centre of 
similitude. 

Join /SP, and on SP take the point Q, so that 

SP.SQ = SL.SM. 

Through P, Q describe a circle touching (J5) in JST (131). This 
circle will also touch (A). For, produce aS'-^ to meet the circle 
PQE in i>', jD' is a point on (A). Because 

SP.SQ = SD' . SE (III. 36), 

but SP.SQ=^SL. SM (constr.), 

therefore SD\ SJS = SL. SM, 

and therefore (226) D' must also lie on the circle (-4). 

Again, let C be the centre of the circle PQE, Then CEB is a 
straight line. Join AD\ GB\ "We have now to prove that AD'G 
is a straight line. Because D' and i> are corresponding points, A D' 
and BD are parallel (225). Therefore the angles AD'E and CD'E 
are together equal to BDS and BDE together, that is, to two right 
angles, and therefore (I. 14) AD'G is a straight line. Therefore the 
circle {C) touches {A) and (B) at D\ E, and passes through the 
given point P, 

Since (131) two circles can be described passing through two 
given points, and touching a given circle, two circles can be described 
as required by the aid of either centre of similitude. Therefore, in 
generaly four circles can be described through a given point touch* 
ing two given circles. 

231. To describe a circle tcmching three given circles. 

Let Aj B, C be the centres of the three given circles Z, M, iV^ 
and suppose that they are not all equal, and that L is not greater 
than J/ or i\^. 
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With centre B, and radius equal to the difference of the radii 
of M and X, describe a circle, and with centre C, and radius equal 
to the difference of the radii of L and iV, describe a circle. 
Describe (230) a circle through -4, and touching the two latter 
circles externally in G and H, Let be the centre of this circle. 




Join OB (which will pass through G) meeting M m E, and 00 
(which will pass through H) meeting N in F^ and join OA meeting 
Zini>. 

OE and HE are each equal to DA (constr.), therefore 02), OEy 
and OF are equal, and therefore the circle described with as 
centre, and OD as radius, will touch the given circles at the points 
D, E, F. 

If we describe circles with centres B and (7, and radii exceeding 
the radii of M and N by the radius of Z, and then describe a circle 
through Ay touching those circles externally, the centre of this circle 
will be the centre of a circle which will be touched internally by L 
and externally by M and N. 

In general^ eight circles can be described touching three 
given circles, but I will not here discuss the remaining cases, 
since another solution of the problem will be given farther on. 
See (254). 

232. If two variable circles touch two given circles, 
their radical axis will always pass through the external centre 
of similitude of the given circles when the contacts are both of 



233.] AND IN MODERN GEOMETRY. 203 

ihs same hind, hut through the internal centre of similitude 
when the contacts are of different kinds. 

Fig. 1 to (229), Let A and £ be the centres of the given 
circles, and let the variable circles PQJS and LMN touch them 
in D\ E and M, N respectively. By (229) the straight lines 
B'E and MN pass through aS', the external centre of similitude. 
Therefore (226) SD' . SE^SM . SN, and therefore (199, Def.) 
/S' is a point on the radical axis of the variable circles ; the 
proof is exactly similar when the contacts are of different kinds. 

Q. E. D. 

233. A centre of similitude of two circles is joined with 
the point of contact of one of the circles^ with either common 
tangent through the other centre of similitude. Prove that 
the line joining the middle point of the line so drawn^ and 
the centre of the circle, bisects that common tangent 

Let A and B be the centres of the two given circles, K and 
their centres of similitude, and CC" a common tangent through 
0. Join CK, and let 0" be the corresponding point to C, where 
CJT meets the ciixjle (B). Bisect CE in i?, and join AD, meeting 
CC in M] then shall M be the middle point of CC. For, join 
KC\ G'B, and BC". Because the angles ^ CO and BC'O aie 




right, AC and BC are parallel, and because G and C" are cor- 
responding points, AC and BG" are parallel (225). Therefore 
C'BG" is one straight line. 

Similarly, GAG"' is a straight line, where G'" corresponds 
to C". 

Now, AD joins the middle points of the sides of the triangle 
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CC"K, therefore AM is parallel to C"'C\ alid therefoire CC is 
bisected in Jf. q. E. d. . 

234. If two circles touch three others, the contadts bdtiig 
of the same kind, the radical axis of the two is the ^external 
aaris of similitvde of the three, hut if the contact of the two 
circles with one pair of the three he of the same kihd, anc^ 
with the other two pairs of different kinds, the radical axis of 
the two circles will he that internal axis of similitude which 
parses through the external centre of similitude of the first 
pair of the three circles. 

Let the two circles ABO, DEF touch the other three at the 
points A, B, C and i>, E, F respectively, the contacts being of 
the same kind; and let L be the external centre of similitude of 
the circles BYE and CZF, M of CZF and AXD, and N of AXD 
and BYE, so that LMN is the external axis of similitude of the 
three circles. 




Now, since the circles ABC and BEF touch BYE and CZF^ 
their radical axis passes through L (232). 
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Similarly, it passes through M and iT, 

, Therefore LMN is the radical axis of the two circles ABC 
and BEF. 

The other cases o{ the theorem can be proved in the same 
manner, q. e. d. 

235. If two circles touch three given circleSy as in (234), 
the three chords of contact meet in a pointy which is the 
radical centre of the three, and a centre of similitude of the 
tivo. 

Fig. to (234). Let the circles ABC and BEF touch the 
other three. 

Since each of the three circles touches the two ABC and BEF 
and the contacts are of different kinds, therefore (229) the three 
chords of contact AB, BE and CF meet in E, the internal centre 
of simiHtude of ABC and BEF. 

Again, the circles AXB and BYE touch ABC and BEF, and 
the contacts are of different kinds, therefore (232) the radical axis 
of AXB and BYE passes through K, Similarly, the radical axes 
of BYE and CZF and of CZF and AXB pass through K. There- 
fore E is the radical centre of the three. Q. E. d. 

236. If two circles touch three others, as in (234), the 
tangents at the extremities of the chords of contact of each of 
the three circles meet on that axis of similitude, which is also 
the radical aads of the two circles* 

Fig. to (234). Let the two circles ABO and BEF touch the 
other three, and let ZiV be the radical axis of the two, and there- 
fore (234) an axis of similitude of the three. 

The tangents to the circle BYE at B and E are equal, but 
these are also tangents to ABC and BEF, and therefore "^ these 
equal tangents to ABC and BEF must meet on their radical axis, 
as at P. 

In the same manner it can be proved, that the tangents at A 
and B, C and F, meet on LM, q. e. d. 

Di;f. If through a fixed point any straight line be, 
drawn intersecting a circle, and a point be taken on it, such 
that it and the fixed point are harmonic conjugates, with 
respect to the two points of intersection, the locus of the 
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assumed point is called the polar of the fixed point, which 
is called the pole. 

237. Prove that the polar of a given point, with respect 
to a circle^ is a straight line on the same side of the centre as 
the pole; that the straight line joining the centre and pole is 
perpendicular to the pciar, and that the rectangle under the 
distances of the pole and polar from the centre is equal to the 
square on the radius of the circle. 





Fig. I. 



Fig. a. 



Let C be the centre of the given circle, and P the given point. 

Through P draw the diameter EF^ and take D so that P 
and I) may be harmonic conjugates to E and Fy and draw DP 
perpendicular to DE. Then DP is the polar of P. For, draw 
through P any transversal cutting the circle in il, ^ and DP 
in P. 

Because P and D are harmonic conjugates to E and F and 
the mean EF is bisected in (7, therefore (163) DG . CP=-CF* 
or AG\ 

Therefore the difference between CP and DC . CP is equal 
to the difference between CP and AC^. But the former differ- 
ence is equal to CP .PD (11. 2, 3), and the latter is equal to 
AP.PB (50), since ABC is an isosceles iaiangle. Therefore 
CF.PD = AF. PB, and therefore the four poiats A, B, C, D 
lie in the circumference of a circle, , Therefore the anglea BDP 
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and BAO are equal, but BAC equals ABC, which is equal to 
ADC, Also the angle PDF is right; therefore PD and FD are 
the bisectors of the internal and external vertical angles of the 
triangle ADB, Therefore (171) i? . APBF is an harmonic pencil. 
Therefore the conjugate to P, viz. F with respect to A and By 
always lies upon the fixed line DF, 

BF is therefore the polar of P, Also the pole P and its 
polar BF lie at the same side of the centre, and we have proved 
that the line CP joining the centre and pole is perpendicular to 
the polar DF, and that CP . CD = AC. Q. e. d. 

Cor. Hence, given a straight line we can find its pole, or 
given a point we can find its polar. 

For, if DF be the given line, draw CD perpendicular to it 
and take P so that PC. CD = AC, then P is the required pole; 
and if the pole P be given, on CP take D so that 

' PC. CD = AC, 

and draw DF perpendicular to CD. DF is the required polar; 
or we may find the polai' of P thus; through the pole draw any 
two secants, and take a point on each, such that it and the given 
pole shall be harmonic conjugates to the points in which the 
secant intersects the circle ; the straight line passing through the 
two assumed points is the required polar. 

N.B. Some writers take for their definition of pole and polar 
the following. 

Join any point with the centre of a circle, and take a point 
on the joining line such that the rectangle under the distances of 
it and of the given point from the centre shall be equal to the 
square on the radius. The perpendicular through the assumed 
point to the joining line is called the pola/r of the given point 
which is called the pole. 

The definition first given has been preferred, since it is applica- 
ble to all curves. 

Some writers also lay down as their definition of pole smd pola/r 
the property proved in the next proposition. 

It is evident that when the polar is without the circle, the 
pole is within it, ^d when the polar cuts the circle the pole is 
without the circle ; also that the polar of a point on the circle is 
the tangent at the point, and the pole of a tangent is its point of 
contact. . . 
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Def. The foot of the perpendicular from the centre or 
from the pole on the polar is sometimes called the middle 
point of the polar, 

238. A chord is drawn through a fixed point either 
inside or outside a circle^ and tangents at its extremities ; ike- 
locus of their intersection is the polar of the fixed point. 




Fig. I. 

Let G be the centime of the circle and P the fixed pointy and let 
the tangents AD, BD at the extremities of the chord AB^ passing 
through P, meet in D, 

Through D draw DF perpendicular to C-P, meeting AB in F. 




Fig. 2. 

Since CD bisects AB at right angles in E, and the angles DAC^ 
DBG are right ; therefore DC .GEr^AG^ (39). 

But the angles DFP and DEP are also right, therefore the 
four points D, E, P, P' lie on the same circumference, and there- 
fore DG.GE=PG, CF. Therefore PG.CF^ AG% and therefore 
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(237) DP* is the polar of P, that is, the point D always lies on the 
lx)larofP. Q. £. D. 

N.B. Since DC ,CE^ AC\ therefore D is the pole of A 5, or 
(a) The tangents at tlie eoctremities of any chord intersect in the pole 
o/tlie chord. Conversely, (P) If tangents be draivn/rom any point, 
tlie chord of contact is the pola/r of the point. Again, since P is the 
pole of DF and any line drawn through the pole, the polar and 
circle is cut harmonically, therefore D , PAFB is an harmonic 
pencil Now DF is any line through the intersection of two tan- 
gents DAj DB, and D is joined to P the pole of DF, and we have 
seen that D , PAFB is an harmonic pencil. Hence we have the 
following theorem, (y) If any straight line be draiun throitgh a 
pointy and tlie pole of that lin£ be joined to the point, the first line and 
tlie joining line form an harmonic pencil vyith the tangents from 
t/ie point, 

239. JTie polar of the point of intersection of any txvo 
straight lines is the line which joins their poles, and, con- 
versely, the line joining two points is the polar of the inter- 
section of the polars of these points. 

Let P be the intersection of PA and PB, and (7, D the respective 
poles of these lines, then shall CD be the polar of P> Firat, let 




Fig. I. 

either P or both C and D lie within the circle. Since PFi^ dra;wn 
through C and its polar AP, it is cut harmonically in E and C. In 
like manner, PH is cut harmonically in G and 1), Therefore 6V^ 
is the polar of P (237, Cor.). 

M. G. ^^ 
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Next (Fig. 2), let C be without the circle, and D within it, and 
let PA cut the circle in K and M. By (238, a) the tangents at K 




Fig. 2. 

and M meet in G the pole of PA, Take L the harmonic conjugate 
to P with respect to M and K', then LD is the polar of F (237, 
Cor.), but (238) G lies on the polar of P, therefore LD produced 
passes through G. 

Lastly (Fig. 3), let both G and D lie without the circle, and let 
PA and PB cut the circle in. K, M and N, R respectively. The 




Fig. 3. 

tangents at these points meet in G and D (238, a). By (238) (J 
and D both lie on the polar of P, therefore GD is the polar of P. 
In all cases the converse is obvious, q. e. d. 

Cor. Hence, (a) if any number of straight lines pass through a 
jwiiU, tfieir poles all lie on the polar of t/uit point. For the lino 
joining the poles of every two of the intersecting lines is the 
jH>lar of the jwint of intersection ; in other woi*ds, all the poles 
of the intersecting lines lie on the polar of the point of intersec- 
tion. 
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(P) If any number of points lie on a straight line, their polar s 
all pa^ss through the pole of the line, Bor the polars of any two of. 
the points intersect in the pole of the line joining tl^em, that is, the 
polar of every point on a given straight line passes through the 
pole of that line. For the benefit of the learner I will give another 
proof of these principles in the next proposition, 

240. If a point move along a fixed straight line, its 
polar always passes through a fixed point, viz. the pole of tfie 
fixed line ; and if a straight line always pass through a fixed, 
point, its pole always lies on a fixed straight line, viz, the 
polar of the fixed point 

Let AB be the fixed straight line, and P any point on it. Then 




shall the polar of P pass through the pole of AB. From the centre 
(7, draw CD perpendicular to AB, and let QR the polar of P meet 
GP (or CD produced) in R. 

Because the angles PDR and PQR are right, the four pointy 
P, Q, R, B lie on the same circumference, therefore 

PG.CQ^BG.GR, 

but PG . GQ equals the square on the radius, therefore BG . GR 
equals the square on the radius^ and therefore R is the pole of AB. 
Therefore the polar QR of any point P on AB always passes^ 
through the pole of AB^ The proof is similar when AB cuts the 

circle. 

• 

Now, suppose P a fixed point, and AB any straight line through 
it ; then shall the pole of AB always lie on the polar of P, From 
the centre G draw GB perpendicular to AB, and meeting QR the 
polar of P in R. Therefore the points P, Q, R, B lie on the same 
circumference, and therefore 

PG.GQ^BG.GR; 
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bfit PC . CQ equals the square on the radiiis, tkeref ore DC - CB 
idao equals the aqnare on. the radius, and therefore £ is the pole of 
AB, Therefore the pole of anj straight line through F ahmjs fies 
on the polar of the fixed pmnt P. ^Die proof is similar when P is 
the circle. Q. s. b. 



X 




cutting the circle in A, B, and C, D respectively. Join AC and 
BD intersecting in F, and DA and CB intersecting in £, Join 
BFy and let it meet FB and FC in G and ff, respectiTelj. Then 
BF is. the polar of F, 

Because, through F a point within the triangle CED, straight 
lines are drawn to its angles, therefore (169) PB is cut harmoni- 
cally in A and G^ and PC in D and H, Therefore GH is the 
polar of P, and therefore AC and BD^ CB and DA intersect on the 
polar of P. 

Now, suppose F a fixed point within the circle, and through F 
draw any two chords AC and BD ', then shall CB and DA^ BA 
and CD intersect at the points £ and P respectively, on the polar 
of P. 

For join EP, and let CA and BD meet EP ui K and Z, 
respectively. Because K is the harmonic conjugate to F, with 
respect to A and C, and L to F with respect to D and P, therefore 
KL is the polar of F, ^, e. d. 



241. If through any point inside or outside a circle | 
jfecants be draicn^ the straight lines joining the extremities of 
the chords intersect on the polar of that point. 

Let P he the fixed point, and through it draw any two secants 
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242. Prove {by a method applicable to any conic section) 
that a secant from the intersection of two tangents to a circle 
is cut harmonically by the circumference and the chord of 
contact 

Let the tangents PC and PP intersect in P, and toucli the 




circle at A and B respectively. Through P draw any secant PE, 
meeting the circle at M and E, and the chord of contact AB a,t G, 
and through M and E draw ICL and CD parallel to AB, If P be 
joined with the centre, it is clear that the joining line will bisect 
ICL and ifiV, CP and EF, and AB at right angles; therefore EM 
and LN^ are equal, as also CE and FP, 

On account of the parallels, we have the following proportions : 

EP : PM :: CE : KM, 

EP : PM :: PE : LM. 

Therefore, compounding these ratios, we have, 

EP' : PM' :: CE.PE : KM.LM :: CE.CF : KM.KN 

:: CA' : AK\ 

Therefore CA : AK :: EP : PM. 

But CA : AK :: EG : GM, 

and therefore EG : GM :: EP : PMi 

Therefore EM is cut harmonically, for it is cut internally and 
externally in the same ratio. Q. e. d. 



214 



EXERCISES ON EUCLID 



[243. 



N.B. This proof is here given chiefly for ihe sake of the more 
advanced student, as the theorem has been already proved more 
simply. 

243. Prove (149) by peaicils, and also hy polars. 




Fig. I. 

Let G be the middle point of the chord AB^ and through C 
draw any other two chords DE and FG', then shall AH and BK 
be equal. 

First, hy penciUy Fig. 1. 

{D . AGEB} =\F. AGEB}, (189). 

. Therefore [AHCB] = [AGKB\ and therefore 




Fig. 1. 

AB.UC : AH.CB :: AB.CK : AG. KB, 
or, alternately, 

AB.HG : AB.GK :: AH.GB : AG .KB. 
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Therefore HC : CK :: AH : KB, 

or CH : ^^ :: (7^ : KB, 

>>ut ^(7 and CB are equal ; therefore HA and iTj? are also equal. 
<i. E. D. 

Next, hy poh/rs, Fig. 2. 

Produce GD and J^i^ to meet in P,' which is a point on the 
polar of G (241). Let PQ be the polar of G, PQ is obviously 
parallel to JlZf. 

Produce GF to meet P^ in Q, and join P(7. 

Because GQ is drawn through (7 and its polar PQ, P . GGFQ 
is an harmonic pencil, but -4^ is parallel to PQ, therefore HG and 
CK are equal. Q. E. D. 

244. Any two points subtend at the centre of a circle an 
angle equal to that between their polars. 




Let G be the centre of the circle, and A, B the two points. 
Find DK the polar of A, and KG the polar of B, Because the 
angles GJDE and GGK are right (237), therefore the angle PEG 
between the polars is equal to the angle AGB subtended hj AB 
at G. Q. E. D. 

245. The anharmonic ratio of four points in a straight 
line is equal to that of the pencil formed hy their four polars. 

Since the points are in a straight h'ne their four polars pass 
through the pole of this straight line (240), and therefore form a 
penciL Also, if the four poles be joined to the centre of the circle^ 
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the pencil thus formed has its angles respectively equal to the 
angles of the pencil formed by the four polara (244). Therefore 
the anharmonic ratio of four points in a straight line is equal to 
that of their polars. Q. E. d. 

246. If ihree pairs of tangents he drawn to a circle 
from three points in a straight line, they mill cut any seventh 
tangent in involution. 

Let Bf E, Fhe three points in a straight line, and A, A'; j5, 
Jf; C\ C the points of contact of the pairs of tangents from 2>, £, 
F respectively. 

D 




Since the chords of contact AA\ BB\ and CO are the polars 
of thi'eo points I), JS, F in. & straight line, therefore (240) they 
pass through F the pole of DF, Now, if a seventh tangent cut 
the six tangents, the anharmonic ratio of any four points of inter- 
section is equal to that of the four points of contact of the corre- 
sponding tangents (191, N.B.). But since the three chords AA\ 
Biff CO' pass through the same point, the anharmonic ratio of any 
four of the six points of contact is equal to that of their four con- 
jugates (215, 2U7). Therefore also, the anharmonic ratio of any 
four of the six points in which the six tangents meet any seventh 
tangent is equal to that of their conjugates, and therefore (208) the 
six points are in involution. Q. E. D. 

247. Jf a quadrilateral he inscribed in a circle, and 
another drcumscrihed touching at the angular points, prove 
that, (a) their diagonals intersect in the same point, amd form 
an harmonic pencil; (fi) their third diagonals are in the 
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Sams straight line, and their extremities form, an harmonic 
rajige; (7) ths intersection of each pair of the tbree diagonals 
qftiie circumscribed quadrilateral is the pole of the remaining 




Let ABCD be the mscribed quadrilateral, and EF6H the 
drcumscribed touching at the angular points of the former. Let 
be the centre of the circle, and let AB, CD meet in T; BC, AD 
in R; EF, EG in S, and suppose that V is the point in which FG, 
HE, if produced, would meet, and let AC and BD intersect in L. 

Beaauee, through the point B two secants RA and RB are 
drawn, therefore (238, 241) the points T, F, L, M lie on the polax 
of R, and because through T two secants TA and TD are drawn, 
the points R, G, L, E lie on the polar of T; therefore TFLB \a 
the polar of R, and EGLE is the polar of T. Therefore the four 
diagonals of the two quadrilaterals intersect in the same point L, 

Now R is the pole of FS, S of BD, T of EG, and F of AC; 
but the four straight lines FH, BD, EG, and AC pass through the 
same point; therefore (240) their four poles R, S, T, V axa ia the 
same straight line. Therefore the third diagonals of the two quad* 
rilaterals lie in the same straight line, 

Again, because the secant RA is drawn through the point R 
^d ite polar HT, therefore U.RDVA is an harmonio pencdl, 
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but its rays meet the transversal i?r in E, Sy Ty V; therefore 
R, S, 1\ V, the extremities of the third diagonals, form an 
harmonic range, and therefore (245) also the four diagonals which 
are the polars of these points form an harmonic pencil. 

Also, since FH and EG, the polars of i? and T, intersect in Z, 
therefore (239) Z is the pole of BT, Therefore any diagonal of the 
circumscribed quadrilateral is the polar of the intersection of the 
other two. 

Hence the proposition has been completely proved. Q. E. d. 

N.B. It has been proved, that Z is the pole of BT, R of TL, 
and T of LR. Hence, if a quadrilatet^alhe inscribed in a circle and 
t)ie intersection of its two diagonals joined to the extremities of t/ie 
third, the triangle formed by the two joining lines and the third 
diagonal is such that each vertex is the pole of the opposite side. The 
proposition (247) furnishes a simple proof of (111). 

Def. a triangle which is such that each vertex is the 
pole of the opposite side, with respect to a circle, is called a 
self -conjugate triangle. The circle is also sometimes called 
self-conjugate^ with respect to the triangle, and the three 
angular points of the triangle are said to form a conjugate 
triad. 

248. Given a circle and the lengths of the three diagonals 
of a guadrilateral inscribed in it; construct the quadrilateral. 

In Fig. to (247) suppose ABCD the required quadrilateral. 
Then since V (viz. the point on RT where FG and HE intersect) 
is the pole of AG, therefore (23.7) OT bisects -4(7 at right angles in 
P and VO . GP is equal to the square on the radius. Similarly, 
SG . GQ is equal to the square on the radius. But -4 (7 and BDsLre 
given in magnitude; therefore OP and GQ their distances from the 
centre are known, and therefore G V and GS are known. Also, 
if / be the middle point of the third diagonal RT, the points 
P, Q, I are in a straight line (22). Therefore (167) since the 
transversal PI cuts the sides of the triangle VGS^ 

VI . IS " r^ '- ^^\ 

^ ' ^ " \GQ : QS)' 
Therefore VI : IS isB. known ratio. 

Again, the tangent from / is equal to half the third diagonal 
(111), therefore GI is knowtu Hence the problem is reduced to 
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the following, (a) Given the two sides OY, OS of a triangle and 
the length of a line 01 dividing the hose VS in a given ratio inly 
construct the triangle. 

Draw SW parallel to OV and meeting 01 in W. Then 

VI : IS :: VO : SW, 

but VI : IS m A given ratio and TO is given, therefore /S^FT is 
known. 

Similarly, OWis known. Therefore the sides of the triangle 
OSW are known, and it can be constructed with an angular point 
at Of and hence the triangle OVS can then be constructed. But 
OF and OQ are known. Therefore AC and BB perpendicular to 
V and OS respectively through P and Q determine the required 
quadrilateral ABGD, 

N.B. We have seen that YO . OP and SO , OQ are each equal 
to the square on the radius. Therefore P, F, S, Q lie on the 
same circumference, and therefore JPI , IQ = VI . IS = IT', since 
B, S, T, V form an harmonic range, and / is the middle point of 
the mean BT (163). 

Hence we have the following theorem. (j8) The rectangle 
tmder the whole line joining the middle points of the diagonals of a 
complete qtiadrilateral and its segment adjaceiit to the third diagorud 
is equal to the sqv,a/re on half t/ie third diagonal. 

Since the line joining the centre to any point is perpendicular 
to the polar of the point, it is clear that the perpendiculars of the 
triangle LBT intersect in the centre of the circle. 

249. Given a triangle, to describe the circle with respect 
to which the triangle is self-conjugate. 




Since the pole and polar are both on the same side of the centre, 
and the perpendicular from the pole on the polar passes through 
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the centre, it is evident that the perpendiculars of the trian^e 
meet in the centre of the required circle, and that this point must 
be witfwui the given triangle, and therefore the triangle must be 
obtuse-angled when a solution of the problem is geometrically 
possible. 

Let then ABC be the given triangle, and let its perpendiculars 
meet in 0. Because the figures BFAD and DAEG are circum- 
scribable by circles, therefore 

BO . 0F= DO.OA = CO. OE, 

but each of these rectangles is equal to the square on the radius of 
the required circle (237). Therefore the centre O and the radius 
of the required circle are known. The circle may be thus con- 
structed. 

On BC^ as diameter, describe a circle, and from draw a 
tangent to this circle. The circle with as centre and this tangent 
as radius will be self-conjugate with respect to the given triangle. 
The two circles evidently cut one another orthogonally. 

Cob. The circle self -conjugate to a given triangle cuts ortho- 
gonally the circle described on the side of the triangle, opposite the 
obtuse angle, as diameter. 

250. The four circles each self-conjugate to one of the 
four triangles formed by the sides of a quadrilateral, and the 
circle drcwmscribing the triangle formed by the three dtago- 
nais of the complete quadrilateral, form a system of five 
circles, which cut orthogonally the three circles described on 
the three diagonals, as diameters, and the straight line joining 
the middle points of the diagonals is the radical cuds of the 
five circles. 

Let ABCD be the quadrilateral, EF its third diagonal, and 
L, My N the middle points of its diagonals, so that LMN is a 
straight line (22). The circle circumscribing the triangle formed 
by AG, BB and EF, and the four circles self-conjugate to the 
triangles BEG, AED, GFD and AFB shall have LMN for their 
radical axis. Let the perpendiculars of the triangle BEG meet 
in 0, then (249) is the centre of the circle, self-conjugate 
to the triangle BEG, and the square on its radius is equal to 
EO . 0H= GO, OB = GO. OK, Therefore the circle (0) will cut 
orthogonally the circle on EF, as diameter, for this circle passes 
through H since EHF is a right angle. Similarly, GO . OK^ square 
on tangent from to circle on diameter AG^ since iTis a right angle; 
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and since BGD is a right angle, circle on diameter BD passes 
through G, and therefore GO . OB equals square on tangent from 
to circle on diameter BD, 




Therefore the circle self-conjugate to the triangle BEC cutg 
orthogonally the circles on the three diagonals, as diameters. 

In like manner it can be proved that the circles self-conjugate 
to the other three triangles cut the same three circles orthogonally. 
And it has been proved in (217) that the circle circumscribing the 
triangle formed by the three diagonals, also cuts orthogonally the 
circles on the three diagonals, as diameters. 

Therefore (201, p) LMN is the radical axis of the system of 
five circles, and the straight line passing through the centres of 
the five circles is the radical axis of the system of three circles on 
the diagonals, as diameters. Q. e. d. 

N.B. A particular case of this theorem has been already given 
by the Rev. N. M. Ferrers, F.R.S., Fellow and Tutor of Gonville 
and Caius College (Mathematical Tripos, Jan. 16, 1862). 

r 

Another demonstration of Mr. Ferrers's theorem is given in the 
Qwirterly Journal' of MatJierYiatica for June, 1862, p. 272. 

251. If a system of circles have a pole and polar in 
common, they shall Kave the same radical aads. 

Let F be the pole, and HK the polar. From F draw FF' 
perpendicular to HK, and on FF as diameter, describe the circle 
with centre 0. In FF' take any point C outside the circle, and 
so that F and F' are on the same side of (7. 
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Draw the tangent CA, The circle described with centre C and 
radius CA is a circle of the system. For 

CF.CF=CA\ 




Therefore Fi% the pole, and HK its polar, with respect to the circle 
(G)f and the perpendicular through to FF' is clearly the radical 

axis of the system of circles, of which {€) is one (216). q, E. d. 

• 

252. If any circle cut two given circles ortJwgonally, the 
straight line joining any point in which it intersects one of the 
given circles to any point in which it intersects the otiter, 
always parses through a centre of similitvde of the two given 
circles, and the limiting points of the two circles are har- 
monic conjugates with respect to their two centres of similitude. 
Also the limiting points have the same polars with respect to 
the two given circles. 

Let A and B be the centres of the two given circles, and let 
any circle cut them orthogonally in the points E^ i>, D\ E\ Then 
shall EE' and DD' meet in the external centre of similitude, and 
ED\ E'D in the internal centre of similitude. Join AD, BD\ and 
produce these lines to meet in (7, and let DD' meet AB in 0, 

Because the transversal DO meets the sides of the triangle 
ACB, therefore (167) 

(AD : DC\ 

'' \GD' : D'B) ' 

but CD and CD' are tangents to the circle EDE' since it cuts the 
other two circles orthogonally, therefore CD and CD' are equal, 
and therefore 

AO : OB :: AD : D'B. 



AO : OB 
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Therefore is .the external centre of similitude of the two 
given circles. 




In the same manner it can be proved tjiat EE' passes through 
0, and that ED' and E'D intersect in K the internal centre of 
similitude of the given circles. • 

Again, because from the point two secants OD and OE are 
drawn meeting the circle EDE\ therefore (241) iT is a point on 
the polar of with respect to this circle, and therefore 0, F', K, 
F form an harmonic range, and Fy F' are the limiting points of 
the given circles (201, a). 

Also AF. AF' = AD\ and BF . Br = BD^, since AD and BD' 
are tangents to the circle EDE', 

Therefore the polar of F with respect to each of the given 
circles is the perpendicular through F^ to AB, and the polar of F' 
is the perpendicular through F to AB. Q. e. d. 

N. B. It is apparent that E^ E' and 2>, i>' are pairs of non- 
corresponding points. 

253. If two circles t(mch three given circles, as in (234), 
the pole of that axis of similitude of the three circles^ which is 
also the radical a^xis of th& two, with respect to any of the 
three circles, lies in the chord of contact of that circle. 

Fig. to (234). For by (236) the tangents to the circle BYE at 
B and E, meet at P on the axis of similitude XiV of the three 
circles, and LN' is the radical axis of the two circles ABC and 
JDEF: 
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Therefore BE is the polar of Pwith respect, to the circle JBYE, 
and therefore (240) the pole of LN with respect to BYE lies on 
the ^hord of contact BE, as at R, Similarly, the poles of ZiTwith 
respect to AXD and CFZ lie on AD and CF, as at § and S. Q. e. d. 

254. To describe eight circles touching three given ciV- 
cles. (See 231.) 

Fig. to (234). 

Let AXD, BYE, and CZF be the three given circles, and 
suppose ABC, DEF two circles touching the given circles, as in 
(234). It has been proved (234) that LN, the radical axis of the 
two circles ABC, DEF, is an axis of similitude of the three given 
circles, and (235) that K is the radical centre of the three given 
circles, and (263) that the poles of LN with respect to the three 
given circles lie on the three chords of contact, as at Q, R, S. 

Hence we have the following construction. 

Let K be the radical centre of the three given circles, and LN 
one of the four axes of similitude. 

Find Q, R, S the poles of LN with respect to each of the three 
circles, and join KQ, KR, KS, meeting the circles in A and. -D, B 
and E, C and F respectively. The circles through the pointe D, 
E, F and A, B, C will touch the three given circles. In the same 
manner, by means of the other three axes of similitude, three other 
pail's of circles can be described touching the given cii'cles. Q. k F. 

255. If through any point, within or without a circle, 
four straight lines he drawn cutting the circle, the anhannonic 
ratio of four of the points of intersection is the same as that of 
the remaining four points. 

Let four straight lines drawn through the point cut the 
circle in the four paira of points A, A'; B, B' \ C, C ; and D, D\ 
Then shall the anhannonic ratio of any four of the points, as -4, By 
C, D, be equal to that of the other four, A', B, C, D\ 

Joiii A' to the points B, C, i>, and ^ to F, C, D\ 

Since, through two secants OA', OBt are drawn, therefore 
(241) the point Q, in which AB' and A'B intei-sect, lies on the 
polar of 0. Similarly the points R and S, in which AG\ A'C and 
AD'y A'D respectively intersect, lie on the polar of 0. 

Therefore SRQ is a straight line. Let this line meet OA^ m P. 
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w obvious that 
{A : A'ffO'D') = [PQSS] = {A' . ABCJ)]. 




The proof is aiinilar wlien the point ia within the circle. 



256. The dista-Kces of any two points from the centre of 
a given circle are to one another as the distances of each point 
from the polar of the other. 

Let A, B be the two given points, the centre of the given 
circle, KG the poler of A, &nd KH the pol&r of B. 




Draw AE pei-pendicular to SO, BF to GO, AG to EH, and BD 
to KG. Then shall AO : BO :: AC : BD. 
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Because A and B are the poles of GK and KHj therefoi*e 
OA .0G = OB . OZT, since each of these rectangles is equal to th^ 
square on the radius, and because the angles AFB and AEB ave 
right, the points -4, F, Ej B are in the same circumference, there- 
fore 0^ . Oi^ = 0^ . (9^. 

Therefore the difference of the rectangles OA . OG and OA . OF 
is equal to the difference of the rectangles OB . OH and OB . OE, 
that is, OA.FG = OB, EH, but FG equals BD and EH equals 
AC, therefore OA.BD = OB,AC, 

and therefore OA : OB :: AC : BD, q, e. d. 

N.B. This important theorem was discovered by the Rev. 
Dr Salmon, F. R. S. Fellow of Trinity College, Dublin, and Regius 
Professor of Divinity in the University. 

257. The polar of a given point, with respect to an'/ 
circle of a co-axal system, will always pass through a fixed 
point. 

Let A and B be the centres of any two circles of the co-axal 
system, and let P be the given point. 

Describe (219) the circle CPD, passing through P and cutting 

P 




the two circles {A) and {B) orthogonally. This circle will cut the 
entire system orthogonally, since its centre is on the radical axis 
of the system. 

Join BP, meeting the circle CPD in E, and join E to Q, the 
extremity of the diameter PQ, opposite to P. Then Q is the fixed 
point through which all the polars pass. . 
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Because BD Ib a tangent to the circle CPD, therefore 
PB.BE^BD'; therefore QE ia the polar of P -with respect to 
the circle {B); ailQ in the same mtumer it can be proved that the 
polar of P with respect to any other circle of the co-axal system 
passes through Q. q. e. u. 

258, If ABC, A'B'C he two triangles, such that A is the 
pole of B'C, B of CA', and C of A'B , then the straight lines 
AA', BB', CC shall meet in a pmnt, and the corresponding 
sides BC, 'B'C, CA, CA', and AB, A'B' shall intersect in 
three points situated on the same straight lin£. 

Let f be the centre of the circle with respect to which A,B,C 
are the poles oi B'C, CA', A'S, respectively. 




Let CO' and BB" intersect in 0, and produce CB to meet A'B' 
in G and A'C in S. Also let CA and BA meet A'C and A'B in 
D and F respectively, and join A'B, A'C. 

Since the intersection of two lines is the pole of the line 
joining their poles, therefore D is the pole of BB' and E of A'B. 
Therefore the four points A', C", D, E are the poles of the four 
Htraight lines BC, BA, BB, BA'. 
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But the anharmonic ratio of four points in a straight line is 
the same as that of their polars (245), therefore 

{C . A'C'DE] = {B . GFFA'\ = {B . J^FG). 

Therefore, since the ray BC is common, the intersections of the 
three pairs of corresponding rays lie in the same straight line (165), 
that is, the points A\ 0^ A are in the same straight line, or AA\ 
BB', and CO' pass through the same point 0. 

Again, A is the pole of ^C and A' of BCy therefore AA' i& the 
jx)lar of the intersection of B'C and BG. Similarly, BB^ is the 
l)olar of the intersection of C'A* and CA, and GC of the inter- 
section of A'B^ and AB^ but the three polars AA', BE, CC pass 
through the same point 0, therefore (240) the three intersections 
lie in the same straight line. Q. E. D. 

N. B. That the intersections of the corresponding sides lie in 
the same straight line follows immediately from (183), since the 
triangles ABG, A'BG have been proved to be copolar. . 

259. Through a given paint without a given cirde, any 
trcmsversal is drawn cutting the circle, and a point taken on it 
such that the reciprocal of its distance from the given point is 
equal to the sum of the reciprocals of the intercepts between 
itie given point and the circle ; find the locus of the point of 
section, ' 




Let G be the centre of the given circle, and P the given point. 
Draw any secant PB, and take the point Q such that 

2 

PQ 
The locus of ^ is required. 



J_ 1 
Pa'^'PB' 
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Let CD the polar of P meet ABinC ', then P, A^C^ B form 
an harmonic range, and therefore (176, N.B.) 

2 



PC 



1 1 

pa"- 



PB> *^^^^^"^ PQ^PG^ 



and therefore P§ is equal to half PC, Hence the required locus 
is parallel to CD and at a distance from P equal to half the distance 
of CD from P. 

260. Through a given point within a given circle j any 
transverscd is drawn, and a point taken on it, such that the 
reciprocal of its distance from the given point is equal to the 
difference of the reciprocals of the intercepts between the 
given point and the circle; find the locus of the point of 
section. 




Let be the centre of the given circle, P the given point, and 
CD its polar. Draw any secant £C through P, and take Q such 

that 

J^ J 1^ 

PQ'PA PB' 

The locus of G is required. 

Because BG ia divided harmonically in P and A, therefore 
(176, N.B.) 

2 _JL L. therefore L_J_ 

and therefore PQ is half PC, Therefore the required locus is a 
parallel to CD midway between P and CD, 

261. If through a fixed point without or within any 
number of given straight lines and circles, any transversal be 
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drawn intersecting them, and a point taken on it, such that the 
reciprocal of its distance from the fixed point is equal to the 
excess of the sumi of the reciprocals of the intercepts between 
the given point, and the lines and circles on one side of it over 
the sum of the reciprocals of the intercepts on the other side of 
it ; find the locus of the point of section. 

By the last two problems, the circles can each be replaced by 
fixed straight lines. Hence the problem is reduced to (1 80) or (181), 
and the required locus is therefore a determinate straight line. 

262. Iff<ywr secants he drawn through either centre of 
similitude of two circles, the anharmonic ratio of any four of 
the points where the secants cut one of the circles is the same 
as that of the four corresponding or non-corresponding points 
cm the other circle. 

Let four secants be drawn through the external centre of 
similitude, as in the figure, and let P, F' be corresponding points. 
Since the lines joining pairs of corresponding points ai*e parallel 
(227), the rays of the two pencils P. AJBCD and P'. A'B'C'D' ai-e 
respectively parallel. 




Therefore {P . ABCB] = {P' . A'B'C'B\ 

But since four secants are drawn through meeting the circle 
ABC, therefore (255) 

{P . ABGB\ = {P . EFGR\. 

Therefore the anharmonic ratio of A\ B\ C\ D' is the same as 
that of the four corresponding points A, B, C, B, and also of the 
four non-corresponding points £J, F, G, H, 
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The proof ia similar when the foiir secants are drawn through 
the internal centre of similitude. Q. E. D. 

Def. The pole of a straight line or the polar of a point, 
with respect to a given circle, is said to correspond to the 
line or point, and the centre of the circle is often called the 
origin, and the circle itself the auxiliary circle, 

263. Given the base and the difference of the sides of a 
triangle ; the polar of the vertex with respect to one extremity 
of the base as origin always touches a fixed circle. 

Let BC he the given base, and ABC any triangle with the 
given difference of sides BE, Take C as origin, and let CH be 
the radius of the auxiliary circle. Let D be the middle point of 




BC and AG the bisector of the vertical angle BAC, Then DG is 
half BE^ and the locus of G is the fixed circle, with centre D and 
radius DG (23). Let this circle meet CE again in F, and let LM 
the polar of A with respect to the origin C meet EC in M, Draw 
MN parallel to AC. Then iV is a fixed pointj and NM is constant. 

Because DF and DG are equal, the angles DFG and DGF are 
equal, but DG is parallel to AB, therefore the angles DGF and 
AEC or ACE are equal, and therefore DF and AC are parallel. 
Again, because the angles -4ZJf and AGM are right, therefore 
AC.CL = MC . CG, but AC . CL = CH', since LM is the polar of 
A with respect to the origin C ; therefore MC . CG is given, but 
FC . CG is also given, since (D) is a fixed circle. 

Therefore MG ,CG :FC. CG, that is, MC iCFjBa. given ratio, 
but Jfiy and FD are parallel. 
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Therefore NC : CD and MN' : FD are given ratios, and since 
CD and FD are given, therefore iV is a fixed point and MN is of 
constant length. Also, since MN and AC are parallel and CLM 
is a right angle, therefore LMN is a right angle, and therefore 
LM always toiiches the fixed circle with centre N and radios NM. 

Q.E.D. 

264. Oiven the hose and the stmt of the sides of a triangle ; 
the polar of the vertex with respect to one extremity of the base 
as origin always touches a fixed circle. 

Let BC be the given base and ABC&nj triangle, with the given 
8iim of sides BF, C the origin, and Cff the radius of the auxiliary 




circle. Let D be the middle point of BC and AG the bisector of 
the external vertical angle CAF, 

Therefore DG is half the sum of the sides, and the locus of G 
is a fixed circle with centre D and radius DG (24). Let this circle 
meet CG again in F, and let LM the polar of A with respect to the 
origin C meet CG in if, and draw MN parallel to AC, Because 
DG and DF are equal and DG is parallel to AB, therefore DF is 
parallel to AC. 

Also, since the angles ALM and AGM are right, and LM is 
the polar of A, GC .CM^AC.CL^ CE\ Therefore GC.CMia 
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constant, but GO . CF is also constant, since C is a fixed point and 
{D) is a given circle. Therefore GC . CM : GC . CF, that is, 
Cif : CF is a given ratio, but MN and DF are parallel, there- 
fore 

NC : CD :: MC : CF, and JfiV^ : i>i^ :: MC : Ci^. 

Therefore iT is a fixed point and JfiT is of constant length, 
since CD and DF are both given. Therefore LM always touches 
the fixed circle with centre N and radius NM, Q. e. d. 

265. If a circle touch two given circles {the nature of 
the contacts being assigned)^ the polar of its centre, with respect 
to one of the given circles, always touches a given circle. 




Fig. 2. 

Let B and C be the centres of the given circles, and A the 
centre of the variable circle touching the others at the points D and 
F respectively. 
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In Fig. 1, it is clear that the difference oi AB and AG i% equal 
to the difference of the radii BD and CE of the given cii'cles, and 
in Fig. 2, that BA and AG are together equal to the sum of the 
radii BD and GE of the given circles. 

Therefore the theorem is reduced to this. Given hose BC and 
difference or sum of the two sides AB, AC of a triangle, the polar of 
the vertex A wiih respect to the circle (C) always touches a given 
circle; which has been proved in (263) and (264). Q. E. D, 

266. If two tangents he drawn to a circle, any third tan- 
ffent will he cut harmonically hy its point of contact, the 
two former tangents and their chord of contact 




t 



.^ 



Let AB, AG he the two fixed tangents, and let any tangent 
HD touch the circle at G and meet the chord of contact BG in 2>, 
then shall H, G, E, D form an harmcHiic range. Join AG, meeting 
BDinK. 

Because G is the pole of HD, and A of BG, therefore (239) D 
is the pole of AG, and therefore DB is cut harmonically in G and 
K\ therefore A . BKGD is an harmonic pencil, and therefore HD 
is cut harmonically in G and E, which proves the proposition. 

Or thus ; draw EF parallel to AB, then, since ABG is an 
isosceles triangle, EF and EG are equal; also EG and EG are 
equal, and HG and HB, 

Therefore HD : DE :: HB : EF, 

or HD : DE :: HG : GE. 
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Therefore HE is cut mtemally ia G and externally in i> in the 
same ratio, and is therefore cut harmonically, q. e. d. 

267. If the perpendiculars Aa, Bt, Ce he let faU from 
the angular points A, B, C o/ a triangle upon the opposite 
sides, prove that the intersections of BC and be, ofCA and ca, 
and o/A£ and ah, will lie on the radical axis of the circles 
circumscribing the triangles ABC aiid abc. 




Because the angles BcC and BbC are right, the four points 
S, 0, b, c lie on the same circumference ; theroEore 

cL.U = BL.LO. 

But cL . Lb equals the square on tlie tangent from L to the 
circle described about the triangle abc, and BL . LC equals the 
square on the tangent from L to the circle described about the 
triangle ABC, therefore Z is a point on the radical axis of tihe 
circles about the triangles ABC and abe. Similarly, M and N are 
points on the radical asis of the same two circles. (J. E. d. 

268. A common tangent to any two circles is divided 
harmonically by any other circle having the same radical cuns 
with the two given circles. 

Let J)E the common tangent to the two circles (A) and (5), 
meet the circle {C) in F and G, and the common radical axis OSin 
H, then shall F, D, G, E form an harmonic range. 
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Because OH is the radical axis, HD equals HEy and 




HG.HF^HD^ therefore (163) F, D, G, E form an harmonic 
range. Q. E. d. 

269. The difference of the squares on the tangents from 
any point to two circles is equal to double the rectangle under 
the perpendicular let fall from the point on their radical aocis, 
and the line joining their centres. 




Let A and B be the centres of the two circles, LO their 
radical axis, and PC, PD tangents from anj point P to the two 
circles. 
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Bisect AB in M (which will evidently lie between the centre 
of the greater circle and the radical axis), and draw F^ perpen- 
dicular to A£. Then NO is equal to the perpendicular from F on 
LO. 

Now FA' - FB' = 2AB . MJ^. 

But, since the angles FCA and FDB are right, the difference 
of the squares on FA and FB exceeds the difference of the squares 
on FC and FD by the difference of the .squares on the radii, or by 
the difference of the squares on ^0 and OB, 

But AO'^ OB' = 2AB . MO. 

Therefore FC - FB' = 2AB . MN^ 2AB . MO = 2AB . NO. 

In the same manner the theorem can be proved for any other 
position of the point F. Q. E. d. 

Cor. Hence, if the point F be situated on either of the two 
given circles we have the following theorem. 

If from any point on either of two given circles a tangent he 
drawn to tJie otiier, the squa/re on this tangent is equal to double the 
rectan^fle under the perpendicular let fall from the point on their 
radical aods, and the line joining their centres. 

This may also be proved independently. 

270. Given a system of three co-axal circles ; if from any 
point on one, tangents be drawn to the other two, these tangents 
will be in a constant ratio. 

Fig. to (268). Let A, B, and C be the centres of the three 
given circles, and HO their radical axis. From any point F on the 
circle (G) draw the two tangents FL, FM to the other two circles, 
and FQ perpendicular to HO. 

By (269, Cor.) 

FL' = 2FQ.CA, and FM' = 2FQ. CB. 

Therefore FL' : FM' :: CA : CB, which is a constant ratio. 

Q. E. D. 

N.B. After what has been done, the learner should experience 
very little difficulty in solving the following problem, and con- 
structing the locus. 

Find the locus of intersection of tangents to two given circles , the 
ta/ngents having/ a given ratio of inequality to each otlier. 



238 EXERCISES ON EUCLID [271. 

The Method of Reciprocal Polars. 

It will sometimes be foimd convenient to use the following 
notation. Let a straight line be denoted by a single letter A, and 
its pole by the same letter accented, viz. by A', Also let the inter- 
section of two lines A and B be denoted thus (A£), while the line 
joining the points A' and B' is denoted in the usual way by A'B\ 
In problems or theorems of position, as for example, where it is 
required to prove that any number of points lie in the same 
straight line, or that any number of straight lines pass through the 
same point, it is seldom necessary to actually exhibit the auxiliary 
circle with respect to which poles and polars are taken. Also, in 
forming a new figure by taking the poles of the sides of a given 
rectilinear figure, we may frequently disregard both the relative 
positions of the two figures on the paper and their relative magni- 
tudes. Thus, 

271. Given a polygon ABODE; construct another poly- 
gon A'B'C'D'E' such that the vertices of each polygon shall be 
the poles of the corresponding sides of the other vnth respect 
to a given circle. 





Let A\ B\ C\ D\ E' be the poles of A, B, (7, />, E, respec- 
tively. 

Then, since the line joining the poles of two lines is the polar 
of their intersection (239), therefore A'B' is the polar of {AB). 
Similarly, B'C is the polar of {BC\ and so on. Therefore tlie 
polygon ABODE may be formed from A'B'C'D'E' in the same 
manner as A'B'C'D'E' was formed from it, viz. by joining the poles 
of the sides of A'B'C'D'E' in order. 

Hence the two polygons are called polar reciprocals of one 
another with respect to the auxiliary circle. 

The process of generating one figure A'B'C'D'E' from the other 
ABODE, in this way, is called reciprocating ABODE. 
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N.B. It is worthy of remark, that the theory of reciprocal 
polars dovhlea the number of theorems of geometry. Thus, when 
any theorem of position is once admitted as true, the consideration 
of reciprocal polars gives immediately another corresponding to the 
first. 

This will appear more clearly from the examples of redproca- 
lion which follow. 

272. The three perpendiculars of a triangle meet in the 
same point. By reciprocating this theorem deduce the following. 
If any point whatever he joined to the vertices of a triangle, 
and perpendiculars drawn to those joining lines, they will meet 
the sides opposite to the corresponding vertices in three points 
in the same straight line. 

Let the perpendiculars of the triangle ABC meet in 7, and 





Fig. I. 



FiR. 7. 



take A' the pole of BG with respect to the origin 0, B' the pole 
of GA, and G' the pole of AB. Therefore (239) EG' is the polar 
of A, G'A' of B, and A'B of G. Let D'FE' be the polar of 7, 
therefore (239) />' is the pole of AI or AB. Similarly, E is the 
pole of BE^ and F of GF. Again, because A' is the pole of BG^ 
and D' that of AB^ and that the angle ABB is right, and the 
poles of two lines subtend an angle at the origin equal to the 
angle between their polars (244), therefore the angle A'OU is 
a right angle, that is, OB' is perpendicular to 0A\ and it meets 
the side opposite to -4' in />'. In like manner it can be proved 
that the angles EOE and G'OF' are right angles ; aIso B\ F'^ E' 
are in the same straight line, viz. the polar of 7. Hence the 
reciprocal theorem enimciated above is true. 
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273. Prove that the locus of the pole of a variable tangent 
to a given circle^ with respect to its centre as origin, is a con- 
centHc circle. 




Let be the centre of the given circle, AB b, tangent to it at 
any point P ', join OP meeting the auxiliary circle in B, and make 
OP . OP' = 0R% then P' is the pole of P, 

Therefore OF is constant. Hence the required locus is the 
concentric circle with radius OF, Q. e. d. 

N. B. If we draw the tangent A'F at P', it is obvious that P 
is the pole of A'B' with respect to the auxiliary cii'cle with radius 
OR, Hence the circle with radius OP can be generated from the 
circle with radius OF in the same way as the latter was generated 
from the former. Thus each circle is the polar reciprocal of the 
other. It is evident that, when the auxiliary circle coincides with 
the given circle, the given circle and its polar reciprocal also 
coincide. 

274. If any tangent be drawn to a given circle, cmd its 
pole taken with respect to any origin ; the distance of the pole 
from the origin is to its distance from the polar of the centre 
as the distance of the centre from the origin is to the radius of 
the given circle. 

Let A be the centre of the given circle, and BG any tangent 
to it. 

Let be the centre of the auxiliary circle, P the pole of 
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JSC, and EF the polar of A, Draw FD perpendicular to HFy 
then shall 

OF : FB :; OA ; AB, 




Because BO and EF are the polars of the two points F and A^ 
therefore (256) 

OF : OA :: FD : AB, 

or, alternately, OF : FD :: 0^ : AB. q. e. d. 

N". B. We have seen in (273), that when the origin coin- 
cides with A the centre of the given circle, the locus of jP is a 
circle concentric with (A). When does not coincide with -4, the 
locus of P is an ellipse, hyperbola or parabola, according as the 
point is within, without, or on the circle (A) ; but as the learner 
is supposed to be still imacquainted with these curves,, and as 
their discussion is beyond the scope of the present work, I wiU 
not here further pursue this subject. 

The learner will now see that, in reciprocating any figure 
partly composed of a circle, the centre of the circle must be taken 
as origin, in order to confine the reciprocal figure within the limits 
of the Elements t)f Euclid. It will generaUy be found most con-^ 
venient to take the given circle as the auxiliary circle, 

275. Prove that (189) and (191) are polar reciprocals, 

I shall assume the ianith of (189), and by reciprocating it 
deduce (191), 



M.a 
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, Let .4, By Cj J) he four fixed points otn a circle, and F any 
variable point, then by (189), 

{P.ABCD} is constaiit. 




Let the tangents at A, By C, D meet the tangent at P in the 
points A'y By C'j B' respectively. 

By (238, a) A' is the pole of FAy F of FBy C of PC, and D' 
of FDy and by (245) the anharmonic ratio of four points in a 
straight line is the same as that of the pencil formed by their 
polars. 

Therefore [A'FaD"] = {P . ABCD}. 

That \By if a variable tangertt cut fov/r fixed ta/agentSy the arv- 
ha/rmonic ratio of the four points of section is the same as thai of 
tJiS fowr points of contact Q . e. d. 

276. By reciprocating PascaVs Theorem (193), deduce 
Brianchon's Theorem (194). 

Let ahcdef be any inscribed hexagon, and let its opposite sides 
meet in L, M, iT, then by Pascal's Theorem, LM^ is a straight 
line. 

Form the circumscribed hexagon ABCDEF by drawing tan- 
gents at the vertices of the inscribed hexagon. It is now required 
to prove that the three diagonals ADy BEy CF pass through the 
same point. 

Because from the point L two secants Ld and Lf are drawn, 
and tangents at the extremities of the chords, therefore (238) 
CF is the polar of L. Similarly, J5i^ is the polar of i/", and AD 
ihe polar of N^ 



.•^ .. . 
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Sut the three points L, M, If nift in tlie same Btiw^t line, 
therefore (239, /3) AD, BE and CF paae each through P the 
pole olLN, 




2T7. Prove that if any point outside a drde he Joined to 
Uie vertices of any circumscribed quadrilateral, and two tan- 
gents drawn from the point, these siai lines form a pencil in 

involution. 
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I Vill prove this theorem, by ahewing that it is the polar 
xeciprocal of (213). 

Let P be the point outside the circle, and LMNR the quadri- 
lateral touching the circle at the points I, m, n, r. Draw the 
two tangents PB, PB, Then shall PM, PB, PL, PN, PF, PR 
form a pencil in involution. Form the inscribed quadrilateral 
hnnr by joining the points of contact of the circumscribed one, 
and let BB, the polar of P, meet its sides in -4, A\ C, C\ There- 
fore (213) the six points A, B, C, C\ B, A' are in involution, 
and therefore their polars will form a pencil in involution. 

Now P is the pole of BB and if of Im, therefore (239), PM is 
the polar of C, In like manner, it can be proved that PL is the 
polar of A, PN of A' aud PR of C\ 

Also PB is the polar of ^ and PB of B. 

Therefore the six lines PM, PB, PL, PN, PB and PR form 
a pencil in involution, <^.e.d. 

278. Describe a triangle which shall have its vertices on 
three given straight lines, and its sides tangents to a given 
circle. 

Let the three given straight lines form the triaugle ABC, 
and take A^ the pole of BC with respect to the given circle, B 
the pole of CA, and C the pole of AB. Inscribe in the given 




circle the triangle PQR, having its sides passing through A'y B, 
C (U5). 
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Dmw tangeata to tlie circle at the vertices of the infioribed 
triangle PQR. These tangents will form the required triangle. 

Because AH is the polar of C, therefore (238) the tangents 
at P, Q will meet on AB, as at N. Similarly, the tangento at 
P and R will meet at M aa AC, and the tangents at R and Q 
will meet at L on SO. Therefore LMIf is the required triangle. 

<1.E.F. 

N.B, Since (14^, in general, two triangles can be inscribed 
in a circle having their sides passing through three fixed pointe, 
two triangles can generally be described as required in this 
proposition. 

279. Bwe that (246) is t/ie reciprocal of (215). 

Let the three chords AA', Sff, CC pass through the same 
point 0, and let P be any point on the circumference, then by 
(215) P . ABOA'B'C is a pencil in involution, and therefore the 
poles of its six raya will be six points in involution. Let the 




tangents at the extremities of AA', Bff, CC meet'in D, E, F 
respectively ; then (240) the pointe D, E, F lie on the polar of 0. 
Therefore DBF is a straight line. Let the tangent at P meet 
the three pairs of tangents from D, E, F ia the six points L, 
i£, N, B, S, T; then ttese six points are evidently the poles 
of PA, PB, PC, PA', PB', PC respectively. Therefore these 
pointe are in involution ; that is, Three pairs of tangenU drawn 
to a circle Jrom any three poiiUa D, E, F m a straigftt line, eui 
any seventh tmigent 14^11 in six points in involution. Q. e.i>. ' 
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280. Prove (214) fcy reciprocating (212). 

Let tlie aides and diagonals of tibe given quadiilateral be 
denoted by the single letters A, B,C, D, E Mid F respectively, 
and the tranBTersal cutting them by F, then [P^) 'will denote 
the point in wMch P and A intersect. Let A be the pole of A 
with respect to any circle, B oi £, C ^ C and D' of J>. Since 
the line joining the poles of two lines is the polar of their point 
of intersection, therefore A'B' is the polar of {Afff and CD' the 
polar of {CD). 

Therefore F' the point of intersection of A'K and CD' is 
the pole of F. 




In like manner, it can be proved that E" is the pole ' 
that EF" is the polar of {EF). 

Now, find I" the pole of P, and jom P" to A', ff, C, D, 
W,F. 

Then PA' is evidently the polar of iPA), FB the polar of 
{PB), and so on. 

Hence the pencil F. A'ffC'DFF' is formed by the pohm 
of the six points in which the transversal P cuts iJie sides and 
diagonals of the quadrilateral ABCD, and since these six points 
of intersection are in involution by (212), therefore the pencil 
which is formed by tiieir polare is also in involution, which 
proves (214), since the pencil is formed by straight lines drawn 
from any point F to the extremities of the three diagonals of a 
complete quadrilateraL Q. B. d. 
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Notes and numerous Illustrations. Post Svo. y, 

R I C H T E R ( J . P^ F. ) Autobiography and short Memoir, with 
the Lex>ana. Post Svo. y. 6d. 

WASHINGTON, The Life of. By W. Irving. With 
Portrait. In 4 vols, post Svo. y. 6d. each. 

WELLINGTON, The Life of. By An Old Soldier, from 
the materials of Maxwell. Eighteen Engravings. Post Svo. 5^. 

WESLEY (JOHN), The Life of. By R. Southey. New 
and Complete Edition. With Portrait. Post Svo. y. 



By the late Sir A. Hdfs, K. C,B. 

BRASSEY (T.) The Life and Labouw of the late. With 
Illustrations. 5th Edition, lor. 6d. 

HERNANDO CORTES, The Life of; and The CON- 
QUEST OF MEXICO, a vols. Crown Svo. 15*. 

COLUMBUS, The Life of. The Discoverer of America. 
5th Edition. Crown Svo. 6f . 

PI Z A R RO, The Life of. With Some Account of his AsMciates 
in the Conquest of Peru. 2nd Edition. Crown Svo. dr. 

LAS CAS AS, The Life of, the Apostle of the Indies. 3id 
Edition. Crown Svo. 6c 
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HISTORY. 

MODERN EUROPE, from the Fall of Constantinople to the 
Founding of the German Empire, a.d. 1453--1871. By Thomas 
Henry Dyer, LL.D. 2nd Edition, revised throughout and con- 
tinued by the Author. In 5 vols, demy 8vo. 2/. I2J. td. 

KINGS OF ROME, History of the. By T. Dyer, LL.D. 
With a Prefatory Dissertation on the Sources and Evidences of 
Early Roman History. Demy 8vo. i6j. 

' It will mark or help to mark an era in the history of the subject to which it 
is devoted. It is one of the most decided as well as(>ne of the ablest results of 
the reaction which is now in progress against the influence of Niebuhr.' — Pall 
Mall Gazette. 

DECLINE OF THE ROMAN REPUBLIC. From 

the Destruction of Carthage to the Consulship of Julius Caesai:. By 
George Long, M.A. 5 vols. Bvo. 14J. f)er vol. 

' If any one can guide us through the almost inextricable mazes^ of this laby- 
rinth, it is Mr. Long. Asa chronicler, he posses.ses ail the requisite knowledge, 
and what is nearly, if not quite as important, the necessary caution. He never 
attempts to explain that which is hopelessly corrupt or obscure : he does not 
confound twilight with daylight; he warns the reader repeatedly that he is 
standing on shaking ground ; he has no framework of theory into which he 
presses his facts.' — Saturday Review. 

LIFE OF THE EMPEROR KARL THE GREAT. 

Translated from the contemporary History of Eginhard, vwth 
Notes and Chapters on Eginhard — the Franks — Karl — and the 
Breaking-up of the Empire. With a Map. By William Glaister, 
M.A., B.C.L., University College, Oxford. Crown 8vo. 4r. 6d. 

HISTORY OF ENGLAND, during the Early and 
Middle Ages. By C. H. Pearson, M.A., Fellow of Oriel College, 
Oxford. 2nd Edition, much enlarged. Vol. L 8vo. its. Vol. II, 
8vo. 14J. 

HISTORICAL MAPS OF ENGLAND during the first 

Thirteen Centuries. With Explanatory Essays and Indices. By 
C. H. Pearson, M.A. Imp. foUo. 2nd Edition. 31J. 6d. 

THE BARONS' WAR. Including the Battles of Lewes 
and Evesham. By W. H. Blaauw, M.A. 2nd Edition, with 
Additions and Corrections by C. H. Pearson, M.A. Demy 8vo. 
loj. 6d. 

THIRTY YEARS' PEACE, 1815-45, A History of the. 
By Harriet Martineau. 4 vols, post 8yo. y. 6d. each. 
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QUEENS OF ENGLAND, from the Norman Conquest to 
the Reign of Queen Anne. By Agnes Strickland. Library 
Edition, with Portraits, Autographs, and Vignettes, 8 vols, post 
8vo. yj. 6d. each. Cheap Edition, 6 vols. 5J. each, 

MARY, QUEEN OF SCOTS, The Life of. By A. 
Strickland. 2 vols, post Bvo. cloth gilt, us. 



PHILOSOPHY. 
EJ-EMENTS OF THOUGHT. By Isaac Taylor, 

Post 8vo. 4r. 
HOME EDUCATION. By the same Author. Fcap.SvcS*. 

ELEMENTS OF MORALITY, including Polity. By 
W. Whewell, D.D. 4th Edition, In i vol. Bvo. 15J. 

MORAL PHILOSOPHY. Lectures on the History of, in 
England. By W. Whewell, D.D. Crown 8vo. 8j. 

MANUAL OF HUMAN CULTURE. By M. A. 

Garvey, LL.B. Crown 8vo. js. 6d. 

LOCKE. PHILOSOPHICAL WORKS, containing an Essay 
on the Human Understanding, &c., with Notes and Index by 
J . A. St. John. Portrait. In 3 vols. Post Bvo. js. 

INTELLECTUAL DEVELOPMENT OF EUROPE. 

A History of the. By J. W. Draper, M.D., LL.D. 2 vols. Post 
Bvo. 10s, 

COMTE'S PHILOSOPHY OF THE SCIENCES. Edited 
by G. H. Lewes. Post Bvo. sj. 

KANT. CRITIQUE OF PURE REASON. Translated by 
J. M. D. Meiklejohn. Post Bvo. sj. 

HEGEL. LECTURES ON THE PHILOSOPHY OF 
HISTORY. Translated by J. Sibree, M.A. Post Bvo. 5*. 
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THEOLOGY. 

ARTICLES OF RELIGION, History of the. To 
which is added a Series of Documents from a.d. 1536 to a.d. 1615. 
Together with Illustrations from contemporary sources. By the 
late C. Hardwick, M.A., Archdeacon of Ely. 3rd Edition. 
Revised by the Rev, F. Procter, M.A., Author of 'A History of 
the Book of Common Prayer,' with additional matter. Post 8vo. 55. 

THE CREEDS, History of. By J. Rawson Lumby, M.A., 
Tyrwhitt's Hebrew Scholar, Crosse Divinity Scholar. Crown 
8vo. 7J. dd, 

PEARSON (BP.) ON THE CREED. Carefully printed 
from an Elarly Edition. With Analysis and Index. Edited by 
E. Walford, M.A. Post 8vo. 5J. 

CO M M N PRAYE R. Historical and Explanatory Treatiae 
on the Book of. By W. G. Humphry, B.D., Prebendary of St. 
Paul's and Vicar of St. Martin-in-the-Fields. 5th Edition, revised 
and enlarged. Fcap. Svo. 4J. td. 

COM M ON PRAYER, Rational Illustrations of the Book of. 
By C . Wheatly, M A. Post Svo . 3J. 6rf. 

AN INTRODUCTION TO THE OLD TESTAMENT. 
By F. Bleek. Translated from the German by G. H. Venabubs. 
under the supervision of the Rev. E. Venables. In 2 vols. zor. 

COMPANION TO THE GREEK TESTAMENT. For 
the use of Theological Students and the Upper Forms in 
Schools. By A. C. Barrett, M.A., Caius CoU^e. 3rd Edition, 
enlarged and improved. Fc£^. Svo. 51. 

By K IT. Scrivener, D.CL., Prebendary of Exeter. 
NOVUM TESTAMENTUM GR/ECUM, TEXTUS 

STEPHANICI, 1550. Accedunt variae lectiones editionum Bezae, 
Elzeviri, Lachmanni, Tischendorfii, et Tregellesii. i6mo. 41. 6d, 
With wide Margin for Notes, 4ta I2J. 

A PLAIN INTRODUCTION TO THE 

CRITICISM OF THE NEW TESTAMENT. With 40 Fac- 
similes from Ancient Manuscripts. Containing also an Account of 
the Egyptian Versions by Canon Lightfoot, D.D. For the Use 
of Biblical Students. New Edition. Demy Svo. idr. 

SIX LECTURES ON THE TEXT OF THE NEW 
TESTAMENT and the ancient Manuscripts which contain it. 
Chiefly addressed to those who do not read Greek. With facsimiles 
from MSS. &c. Crown Svo. 6j. 
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BOOK OF PSALMS; a New Translation, with Introduc- 
tions and Notes, Critical and Explanatory. By the Rev. J. J. 
Stewart Perowne, D.D., Canon Residentiary of Llandaff. and 
Hulsean Professor of Divinity, Cambridge. 8vo. Vol. I. ^rd Edi- 
tion. iSs. Vol. II. 3rd Edition, 16s. An abridged Edition for 
Schools and Private Students. Crown 8vo. lor. 6d. 

A COMMENTARY ON THE GOSPELS AND 
EPISTLES for the Sundays and other Holy Days of the Christian 
Year. By the Rev. W. Denton, A.M., Worcester College, Oxford, 
and Incumbent of St. Bartholomew's* Cripplegate. In 5 vols. xSx. 
each. 

A COMMENTARY ON THE ACTS OF THE 
APOSTLES. In a vols. Vol. I. iSs. Vol. II. i4r. 

These Commentaries originated in Notes collected by the compiler to aid in 
the composition of expositorv sermons. They are derived from all available 
sources, and especially from the wide but little-known field of theological com- 
ment found in the 'Schoolmen' of the Middle Aj^es. They are recommended 
to the notice <^ young Clergymen, who freijuently, while inexperienced, axe 
called upon to preach to educated and inteihgent congregations. 

BIBLE-ENGLISH. Chapters on Wonis and Phrases in the 
Authorized Version of the Holy Scriptures and the Book of Com- 
mon Prayer, no longer in common use ; illustrated from contem- 
poraneous writers. By the Rev. T. Lewis O. Da vies. M JV., 
Vicar of St. Mary Extra, Southampton. Small crown 8vo. ^r. 

' Everyone who takes an interest in the history of the English Language, and 
iMieed everyone who is not absolutely inattentive to the words spoken around 
him, may turn to Mr. Davies's little book with the certainty of finding both 
useful information and agreeable entertain m e n t ia iu Tg^^fi^* ^PaU Mall Oazttte. 

LIFE OF JESUS CHRIST; in its Historical Con- 
nexion and Devdopment. By A. Neander. From the 4th 
German Edition. Post 8vo. y.dd. 

LIFE AND EPISTLES OF ST. PAUL. By T. 

Lewin, Esq., M.A., F.S.A., Trinity Collie, Oxford, Barrister- 
at-I-aw, Author of 'Fasti Sacri.' 'Siege of Jerusatem,' 'Caesar's 
Invasion,' 'Treatise on Trusts/ &c. With upwards of 350 Illus- 
trations finely engraved on Wood, Maps, Plans, &c. in s vols. 
3rd Edition, revised. Demy 4to- 2/. 2x. 

' Nothing but a careful inspection of the work itself can give the reader sui 
adequate idea of the thoroughness with which Mr. Lewin has carried out his 
plan — a plan which may be described as the giving of all information possibly 
attainable about every person or place connect^ direcdy or even indirectly w)ln 
Sl ^ZAV^Spectat0r. 

FASTI SACRI; or, a Key to the Chronology of the New 
Testament. By the same Author. 4to. 21/. 

ANALOGY OF RELIGION, Natural and Revealed, and 
Sermons with Notes. By Bp. Butl£&. Post Svo. ^r. ^. 
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HOLY LIVING AND DYING. By Bp- Jeremy Tayloiu 

With portrait. Post 8vo. 3J. 6d. 

THOMAS A KEMPIS. On the imitation of Christ. A 
New Translation. By the Rt. Rev. H. Goodwin, Bishop of Carlisle. 
3rd Edition. With fine Steel Engraving after Guido, $5. ; without 
the Engraving, y. 6d. Cheap Edition, u. cloth ; 6d. sewed. 

For Confirmation Candidates, 
THE CHURCH TEACHER'S MANUAL OF 

CHRISTIAN INSTRUCTION. Being the Church Catechism 
expanded and explained in Question and Answer, for the use of 
Qergymen, Parents, and Teachers. By the Rev. M. F. SADLER. 
i6th Thousand. Fcap. 8vo. ay. 6d. 

* It is impossible to overrate the service to religious instruction achieved by 

this compact and yet pregnant volume We owe many boons to Mr. 

Sadler, whose sermons and theological lectures and treatises have wrought much 
good in matters of faith. This Catechetical Manual is second to none of such.' — 
English Churchman. 

CATECHETICAL HINTS AND HELPS. A Manual 

for Parents and Teachers on giving Instruction in the Catechism of 
the Church of England. 3rd Edition, enlarged. Fcap. 8vo. ar. 6d. 

' Perhaps the most thoroughly Practical little book on its subject we have 
ever seen. Its explanations, its paraphrases, its questions, and the mass of infor> 
mation contained in its appendices, are not merely invaluable in themselves, but 
they are the information actually wanted for the purpose of the teaching con- 
templated. We do not wonder at its being in its third edition.' — Literary 
Churchman, 

THE WINTON CHURCH CATECHIST. Questions 

and Answers on the Teaching of the Church Catechism. 3amo. 
doth, 3J. Also in Four Parts, 6d.OTgd. each. 

LIFE AFTER CONFIRMATION. By J. S. Blunt. 

i8mo. II. 

CONFIRMATION DAY. Being a Book of Instruction for 
Young Persons how they ought to spend that solemn day. By the 
Rt. Rev. H. Goodwin. D.D., Bp. of Carlisle. 8th Thousand. 
^d., or 25 for y. 6d. 

By the Rev. M, F. Sadler^ Rector of Honiton, 

THE ONE OFFERING; a Treatise on the Sacrificial 
Nature of the Eucharist. 3rd Edition. Fcap. Svo. 2J. dd, 

* A treatise of singular clearness and force, which gives us what we did not 
really i>ossess till it appeared ' — Church Times. 

' It is by far the most useful, trustworthy, and accurate book we have sees 
upon the subject.' — Literary Churchman, 

' 'The subject of the Holy Eucharist is ably and fully treated, and in a candid 
spirit, by Mr. Sadler in these pages.' — English Churchmtsn, 
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JUSTIFICATIONIOF LIFE: its Nature, Antecedents, and 
Consequences. Fcap. 8vo. [In the press, 

THE LOST GOSPEL AND ITS CONTENTS; 

or, the Author of 'Supernatural Rehgion' Refuted by Himself. By 
Rev. M. F. Sadler, Rector of Honiton. Demy 8vo. ys.6d. 

THE SACRAMENT OF RESPONSIBILITY; or. 

Testimony of the Scripture to the Teaching of the Church on Holy 
Baptism. Fcap. Svo. cloth, as. 6d. Also, Cheap Edition, 25th 
Thousand, fcap. Svo. sewed, 6d, 

* An exceedingly valuable repertory of arguments on the questions it refers 
to.*— English Churchman. 

CHURCH DOCTRINE-BIBLE TRUTH. Fcap.8vo. 

18th Thousand, y. 6d. 

* Some writers have the gift of speaking the right word at the right time, and 
the Rev. M. F. Sadler is pre-eminently one of them. ^ " Church Doctrine — cible 

Truth,'* is full of wholesome truths fit for these times He has power 

of putting his meaning in a forcible and intelligible way, which will, we trust, 
enable his valuable wonc to effect that which it is well calculated to effect, viz. to 
meet with an appropriate and crushing reply one of the most dangerous mis- 
beliefs of the time.' — Guardian. 

THE SECOND ADAM AND THE NEW BIRTH; 

or, the Doctrine of Baptism as contained in Holy Scripture. Fcap. 
Svo. 7th Edition, price 4r. 6d. 

* The most striking peculiarity of this useful litde work is that its author 
argues almost exclusively from the Bible. We commend it most eamesdy to 
clergy and laity, as containing in a smaU compass, and at a trifling cost, a body 
of sound and ^riptiual doctnne respecting the New Birth, which cannot be too 
widely circulated. —Crwan/im. 

PARISH SERMONS. Trinity to Advent. Fcap. Svo. 2nd 
Edition, 6^. 

PLAIN SPEAKING ON DEEP TRUTHS. Sermons 

preached at St . Paul's Church, Bedford . Fcap . Svo . 4th Edition, 6s 
ABUNDANT LIFE, and other Sermons. Fcap. Svo. 6s. 

THE COMMUNICANT'S MANUAL; beinga Book of 

Self-examination, Prayer, Praise, and Thanksgiving. 8th Thousand. 
Royal 32mo. roan, gilt edges, price 2s. ; cloth, is. 6d. Cheap Edi- 
tion, for distribution, 25th Thousand, 8^. A larger Exlition, on fine 
paper, and Rubrics. Fcap. Svo. zs.6d.; morocco, 7s. 

SCRIPTURE TRUTHS. A Series of Ten Plain, Popular 
Tracts upon subjects now universally under discussion, gd. per set, 
sold separately. No. i. Reasons for Infant Baptism. 2. On 
Eucharistic Worship. 3. On the Priesthood of the Christian 
Ministry. 4. On Confirmation. 5. Reasons for receiving the Holy 
Commimion. 6. On the Doctrine of the Holy Communion. 7. On 
Baptism and Conversion. 8. Some Objections to receiving the 
Holy Communion considered. 9. On the First Truths of the 
Christian Faith. 10. On Faith and Justification. 

A2 



10 George Bell and Sons* 



STANDARD PROSE WORKS. 

ADDISON. Works. With Notes by Bishop HURD, and 
numeious unpublished Letters. With Portrait and eight steel 
Engravings. 6 vols, cloth, gilt, post 8vo. 45. each. 

BACON'S (LORD) ESSAYS AND HISTORICAL 
WORKS, with Introduction and Notes by J. Devey, M.A. 
Post 8vo. y. 6d. 

BURKE. Works. In 8 vols, post 8vo. cloth, gilt, 4^. each. 

COLERIDGE (S. T.) THE FRIEND. A Series of Essays 
on Morals, Politics, and Religion. Post 8vo. 3^. 6d, 

COLERIDGE (S. T.) BIOGRAPHIA LITERARIA, and 

Two Lay Sermons. Post Svo. y. 6d. 

CRAIK (G. L.) THE PURSUIT OF KNOWLEDGE 

UNDER DIFFICULTIES. Illustrated. Post Svo. S*. 

EMERSON (R. W.) WORKS, comprismg Essays, 
Lectures, Poems, and Orations. In 2 vols, post Svo. y. 6d, each. 

FIELDING (H.) TOM JONES, the History of a FoundKng. 
Roscoe's Edition revised. With Illustrations by G. Cruikshank. 
In 2 vols. 7s. 

FIELDING (H.) JOSEPH ANDREWS, and Roscoe's 
Biography of the Author revised. With Illustrations by G. CRUrK- 
SHANK. Post Svo. y. 6d. 

FIELDING (H.) Amelia. roscoe's Edition revised. 

With Cruikshank's Illustrations. Post Svo. y. 

HAZLITPS (W.) LECTURES, &c. 6 vols. 3J. 6^. each. 

IRVING (W.) WORKS. In ii vols. Post Svo. 3^. 6</. 
each. [See alsop, 3. 

LAMB (C.) ESSAYS OF ELIA, AND ELIANA. 

New Edition, post Svo. y. 6d. 

LUTH ER (M.) TABLE-TALK. Translated by W. Hazutt. 
With Life and Portrait. Post Svo. 3^. 6d. 

MANZONI (ALESSANDRO). THE BETROTHED 

(I promessi Sposi). The only complete English translation. With 
numerous Woodcuts, y. 

PEPYS'S DIARY, with Life and Notes by Richard Lord" 
Braybrooke. 4 vols, post Svo. cloth, gilt, y. 6d. per Vol. 

PROUT (FATHER). RELIQUES. New Edition, revised 
and largely augmented. Twenty-one spirited Etchings by Maclise. 
I vol. 7J. 6d, 

RICHTER (J. P. F.) AUTOBIOGRAPHY AND LE- 
VANA. Translated. Post Svo. y. 6d. 



Selected Works, 11 



RICHTER (J. P. F.) FLOWER, FRUIT, AND THORN 
PIECES. A Novel. Translated by Alex. Ewing. 3^. 6d. 

WALTON. THE COMPLETE ANGLER. Edited by E. 
Jesse. With an account of Fishing Stations, &c., and 203 Engrav- 
ings, ss. ; or with 26 additional page Illustrations on Steel, 7s. 6d. 



POETR Y AND DRAMA 

SHAKESPEARE. Edited by S. W. Singer. With a Life 
by W. W. Lloyd. Uniform with the Aldine Edition of ^he Poets, 
zo vols. OS. 6d. each. In half morocco, 5s. 

CRITICAL ESSAYS ON THE PLAYS. By W. W. Lloyd. 
Uniform with the above, 2J. 6d. ; in half morocco, 5^. 

SHAKESPEARE'S plays and poems, with Notes 
and Life by Charles Knight, and 40 Engravings on Wood 
by Harvey. Royal 8vo. cloth, lor. 6d. 

(Valpy*s Cabinet Pictorial Edition), with Glossarial Notes, 

Digests, &c., and 171 Outline Plates. 15 vols. Fcap. 8vo. 2/. 55. 

(Pocket Volume Edition). Compiising all his Plays and 

Poems. Edited from the First Folio Edition by T. Keightley. 
13 vols, royal 32mo. in a cloth box, price 21 j. 

SHAKESPEARE. DRAMATIC ART OF The History 
and Character of the Plays. By Dr. Ulrici. Translated by L. D. 
ScHMiTZ. 2 vols, post 8vo. y. 6d. each. 

CHAUCER. Robert Bell's Edition. Revised. With Prelimi- 
nary Essay by the Rev. W. W. Skeat. M. A. 4 vols. 3^. 6d. each. 

EARLY BALLADS AND SONGS OF THE 

PEASANTRY OF ENGLAND. Edited by Robert Bell. Post 
8vo. y. 6d. 

GREENE^ MARLOWE, and BEN JONSON. Poems of. 
Edited by Robert Bell, i vol. post 8vo. y. 6d. 

PERCY'S RELiQUES of ancient English 

POETRY. Reprinted from the Origmal Edition, and Edited by 
J. V. Prichard. In 3 vols, js, 

MILTON'S (J.) POETICAL WORKS. With Memoir 
and Notes, and 120 Engravings; In 2 vols, post 8vo. $5. each. 

GOLDSMITH. POEMS. Illustrated. i6mo. 2x. 6^. 

SHERIDAN'S DRAMATIC WORKS. With Short: Life, 
by G. C. S., and Portrait. Post Svo. 3J. 6d. 
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ALFIERI. The Tragedies of. In English Verse. Edited by 
E. A. BOWRING, C.B. 2 vols, post 8yo. js. 

CAMOENS' LUSIAD. Mickle's Translation revised: 
Post 8vo. y. 6d, 

DANTE. THE DIVINE COMEDY. Translated by the Rev. 

H. F. Gary. Post 8vo. y. 6d. 

This and the following one are the only editions containing the author's last 
corrections and emendations. 

The Popular Edition, neatly Printed in Double Columns. 

Royal 8vo. sewed, is. 6d. ; cloth, 2s. 6d. 

• 

Translated into English Verse by J. C. Wright, M.A. 

With Portrait and 34 Engravings on Steel, after Flaxman. 5tb 
Edition, post 8vo. 5^. 

PETRARCH. SONNETS, TRIUMPHS, AND OTHER 
POEMS. Translated into English Verse. With Campbell's life 
of the Poet. Illustrated. Post 8vo. ^r. 

MOLIERE. DRAMATIC WORKS. In prdse. Translated 
by C. H. Wall. In 3 vols, post 8vo. 3;. 6a., each. Also fine- 
paper Edition, large post 8vo. ys. 6d. each. 

Translated by E. A. Bowring^ C,B, 

POEMS OF GOETHE. 2nd Edition (including Hermann 
and Dorothea). "Post 8vo. 3J. 6^f, 

POEMS OF SCHILLER. 2nd Edition. Post 8vo. 3^. 6a 

POEMS OF HEINE. 2nd Edition. PostSvo. SJ. 

By Professor Coningtotty M,A. 

HORACE'S ODES AND CARMEN SiECULARE. Trans- 
lated into English Verse. 7th Edition. Fcap. 8vo. $s. 6d. 

SATIRES AND EPISTLES. Translated into English 

Verse. 3rd Edition. 6s. 6d, 

By C. S. Cdlveney, 
VERSES AND TRANSLATIONS. 5th Edition. Fcap. 

8vo. SJ. 
FLY LEAVES. 6th Edition. Fcap. 8yo. 3^. 6^. 

TRANSLATIONS INTO ENGLISH AND LATIN. 
Crown 8vo. ^s. 6d. 

TH EOCRITUS, into English Verse. Crown 8vo. 7^. ^, 
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By Adelaide Anne Procter. 

LEGENDS AND LYRICS. Illustrated Edition, with 
Portrait, and Introduction by Charles Dickens. 4th Thous. 2ii. 

— -^ First Series. Introduction by Charles Dickens, and 
Portrait of the Author. 29th Thousand. Fcap. 8vo. 6;. 

Second Series. 23rd Thousand. Fcap. 8vo. 5j. 



ENGLISH SONGS AND LYRICS. ByBARRvCoRN- 

WALL. New Edition. Fcap. 8vo. 6j. 

SONGS, BALLADS, AND STORIES. By w, 

Allingham. Crown 8vo. gilt edges, lOf. td. 



ALDINE SERIES OF THE BRITISH POETS. 

The Editors of the various authors in this Series have in all cases 
endeavoured to make the collections of Poems as complete as possible, 
and in many instances copyright Poems are to be found in these editions 
which are not in any other. Each volume is carefully edited, with Notes 
where necessary for the ducidation of the Text, and a Memoir. A Por- 
trait also is added in aU cases where an authentic one is accessible. The 
volumes are printed on toned paper in fcap. 8vo. size, and neatly bound 
in cloth gilt, price 5J, each. 



« * 



A Cheap Reprint of 



AKENSIDE. 
BEATTIE. 
BURNS. 3 vols. 
BUTLER. 2 vols. 
CHAUCER. 6 vols. 
CHURCHILL. 2 vols. 
COLLINS. 
COWPER, mcluding his 

lations. 3 vols. 
DRYDEN. s vols. 
FALCONER. 
GOLDSMITH. 
GRAY. 



this Series, neat cloth, u. 6d. per volume. 

KIRKE WHITE. 
MILTON. 3 vols. 
PARNELL. 
POPE. 3 vols. 
PRIOR. 2 vols. 
SHAKESPEARE'S PQEMS. 
SPENSER. 5vob. 
Trans- SURREY. 

SWIFT. 3 vols. 
THOMSON. 2 vols. 
WYATT. 
YOUNG. 2 vols. 



The following volumes of a New Series have been issued, 55. each. 



CHATTERTON. 2 vols. 
CAMPBELL. 
WILLIAM BLAKE. 
ROGERS. 



THE COURTLY POETS, from 

RALEIGH to WOTTON. 
GEORGE HERBERT. 
KEATS. 
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REFERENCE. 

STUDENTS' GUIDE to the University of Cambridge. 
3rd Edition, revised and corrected. Fcap. 8vo. dr. Sd, 

KING'S INTEREST TABLES. 25th Edition. 7^.6^. 

KENT'S COMMENTARY on international Law. New 
Edition, revised, with additional Notes and Cases, by J. T. 
Abdy, LL.D. Crown 8vo. [Immedtately, 

THE EPIGRAMMATISTS. Selections from the Epi- 
grammatic Literature of Ancient, Mediaeval, and Modem limes. 
With Notes, &c. by Rev. H. P. Dodd, M.A. 2nd Edition, enlarged. 
Post 8vo. 6s, 

Latin and greek quotations, a Dicdonaiy 

of. Including Proverbs, Maxims, Mottoes, Law Terms, Phrases, &c. 
By H. T. Riley. Post 8vo. sl With Index Verborum, dr. 

BRYAN'S DICTIONARY OF PAINTERS. Seef.i. 
COOPER'S BIOGRAPHICAL DICTIONARY. Su 

p. 2. 

DR. RICHARDSON'S DICTIONARY OF THE 

ENGLISH LANGUAGE. Combining Explanation with Etymo- 
logy, and copiously illustrated by Quotations from the best authori- 
ties. New edition, with a Supplement. In 2- vols. 4to. 4/. I4r. f»d, \ 
half-bound in russia, 5/. 15J. ()d. ; russia, 6/. i2j. The Supplement 
separately. 410. i2j. An Svo edition, without the Quotations, 
15J. ; haJf russia, 2ar. ; russia, 24;. 

The following are the only authorised and unabridged Editions of 
WEBSTER'S DICTIONARY containing the valuable Etymological 
Notes and Derivations of Dr. Mahn, of Berlin, who devoted five years 
to Ae Revision of the Work. 

WEBSTER'S GUINEA DICTIONARY of the 

English Language, including scientific, biblical, and Scottish terms 
and phrases, with their pronunciations, alternative spellings, deriv- 
ations, and meanings. In i vol. 4to. with nearly 1600 pages and 
3000 Illustrations. Strongly bound in cloth, 21^. ; half calf, 30;. ; 
calf or half russia, i/. lu. 6d, ; russia, 2/. 

WEBSTER'S COMPLETE DICTIONARY, con- 

" .taining all that appears in the above, and also a valuable Appendix, 
and 70 pages of Illustrations grouped and classified, rendering it 
a complete Literary and Scientific Reference Book, i vol. 4to. 
. strongly bound iu cloth, \L iu.6d,; half calf, 2/. ; calf or half 
russia, 2/. os, ; russia, 2/. 10/. 
Certainly the best practical English Dictionary extant.'— ^war/^fi^JP^rzVw. 
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NATURAL HISTORY, 
THE LIBRARY OF NATURAL HISTORY. Con- 

taining Morris' British Birds — Nests — Eggs — British Butterflies — 
British Moths— Bree's Birds of Europe— Lowe's Works on British 
and Exotic Ferns, Grasses and Beautiful Leaved Plants — Hibberd's 
Plants — Maund's Botanic Garden — Tripp's British Mosses — 
Gatty's Seaweeds — Wooster's Alpine Plants, and Couch's Fishes 
— making in all 43 Volumes, in super-royal 8vo. containing upwards 
of 2550 full-page Plates, carefully coloured. 

Complete Lists sent post free on application. 

SOWERBY'S BOTANY. Containing a Description and 
Life-size Drawing of every British Plant. Edited and brought up 
to the present standard of scientific knowledge, by T. Boswell 
(formerly Syme), LL.D., F.L.S., &c. With Popular pescriptibns 
of the Uses, History, and Traditions of each Plant, by Mrs. Lan- 
KESTER, Author of 'Wild Flowers worth Notice,' 'The British 
Ferns,' &c. The Figures by J. C. Sowerby, F.L.S., J. Db C. 
SowERBY, F.L.S., and J. W. Salter, A.L.S., F.G.S., and John 
Edward Sowerby. Third Edition, entirely revised, with descrip- 
tions of all the species by the Editor. In 11 vols. 22/. 8j. doth ; 
24/. I2J. half morocco ; and 28/. 31. dd. whole morocco. Volumes 
sold separately. 

SOWER BY'S FERNS AND FERN- ALLIES OF GREAT 
BRITAIN. WithSo Plates by J. E. Sowerby. The Descriptions, 
Synonyms, &c., by C. Johnson. Royal paper, Coloured Plates, 255. 

COTTAGE GARDENER'S DICTIONARY. Witha 

Supplement, containing all the new plants and varieties down to the 
year 1869. Edited by G. W. Johnson. Post 8vo. cloth, ts. 6d. 

BOTANISTS POCKET-BOOK. ByW.R.HAYWAjiD. 

Containing the Botanical name, Common name, Soil or Situation, 
Colour, C^owth, and time of Flowering of all plants,, arranged in v 
tabulated form. 2nd Edition, revised. Fcap. Svo. 45. 6^. . 

MY GARDEN; its Plan and Culture. Together with a 
General Description of its Geology, Botany, and Natural History. 
By A. Smee, F.R.S., with more than 1300 Elngravings on Woo^- 
4th Thousand, imp. Svo. 21s. 

* *' My Garden" is indeed a book which ought, to be in the hands of everyone 
who is fortunate enoueh to possess a earden ofnis own ; he b certain to find some 
things in it from which he may profit? — Nature. 

NATURAL HISTORY OF SELBORNE. WithNotes 

by Sir William jARDiNE and Edward JBSSE, Esq. Illustrated by 
40 highly-finished Engravings ; or, with the Plates coloured, 7^. 6d. 

HISTORY OF BRITISH BIRDS. By R. Mudie. 

With 28 Plates. 2 voK 5J. each, or with coloured Plates, ys. 6d. each. 
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ART AND ORNAMENT 

TURNER'S PICTURESQUE VIEWS IN ENGLAND 
AND WALES. With Descriptive Notices. 96 Illustrations, 
reproduced in Permanent Photography. In 3 vols. imp. 410. 
Vol. I. Landscapes, 40 Plates, 2/. lay. (id. ; Vol. 11. Castles and 
Abbeys, 32 Plates, 2/. 2J. ; Vol. III. Coast Scenery, 24 Plates, 
i/. 1 1 J. €d, 

TURNER'S CELEBRATED LANDSCAPES. Sixteen 
Autotype Reproductions of the most important Works of 
J. M. W. Turner, R.A. With Memoir and Descriptions. Imp. 
4to. 2/. 2^. 

THE RAFFAELLE GALLERY. Permanent Reproduc- 
tions in i\utot3rpe of Engravings of the most celebrated Works of 
RAFFAELLE Sanzio d'Urbino. With Descriptions, &c. Imp. 
quarto, 2/. 2j. 

FLAXMAN. CLASSICAL COMPOSITIONS, comprising 
the Outline Illustrations to Homer's 'Iliad' and 'Odyssey,' the 
' Tragedies ' of iEschylus, the ' Theogony ' and * Works and Days ' 
of Hesiod, engraved by Piroli of Rome, and William Blake. Imp. 
4to. half bound morocco, 4/. 14;. 6^, The four parts, separately, 
VIS, each. 

THE DRAWINGS OF. Thirty-two large Plates, comprising 

the entire Series of the Flaxman Drawings in the Gallery of Uni- 
versity College, London, reproduced by the Autotype firocess of 
Permanent Photography, Edited, with a descriptive Letterpress 
and copious Introduction, by Sidney Colvin, M.A., Fellow of Trinity 
College and Slade Professor in the U niversity of Cambridge. Large 
folio, in portfolio, lo/. lor. 

MEMOIRS OF SIR EDWIN LANDSEER. Being 

a New Edition of 'The Early Works of Sir Edwin Landseer; 
Revised and enlarged by F. G. Stephens. With 24 Illustrations 
in Photography. Imp. 8vo. i/. 5^, 

NOTES ON IRISH ARCHITECTURE. Bythelate 

Earl of Dunraven. Edited by M. Stokes, Associate of the 
Scottish Society of Antiquaries. With numerous Woodcuts and 
fine Photographic Illustrations. Imp. 4to. Vol. I. 4/. 4r. ; Vol. II. 
4/. 4r. 

MOUNTAINS AND LAKES OF SWITZERLAND 

AND ITALY. 64 Pictm-esque Views in Chromolithograph, from 
Original Sketches by C. C. Pyne. With a Map of Routes and 
Descriptive Notes by Rev. J. Mercier. 2nd Edition. Crown 
4to. 2/. 2J. 
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RIVIERA, THE. Pen-and-Pencil Sketches from Cannes to 
Genoa. By Dean Alford. With 12 Chromolithographic Illus- 
trations and numerous Woodcuts, from Drawings by the Author. 
Imp. 8vo. 215. 

CRUIKSHANK (G.) A COMPLETE CATALOGUE OF 
THE ENGRAVED WORKS OF. Including Etchings on 
Steel, Copper, &c. , and Woodcuts executed between the years 1805 
and r87o. Compiled by G. W. Reid, Keeper of the Prints and 
Drawings in the British Museum. With a large number of Illus- 
trations, chiefly from the Original Plates and Blocks. In 3 vols, 
royal 4to. 12/. 12s. 

FLAXMAN. LECTURES ON SCULPTURE, as dehvered 
before the President and Members of the Royal Academy. By 
J. Flaxman, R.A. With 53 Plates. New Edition, 6s. 

HE AT ON (MRS.) A CONCISE HISTORY OF 
PAINTING FOR STUDENTS AND GENERAL READERS. 
By Mrs. H EATON. With Illustrations. Svo. 15J. 

DRAWING COPIES. By P. H. Delamotte, Professor of 
Drawing at King's College, London. 96 Original Sketches in 
Architecture, Trees, Figures, Foregrounds, Landscapes, Boats, and 
Sea-pieces. Royal Svo. Oblong, half-bound, 12s. 

HANDBOOK TO THE department OF PRINTS 
AND DRAWINGS IN THE BRITISH MUSEUM. With 
Introduction and Notices of the various Schools, and a Frontispiece 
after Raffaelle. By Louis Fagan, of the Department of Prints 
and Drawings, British Museum. Medium Svo. Ss. ; sewed, 91. in 
cloth. 

By Eliza Meteyard. 
MEMORIALS OF WEDGWOOD. A Series of 

Plaques, Cameos, Vases, &c., selected from various Private Collec- 
tions, and executed in Permanent Photography. With Introduction 
and Descriptions. Imp. 4to. 3/. 3^. 

WEDGWOOD AND HIS WORKS: a Selection of his 

choicest Plaques, Medallions, Vases, &c., from Designs by Flax- 
man and others, in Permanent Photography, with a Sketch of his 
Life and of the Progress of his Art Manufacture. Imp. 4to. 3/. y. 

CATALOGUE OF WEDGWOOD'S MANUFACTURES. 
With Illustrations. Half-bound Svo. lof. 6d. 

WEDGWOOD HANDBOOK. A Manual for Collectors : 
Treating of the Marks, Monograms, and other Tests of the Old 
Period of Manufacture ; also including the Catalogues with Prices 
obtained at various Sales, together with a Glossary of Terms. Svo. 
iolt. 6d, 
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OLD DERBY CHINA FACTORY. The Workmen and 
their Productions. Containing Biographical Sketches of the chief 
Artist-workmen, the various Maries used, Facsimiles from the old 
Derby Books, and original Price Lists of more than 400 Figures 
and Groups, &c. With 12 Coloured Plates and numerous Wood- 
cuts. By John Haslem. Imp. 8vo. 31J. 6d. 

'That which has been done so well by Miss Meteyard for Etruria, by Mr. 
Binns for Worcester, and by Mr Owen for Bristol, has now been done for the 
Derby works with at least equal zeal, intelligence, and ability, by Mr. Haslem.' — 
Staffordshire Advertiser. 

FOR YOUNG PEOPLE. 
AUNT JUDY'S MAGAZINE. Edited by H. K. F. 

Gatty. a High -class Illustrated Magazine for Young People. 
Zd. Monthly. 
The CH RISTMAS VOLUME for 1877 contains Stories by Mrs. EwiNG. 
AscoTT R. Hope, Fi.ora Massom, and others. Translations 
from the German, French, and Swedish — Short Stories — Fairy 
Tales — Papers on Historical Subjects — Natural History Articles. 
Short Biographies of Eminent Persons — Verses — A Christmas 
Play by Douglas Straight — Acrostics — Correspondence — Book 
Notices, and numerous Illustrations. Imp. i6mo. Handsomely 
boimd, price 8j. 6d. 

Former Volumes may still bt had^ some at reduced prices^ 

By Mrs, Alfred Gatty. 

PARABLES FROM NATURE. With Notes on the 
Natural History ; and numerous large Illustrations by eminent 
Artists. 4to. cloth gilt, 21^. Also in 2 vols. lof. (>d. each. 

— i6mo. with Illustrations. First Series, 17th Edition, ix. td. 
Second Series, loth Edition, 2j. The two Series in x vol. yt. td. 
Third Sieries, 6th Edition, 2J. Fourth Series, 4th Edition, 2j. 
The two Series in one vol. 4J. Fifth Series, 2J. 

WORLDS NOT REALIZED. i6mo. 4th Edition. 2j. 

PROVERBS ILLUSTRATED. i6mo. With Illustra- 
tions. 4th Edition, 2X. 

A BOOK OF EMBLEMS. Drawn by F. Gilbert. 
With Introduction and E.xplanations. Imp. i6mo. 4f. (>d, 

WAIFS AND STRAYS OF NATURAL HISTORY. 

With Coloured Frontispiece and Woodcuts. Fcap. y. 6^. 

THE POOR INCUMBENT. Fcap. 8vo. uandu. 6*/. 

AUNT SALLY'S LIFE. WUh SU IllusUations. Square 
i6mo. 3rd Edition, 3^. 6^. 
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THE MOTHER'S BOOK OF POETRY. Selected 

and Arranged by Mrs, A. Gatty. Crown 8vo, 3J. 6d. ; or with 
Illustrations, elegantly bound, js. 6d. 

A BIT OF BREAD. ByjEAN Ma^e. Translated by Mrs. 
Alfred Gatty. 2 vols. fcap. 8vo. Vol. 1. 4s. 6d, Vol. II. y. 6d. 

The Uniform Edition. Fcap. 8vo. 3J. 6d. each volume. 



PARABLES FROM NATURE. 
2 vols. With Portrait. 

THE HUMAN FACE DIVINE, 
and other Tales. With Illus- 
trations. 3rd Edition. 

THE FAIRY GODMOTHERS, 
and other Tales. With Frontis- 
piece. 7th Edition. 2s. 6d. 

AUNT JUDY'S TALES. lUus- 
trated. 7th Edition. 

AUNT JUDY'S LETTERS ; a 
Sequel to *Aunt Judy's Tales.' 
lUustrated. 5th Edition. 



DOMESTIC PICTURES AND 
TALES. With 6 Illustrations. 

WORLDS NOT REALIZED, 
and Proverbs Illustrated. 

THE HUNDREDTH BIRTH- 
DAY, and other Tales. With 
Illustrations by Phiz. New 
Edition. 

MRS. ALFRED GATTY'S PRE- 
SENTATION BOX for Young 
People, containing the above 
volumes, neatly bound, and en- 
closed in a cloth box. 31J. 6d, 



By Mrs, Ewing. 

* Everything Mrs. Ewing writes is full of talent, and also full of perception 
axid common %eaat* —Saturday Reviciv. 

A GREAT EMERGENCY, and other Tales. With 
4 Illustrations. Fcap. 8vo. 5J. \jfust published, 

TH E B RO WN I ES, and other Tales. Illustrated by George 
Cruikshank. 3rd Edition. Imp. i6mo.'5J. 

' Mrs. Ewing eives us some really charming writing. While her first story 
most prettily teaches children how much they can do to help their parents, the 
immediate result will be, we fear, anything but good. For if a child once begins 
** Tlie Brownies," it will get so deeply interested in it, that when bed-time comes 
it will altogether forget the moral, and will weary its parents with importunities 
for just a few minutes more to see how everyihmg ends. The frontispiece, by 
the old friend of our childhood, George Cruikshank, is no less pretty than the 
Story.* — Saturday Review, 

MRS. OVERTHEWAY'S REMEMBRANCES. 

Illustrated with 10 fine Full-page Engravings on Wood, after 
Drawings by Pasquier and Wolf. 2nd Edition, cloth gilt, 3J. 6rf. 

* It is not often nowadays the privilege of a critic to grow enthusiastic over a 
new work : and the rarity of the occasion that calls forth the delight is apt to 
lead one into the sin of hyperbole. And yet we think we shall not be accus^ of 
extravagance when we say that, without exception, "Mrs. Overtheway's Re- 
membrances " is the most delightful work avowedly written for children that we 
have ever read. There are passages in this book which the genius of George 
Eliot would be proud to own. .... It is full of a peculiar, heart-stirring pathos 
of its own, which culminates in the last pages, when Ida finds that her father is 
not dead. The book is one that may be recurred to often, and always with the 
iame delight. We predict for it a great popularity.' — Leaker* 
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By Mrs. Ewtng — Continued. 

M E LC H I O R'S CIR E A M, and other Tales. lUustrated. 3rd 
Edition. Fcap. 8vo. 3^. td, 

* " Melchior's Dream" is an exquisite little story, channing by original 
humour, buoyant spirits, and tender pathos.' — Athetumm. 

A FLAT IRON FOR A FARTHING ; or. Some Passages 
in the Life of an Only Son. With 12 Illustrations by H. Allingham. 
5th Edition. Small 8vo. $s. 

' Let every parent and guardian who wishes to be amused, and at the same 
time to please a child, [mrchase " A. Flat Iron for a Farthing ; or, some Passages 
in the Life of an Only Son," by J. H Ewing. We will answer for the delight 
with which they will read it themselves, and we do not doubt that the young and 
fortunate recipients will also like it. The story is quaint, original, and altogedier 
delighttui* — Athentrum. 

* A capital book for a present. No child who is fortunate enough to possess 
it will be in a hurry to put it down, for it is a book of uncommon fascination. 
The story is good^ the principles inculcated admirable, and some of the illustrai- 
tions simply delicious.' — John Bull. 

LOB-LI E-BY-THE-FI RE; or, the Luck of Lingborough. 
And other Tales. Illustrated by George Cruikshank. and 
Edition. Imp. i6mo. 5J. 

*A charming tale by another of those clever writers, thaxiks to whom the 
children are now really belter served than their neighbours.' — Spectator. 

* Mrs. Ewing has written as good a story as her " Brownies," and that is 
saying a great deal. " Lob-lie by-the-fire " has humour and pathos, and teaches 
what is right without making children think they are reading a sermon.* — 
Saturday Review. 

SIX TO SIXTEEN: A Story for Girls. With 10 Illus- 
trations by Mrs. Allingham. 3rd Edition. Small post 8vo. sj. 

* The homely good sense and humour of the bulk of the story are set off by 
the pathos of its opening and its close, and a soft and beautiful light, as of dawn 
and sunset, is thrown round the substantial English ideal of what a gii^s 
education ought to be, which runs through the tal^T—Spectator. 

' It is a beautifully told story, full of humour and pathos, and bright sketches 
of scenery and character. It is all told with great naturalness, ana will amtiae 
grown-up people quite as much as children. In reading the story, we have been 
struck especially by characteristic bits of description, which show very happily 
the writer's appreciation of child life.' — Pall Mali Gasette. 

' We have rarely met, on such a modest scale, with characters so ably and 
simply drawn . . . The merits of the volume, in themselves not small, are 
much enhanced by some clever illustrations from the pencil of Mrs. Allingham.' — 
AlAenaum. 

* The tone of the book is pleasant and healthy, and singularlv free from that 
sentimental, not to say " mawkish," stain which is apt to disngure such pio- 
ductions. The illustrations by Mrs. Allingham add a special attraction to the 
little volume.'— Times. 

* It is scarcely necessary to say that Mrs. Ewing's book is one of the best of 
the year.' — Saturday Review. 

' There is in it not only a great deal^ of common sense, but there is true 
humour. . . . We have not met a healthier or breezier tale for girls for a lopg 
period.' — Academy, 
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By Mrs. Ewing — Continued. 

JAN OF THE WINDMILL; a Story of the Plains. With 

II Illustrations by Helen Allingham. Crown Svo. 8j. 6df. 

*A capital story, which, like all that Mrs. Ewing gives us, will be read with 
pleasure Some well-drawn illustrations materially increase the attractive- 
ness of the volume.' — City Preis. 

By Mrs. O'Reilly. 

' Mrs. O'Reilly's works need no commendation . . . the style is so good, the 
narrative so engrossing, and the tone so excellent/ — ^oAn Bull. 

LITTLE PRESCRIPTION, and other Tales. With 6 
Illustrations by W. H. Petherick and others. i6mo. 2J. 6d, 

* A worthy successor of some charming little volumes of the same kind. . . . 
The tale from which the title is taken is for its grace and pathos an especial 
favourite" — Spectator, 

* Mrs. O'Reilly could not write otherwise thau well, even if she were to try.' 
y— Morning Post, 

CICELY'S CHOICE. A Story for Girls. With a Frontis- 
piece by J. A. Pasquier. Fcap. 8vo. gilt edges, 3J. 6</. 

' A pleasant story. ... It is a book for girls, and grown people will also enjoy 
reading it ' — Athenceitm, 

* A pleasant, well-written, interesting story, likely to be acceptable to young 
people who are in their teens.' — Scotstnan, 

GILES'S MINORITY; or, Scenes at the Red House. With 

8 Illustrations. i6mo. 2S. 6d, 

*In one of our former reviews we praised "Deborah's Drawer," "Giles's 
Minority" no less deserves our goodwill. It is a picture of school-room life, and 
is ^ well drawn that grown-up readers may delight in it. In literary excellence 
this little book is above most of its fellows. — Times. 

DOLL WORLD; or, Play and Earnest. A Study from Real 
Life. With 8 Illustrations. By C. A. Saltmarsh. i6mo. zs. 6d, 

' It is a capital child s book, and it has a charm for grown-up people also, as 
the fairy haze of "long-ago" brightens every page. We are not ashamed to 
confess to the "thrilling interest" with wnicn we followed the history of 
"Robertina" and "Mabel."'— -,4/A^«<?«w. 

DEBORAH'S DRAWER. With 9 Illustrations. i6mo. 
2s. 6d. 

'Anygodmamma who wishes to buy an unusually pretty and artistically- 
written gift-book for an eight-year-old pet cannot do better than spend a florin or 
•two on the contents of "Aunt Deborah's Drawer.*" — Athenteum, 

DAISY'S COMPANIONS; or, Scenes from Child Life. 
A Story for Little Girls. With 8 Illustrations. 3rd Edit. i6mo. 2s. 6d. 

* If anybody wants a pretty little present for a pretty (and eood) little 
daughter, or a niece or grand-daughter, we cannot recommend a Letter or tatttier 
<me thaa " Daisy's Companions.*"— TVmr/; 
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Captain Marryafs Books for Boys. 

Uniform Illustrated Edition, neatly bound in cloth, post 8vo. 31. 6d* 

each ; gilt edges, 4J. td. 



POOR JACK. With Sixteen Il- 
lustrations after Designs by 
Clakkson Stanfield, R.A. 

THE MISSION ; or. Scenes in 
Africa. With Illustrations by 
John Gilbert. 

THE PIRATE. AND THREE 
CUTTERS. With Memoirofthe 
Author, and 20 Steel Engravings 
by Clarkson Stanfield, R. A. 
Cheap Edition, without Illus- 
trations, IS. 6d. 



THE SETTLERS IN CANADA. 
With Illustrations by Gilbert 
and Dalziel. 

THE PRIVATEERSMAN. 
Adventures by Sea and Land in 
Civil and Savage Life One 
Hundred Years Ago. Illustratad 
with Eight Steel Engravings. 

MASTERMAN READY ; or. th« 
Wreck of the Pacific. Embel- 
lished with Ninety-three En- 
gravings on Wood. 



A BOY'S LOCKER. A Smaller EdiHon of Captain 
Marryat's Books for Boys, in 12 vols. Fcap. 8vo. in a compact 
doth box, 21J. 



By Hans Christian Andersen. 

FAIRY TALES AND SKETCHES. Translated by C 
C. Peaciiey, H. Ward, A. Plesner, &c. With 104 Illustrations 
by Otto Speckter and others. Crown 8vo. 6s. 

'The translation most happily hits the delicate quaintness of Andersen— 
BMMt happily transposes into simple English words the tender preciiuon of the 
famous story-teller ; in a keen examination of the book we scarcely recall « 
•ingle phrase or turn that obviously could have been bettered.'— Z>ai^ Teltgm^km 

TALES FOR CHILDREN. With 48 Full-pa^ Illus- 
trations by Wehnert, and 57 Small Engravings on Wood hf 
W. Thomas. A new Edition. Crown 8vo. 6s. 

Tlus and the above volume form the most comi^ete English Edition of 

Andersen's Tales. 

LATER TALES. Translated from the Danish by AUGUSTA 
Plesner and H. Ward. With Illustrations by Otto Specktbs, 
W. Cooper, and other Artists. Cloth gilt, y, 6d. 



WONDER WORLD. A Collection of Fairy Tales, Old and 
New. Translated from the French, German, and Danish. WHh 
4 Coloiured Illustrations and numerous Woodcuts bv L. Richtbs, 
Oscar Pletsch, and others. Royal i6mo. cloth, gilt edges, 3^. 6d, 

* It will delight the children, and has in it a wealth of wisdom that mav be nf 
fimctical service when they have grown into men and wsmen.'— Zrfirimsrjr M>nfi^ 
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GUESSING STORIES; or, The Surprising Adventures 
of the Man with the Extra Pair of Eyes. By the late Archdeacon 
Freeman. 3rd Edition. 2J. 6d. 

GRIMM'S GAMMER GRETHEL; or, Cerman Fairy 
Tales and Popular Stories. Translated by Edgar Taylor. 
Numerous Woodcuts after G. Cruikshank's designs. Post 8vo. 
3^. 6d. 

LITTLE PLAYS FOR LITTLE PEOPLE; with 

Hints for Drawing-room Performances. By Mrs. Chisholm, 
Author of ' Rana, the Story of a Frog.' i6mo. with Illustrations, 
2J. 6d. 

ROBINSON CRUSOE. With a Biogra])hical Account of 
Defoe. Illustrated with 70 Wood Engravings, cliiefly after Designs 
by Harvey ; and 12 Engravings on Steel after Stothard. Post 
8vo. y. ' 

THE WIDE, WIDE WORLD. By E. Wethereix. 

With 10 Illustrations. Post 8vo. 3J. 6d. 

UNCLE TOM'S CABIN. ByH. B. Stowe. Illustrated. 
Post 8vo. 3^. 6d. 

KIRSTIN'S ADVENTURES. A Story of Jutland Life. 
By the Author of ' Casimir the Little Exile/ &c. With Illustrations. 
Crown 8vo. 3J. 6d. 

* There is so much true art and natural talent in the book that we are half 
inclined to take it away from the boys and girls for whom it is written.' — Times* 

KATI E ; or, the Simple Heart. By D. Richmond, Author of 
•Annie Maitland.* Illustrated by M. I. Booth. 2nd Edition. 
Crown 8vo. 3J. 6d. 

* The family life which surrounds Katie is both pretty and natural. The toa« 
is good, and the plot — we speak from experience— engages a child's interest with 
almost too keen a sympathy.' — Guardian, 

QUEENS OF ENGLAND from the Norman Conquest. 
By A. Strickland. An Abridged Edition, with Portrait of 
Matilda of Flanders. In i vol. crown 8vo. cloth, dr. 6d, 

GLIMPSES INTO PET-LAND. By the Rev. J. G. 

Wood, M.A., F.L.S. With Frontispiece. Fcap. y. 6d. 

FRIENDS IN FUR AND FEATHERS. ByGwvNFRYN. 

Illustrated with 8 Full-page Engravings by F. W. Keyl, &c. 
5th Edition. Handsomely bound, y. 6^. 

'Wc have already characterised some other book as the best cat-and-dog 
book of the season. We said so because we had not seen the present little book, 
which is deli^htful.^ It is written on an artistic principle, oonsistine of actual 
biographies of certain elephants, squirrels, bladcbirds, and what not, who lived in 
the flesh ; and we only wish that human biographies were always as entertaining 
and instructive.' — Saturday Jtofiem. 
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24 George Bell and Son8\Selected Works. 

INSECT ARCHITECTURE. ByRENNiE. Editedbythe 
Rev. J. G. Wood, Author of ' Homes Without Hands.' Post 8vo. 
with nearly 200 Illustrations, 51. 

THE ENTERTAINING NATURALIST. By M«. 

Loudon. Revised and enlarged by W. S. Dallas, F.L.S. With 
nearly 500 Illustrations. Post 8vo. 51. 

ANECDOTES OF DOGS. By Edward Jesse. With 
Illustrations. Post 8vo. cloth, $s. With 34 Steel Engravings 
after Cooper, Landseer, &c. js. 6d, 

NATURAL HISTORY OF SELBORNE. By 

Gilbert White. Edited by Jesse. Illustrated with 40 En- 
gravings. Post Svo. 5J. ; or, with the Plates Coloured, 71. 6d, 

CHARADES, ENIGMAS, AND RIDDLES. . Collected by 
a Cantab. 5th Edition, enlajged. Illustrated. Fcap. Svo. u. 

POETRY -BOOK FOR SCHOOLS, illustrated with 

37 highly finished Engravings by C. W. Cope, R.A., W. Helmsley, 
S. Palmer, F. Skill, G. Thomas, and H. Weir. Crown Svo. 
gilt, 2S. 6d. ; cloth, u. 

GILES WITHERNE; or, the Reward of Disobedience. A 
Village Tale for the Young. By the Rev. J. P. Parkinson, D.C.L. 
6th Edition. Illustrated by the Rev. F. W. Mann. Super-royal 
i6mo. IS, 

THE PILGRIM'S PROGRESS. By John Bunyan. 
With 281 Engravings from Designs by William Harvey, Post 
Svo. y. 6d. 

OLD NURSERY RHYMES AND CHIMES. Collected 
and arranged by a Peal of Bells. Fcap. 4to. Ornamental bindings 
2J. (yd, 

NURSERY CAROLS. By the Rev. Dr. Monsell, Rector 
of St. Nicholas, Guildford, with upwards of 100 Illustrations by 
LuDWiG Richter and Oscar Pletsch. Imp. i6mo. y. 6d. 

'At once a poet and a child lover, full of fun and yet disposed gently to instil 
what is good, Dr. Monsell is inimitable in this particular department.'— JoAn 
BuiL 
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